Practice problem

Jackson learned calculus in the 9th grade. Because his brain is suffused with
advanced mathematics, his head of radius a can be modeled as a pressure-release
sphere. Meanwhile, his iconic clear-frame glasses, which sit at 8 = 45°, impose
band of rigidity around his head. The boundary conditions for Jackson’s head
are therefore

0 forf+#mn/4
p(a70) - # /
po for@=m/4

On the other hand, Chirag did not study calculus until the 12th grade. As such,
the top half of his head can be modeled be as a hemisphere with a rigid boundary.
The bottom half of his head is pressure-release. The boundary conditions for
Chirag’s head are therefore

po for0<6<7/2
pla,b) =
0 form/2<0<m

You are given the orthogonality integral

as well as the integral

o 1
/ P (cosf)sinfdd = ———— (Pp—1(cosbp) — Pm41(cosbp))
0 2m+1

1. Solve the pressure wave equation for Jackson’s head.

The Neumann functions are discarded since they diverge at the origin.
Also, since there is no dependence on ¢, m = 0. The general solution is
therefore

p(r,0,1t) ZAnjn (kr) Py, (cos 0)edt (1)

Meanwhile, the boundary condition on Jackson’s head can be written using
the Dirac delta function as

p(a,0) = pod (0 — 7 /4) (2)

Equating the time-independent part of equation at 7 = a and equation
),



Z Apjn(ka) Py (cos 0)e?“t = pod(6 — 7/4)
n=0

Multiplying both sides by P,,(cos#)sinf, and integrating from 6 = 0 to
0 =m,

Z Anjn(ka) /07r P, (cos0)P,(cos8)sinf df = pg /Oﬂ P, (cos0)sin05(0 — 7 /4) do
()

Making the substitution cosf — z, sinfdf — —dz, the orthogonality
integral is employed on the left-hand-side (LHS) of (x):

Z Anjn(ka) / ' (cos0) P, (cos0) sin df = Z Anjn(ka) / P(2)P.(z)dz
n=0

n=0
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Meanwhile, the right-hand-side (RHS) of () is

Do /O7r P, (cos)sin06(0 — m/4) d0 = po P, (cos(mw/4)) sin(n/4)

2
= pong(\/i/Z) (Simplified RHS)

Since m is a dummy index, we revert to the original index n. Equating
(Simplified LHS) and (Simplified RHS), and solving for 4,,,
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The general solution given by equation becomes specific:



— £2n+1jn( ) cos e]wt
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2. Solve the pressure wave equation for Chirag’s head.

The same considerations as in part (1) lead us to start with the general
solution

p(r,6,t) ZA"]” (kr) P, (cos 0)el*! (3)

n=0

Equating the time-independent part of equation at r = a to the given
boundary condition in the problem statement,

for0 <0 <mw/2
ZAn]n (ka)P,,(cos ) jwt:p(a,ﬂ): Po or0<0<mxw/
n=0 0 form/2<O<m

Multiplying both sides by P,,(cos#)sinf, and integrating from 6 = 0 to
0=m,

Z Apjn(ka) /07r P, (cos )P, (cos ) sinf df = /07T (a,0) P, (cos ) sinf do

()

The integral on the left-hand-side of (f) is identical to that of () in part
(1). The result (Simplified LHS) is therefore used. Meanwhile, the integral

on the right-hand-side of (}) is written as the sum foﬂ/Q + f:/Q. Equation
(f) becomes
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Since m is a dummy index, we revert to the original index n. Solving for
An,

2Anjn(ka) = Po (Pn—l(o) - Pn+1(0))

1
= 55 (o) (P10 = Paga(0))

— A,

The general solution given by equation becomes specific:

p(r,0,t) p" In(k _1(0) = Py1(0)) Py (cos 0)ei!
Jn(k
n=0



