Differential operators in curvilinear coordinates February 6, 2026

Chapters 10 and 11 of Blackstock’s Fundamental of Physical Acoustics begin with the acoustic
wave equation in spherical and cylindrical coordinates, respectively [ 1, pp. 335, 386]. But where do
the expressions of the Laplacian in spherical and cylindrical coordinates come from? Let us derive
V., V-, and V2 in cylindrical and spherical coordinates.” This worksheet is based on Secs. 10.8 and
10.9 of Ref. 2. For another treatment, see Ref. 3.

Example Cartesian coordinates (x, y, z) are related to cylindrical coordinates (r, 6, z) by

x=rcosf (1a)
y=rsinf (1b)
Z=2z. (Ic)

Use Egs. (1) to calculate the differentials dx, dy, and dz in cylindrical coordinates:

0x 0x
dx = Edr + %dg = (za)
dy = (2b)
dz = (20)

Use Egs. (2) to calculate

ds* = ds - ds = dx’> + dy* + dz* = 3)

*I was originally planning on also deriving VX, but we will not have time for it. I can send the derivation via email
to those who are interested.



Since the coordinates are orthogonal, the vector ds can be identified from Eq. (3) as
ds = e.dr + eyrdf + e,dz,

where e,, ey, and e, are the cylindrical unit vectors. Insert Egs. (2) into
ds = eydx +e,dy + e dz,

and compare the result to Eq. (4) to show that

e =e,cosf+e,sinf = a,
reg = —e,rsinf +eyrcosf = ag

e, =e;, =a,.

“4)

&)

(6a)
(6b)
(6¢)



Formulas for calculating ds and the basis vectors a,,

Given three coordinates x1, xp, and x3, the general form of Eq. (4) is

ds = eydx +eydy +e;dz

0x ay 0z
= x_d n —d. n x_d n
€ 8xn X, +eyaxn X, + € axn X
= aldxl + adeQ + a3dX3 = andxn (7)

where the general form of Egs. (6) is

ox te dy re 0z
ox, O0x, ‘Ox,

®)

Define g;; = a; - a;. The general form of Eq. (3) is then

g 812 &3\ [dxi
dszz(dxl dx2 dX3) 821 822 823 de . (9)
831 832 £33/ \dx3

In index notation, Eq. (9) reads ds? = gijdx;dx;, and if the coordinate system is orthogonal,
Egs. (7) and (9) become

ds = e hidxy + e hydxy + eshsdxs (10)
and
h2 0 0)/[dx
ds* = (dx; dx, dx3)| 0 h% 0 |[dxz], (11)
0 0 h3\dxs

respectively, where k| = /g11, ho = \/g22, and h3 = +/g33 are the “scale factors.”

Example Given Egs. (6), calculate the scale factors in cylindrical coordinates.



Example Use Egs. (7)—(11) to obtain ds, a,, e,, g;;, and ds? for spherical coordinates, which are
related to Cartesian coordinates by

X =rsinfcos ¢ (12)

y =rsinfsin¢ (13)

z=rcosé. (14)
Answers:

ds = a,dr +agdf +aydeo

a, = sin @ cos ¢e, + sin @ sin ge,, + cos fe, = e,

ag = rcosfcos ge, +rcosfsinge, —rsinfe, =reg
ay = —rsindsin ge, +r sin 6 cos pe, = r sin ey
gn=1 gn= r?, 833 = r? sin® 0, gij=0fori #j

ds* = dr* + r*do* + r* sin® 0d ¢*



Example Qualitatively, a partial derivative involves letting one variable vary while keeping the
other variables constant. Consider cylindrical coordinates (r, 6, z). From Eq. (4), a variation in
r with @ and z held constant means that ds = dr. Similarly, holding r and z constant shows that
ds = rd@, and holding the r and 6 constant shows that ds = dz. The r component of the gradient
of a function u in cylindrical coordinates therefore equals e,du/dr. The 6 component equals
eg(1/r)0u/06, and the z component equals e, 0u/dz, i.e.,

ou 10u ou

Vu=e— - —. 15
“ e6r+e9rc’)9+ezﬁz (15)

Formula for gradient in general orthogonal coordinates

Consider a function u = u(xy, x2, x3) of the general orthogonal coordinates x1, x5, and x3. The
magnitude of the component of Vu in the direction of x; (holding x, and x3 constant) is du/ds,
where [from Eq. (10)] ds = h1dx;. Thus du/ds = (1/hy)0u/dx;. Similarly, the components
of Vu in the x; and x3 directions are du/ds = (1/hy)0u/dx; and du/ds = (1/h3)du/dxs,
respectively. The gradient of u in general orthogonal coordinates is therefore

Ve 1 814 1 Ou te 1 du
u = e e e
! hl axl h2 6x2 3 h3 (9)05

3
=) e 2 (16)

. J

Example Use Eq. (16) to write the gradient of a function u = u(r, 8, ¢) in spherical coordinates
(r, 6, ¢). Note from the previous page that i; = \/g11 = 1, hy = \/g2 = r, and h3 = \/g33 = rsiné.

