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Recall the 2D Fourier transform inverse pair:

f̂pkx, kyq “ Frfpx, yqs “
8
ĳ

´8

fpx, yqe´ipkxx`kyyqdxdy (1)

fpx, yq “ F´1
rfpkx, kyqs “

1

p2πq2

8
ĳ

´8

fpkx, kyqe
ipkxx`kyyqdkxdky

(2)

Applying the inverse 2D Fourier transform to the nth derivative of

fpx, yq with respect to x gives

Bn

Bxn
fpx, yq “

Bn

Bxn
F´1

rfpkx, kyqs “ F´1
rpikxq

nf̂pkx, kyqs. (3)

∗based on Dr. Mark F. Hamilton’s Acoustics II lecture on the topic, but in the eipkx´ωtq

time convention
†to sort out my own understanding of the topic
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Taking the Fourier transform of both left- and right-hand-sides of

equation (3) results in

F
„

Bnfpx, yq

Bxn



“ FF´1
”

pikxq
nf̂pkx, kyq

ı

.

Since F and F´1 are inverses, the above equation results two

identities (the second identity for derivatives with respect to y

follows similarly):

F
„

Bnfpx, yq

Bxn



“ pikxq
nf̂pkx, kyq (ID 1)

F
„

Bnfpx, yq

Byn



“ pikyq
nf̂pkx, kyq (ID 2)

Pressure source

The Helmholtz equation is the wave equation for time-harmonic

solutions. In Cartesian coordinates,

0 “ ∇2p` k2p “

ˆ

B2

Bx2
`
B2

By2
`
B2

Bz2
` k2

˙

Taking the 2D spatial Fourier transform of the Helmholtz equation

and applying (ID 1) and (ID 2) gives

0 “ F
„

B2

Bx2
`
B2

By2
`
B2

Bz2
` k2



“

ˆ

´ k2x ´ k
2
y ´

B2

Bz2
` k2

˙

p̂pkx, ky, zq (4)

But the orthogonality of the coordinate system relates the wavenum-

bers by k2 “ k2x`k
2
y`k

2
z . Thus equation (4) becomes an ordinary
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differential equation,
ˆ

d2

dz2
` k2z

˙

p̂pkx, ky, zq “ 0, (5)

whose solution for `z-propagation is

p̂pkx, ky, zq “ p̂0pkx, kyqe
ikzz (6)

where

p̂0pkx, kyq “ p̂0pkx, ky, z “ 0q

“ Frppx, y, z “ 0qs

is the source condition. The solution to the Helmholtz equation is

found by applying equation (2) to equation (6):

ppx, y, zq “ F´1
tp̂0pkx, kyqe

ikzzu (7)

Equation (7) is equivalent to the second Rayleigh integral.

Velocity source

For velocity sources, start by recalling the linear momentum equa-

tion for time-harmonic solutions,

u “
1

ikρ0c0
∇p,

and apply the Fourier transform pair, equations (1) and (2),

u “
1

ikρ0c0
∇tF´1

rFppx, y, zqsu

“
1

ikρ0c0
F´1

tFr∇ppx, y, zqsu (8)
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Note from (ID 1) and (ID 2) for n “ 1 that

F
„

Bp

Bx



“ ikxp̂

F
„

Bp

By



“ ikyp̂

Also note that B

BzFppq “ ikzp̂ from equation (5). Then equation

(8) becomes

u “
1

ρ0c0
F´1

"

k

k
p̂

*

(9)

The z-component of equation (9) becomes

uzpx, y, z “ 0q “ u0px, yq “
1

ρ0c0
F´1

"

kz
k
p̂pkx, kyq

*

(10)

Equation (10) for p0 reads

p̂0pkx, kyq “ ρ0c0
k

kz
û0pkx, kyq. (11)

Substituting equation (11) into equation (7) gives

ppx, y, zq “ ρ0c0F´1

„

k

kz
û0pkx, kyqe

ikzz



(12)

“ ρ0c0F´1

"

Fru0px, yqs
k

kz
eikzz

*

(13)

Equation (13) is equivalent to first Rayleigh integral.
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