Answer:

Vu—eau+e la_u +e ! a_u
7 or %00 Prsingag




A prerequisite proof We need to first prove that

€3 € €1
v.|—|=0, V- |—1]=0, V.|—|=0. 17
(hlhz) (h1h3) (h2h3) a7

Recall the scale factors are not constants (they cannot be removed from the divergences). Letting
u = x1 in Eq. (16) shows that

Vx| =e/h (18)
because dx;/dxy = 0x1/dx3 = 0. Similarly,

Vx, =ey/hy, Vx3 =e3/h;. (19)
Since the coordinates are assumed to be orthogonal (and right-handed),

e Xe)=e3 (20)
Writing Eq. (20) in terms of Egs. (18) and (19) yields

Vxi X Vxy =e3/(h1hy). 21)
The divergence of Eq. (21) is’

V. (Vx1 X sz) = Vx; - (V X Vxl) - Vx; - (VX VXQ)
=0=V-[e3/(h)]. (22)

where it has been noted in the second equality that V X V f = 0. Equation (22) proves the first
of Egs. (17). The second and third of Egs. (17) are proved by applying the same procedure to
e, X ez =e; and e3 X e] = es.

Formula for divergence in general orthogonal coordinates

To calculate the divergence of
V=e€1vy+eyr +e3vs3 (23)
in general orthogonal coordinates xp, x,, and x3, write Eq. (23) as
€ € €3
= ——(hh +——(h1h +——(hh . 24
\4 h2h3( 2h3v1) h1h3( 1h3v2) h1h2( 1hav3) (24)

To calculate V - v, consider the divergence of the first term of Eq. (24):“

€ €1 €]
V.- |——(hh =—— -V(hh hoh3vV - | —]. 25
[h2h3( 2 3V1)] Tl (hah3vi) + hah3vy (h2h3) (25)

V.o(u-v)=v-(Vxu)—u-(Vxv).



Equation (17) shows that the second term on the right-hand side of Eq. (25) vanishes. Noting
thate; - V = (1/hy)0/0x allows Eq. (25) to be written as

€1 1 0
V. -|——(hh = —(hyh } 26
[h2h3( 2 3V1)] T ébcl( 2h3v1) (26)

Similarly, the divergence of the second and third terms of Eq. (23) can be expressed as

€ 1 0
V. -|——(hh = —(h1h , 27
[h1h3( 1 3V2)] T axz( 1h3v2) (27)

€3 1 0
V- -|——(hh = —(h1h , 28
[hlhz( 1 2V1)] T 0x3( 1hav3) (28)

respectively. Combining Egs. (26) and (27) shows that Eq. (23) equals

1

ve 0
"~ hihohs

axl

0 0
(hahsvi) + —(h1h3va) + —(h1hav3) (29)
oxy 0x3

“The identity V - (¢v) = v- (V) + ¢V - v has been used.

Example Write the divergence of v in cylindrical coordinates (hy = 1, hp = r, and hz = 1).

Example Write the divergence of v in spherical coordinates.



Formula for the Laplacian in general orthogonal coordinates

The Laplacian is simply V2> = V - V. Using Egs. (16) to evaluate the divergence of Eq. (29)
yields

1 Ou 1 Ou 1 Ou
Vu=V-|le,——+e—— +e3——
" [el hl 8x1 +e2h2 3)62 i h3 3)63]
— 1 0 [hahs du +i Ihs du +i Iha du (30)
h1h2h3 6x1 h1 0)61 (9)62 h2 6)62 8)63 h3 (9)63

Example Write the Laplacian in cylindrical coordinates.

Example Write the Laplacian in spherical coordinates.



Miscellaneous grad skill: Nondimensionalizing equations There are two main reasons to
nondimensionalize equations:

1. Dimensionless quantities reveals relationships that are obscured in dimensional equations.

2. Using normalized equations leads to more concise code. It is often unnecessary to enter
numerical values of density, sound speed, bulk modulus, etc. in your code.

For example, consider the axial pressure radiated by a baffled circular piston [4, Eq. 5.7.3]:*

) . k(z2+a2)1/2—kz ik[z+(z2+a2)1/2]
p = —2ipocoug sin exp . 31
2 2
Nondimensionalize Eq. (31) by introducing the dimensionless quantities
P =p/pocouy, K=ka, Z=2z/zg (32)

where zi = ka?/2 is the Rayleigh distance. Show that the result can be written in the form
P(Z) = —2isin[y_(Z)]eX+?),

where

va(Z) = (K/)2) [\/1 +(KZ/2)? + KZ/Z] .

*See also Blackstock’s result [1, Chap. 13, Eq. (C-4)], but note that the equation contains a typo (see errata).

9



Miscellaneous grad skill: Email etiquette

* Always start your emails with a greeting, even if it is a one-line reply in a longer conversation.
Emails are not texts, and addressing the recipient conveys respect and professional distance.

For initial communication with a professional contact, use “Dear (name).”

If the tone of the conversation becomes warmer, use “Hello (name).”

For friendly conversation, use “Hi (name).”

Do not start emails addressed to a person with just “Hi” (and no name). It sounds
disrespectful/apathetic. If you are writing to an anonymous recipient (like an office or
admin address), use “Good morning,” “Good afternoon,” or “Good evening.”

* Sign off with your first name even if you have an automated signature. It demonstrates respect
and feels more personal.

* Avoid contractions (isn’t, don’t, can’t, etc.) in professional emails.

* Be concise! Break up large walls of text into separate paragraphs.

Miscellaneous grad skill: Office/lab etiquette
* Return equipment to the third or fourth floor labs; return books to the sixth floor lab.
* Let’s maintain a quiet atmosphere to help each other achieve our academic goals.
* Try to restrict socializing to
— lunch
— entering/exiting the lab
— Friday meetings/research group meetings

— Student Chapter meeting or after seminar
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