
Review for the nonlinear acoustics final

Chirag∗

September 20, 2023

These problems, based
on Dr. Hamilton’s
lectures, address the
major topics of the
latter half of the
course, corresponding
to HW6-HW8. Good
luck on the exam!

1 Rankine-Hugoniot relations
(a) Name the quantity that is conserved when f and g, as defined below,

are substituted into equation (1.1).

Bf

Bt
+

Bg

Bx
= 0 . (1.1)

f g
(i) ρ ρu

(ii) ρu ρu2 + P
(iii) 1

2ρu
2 + ρe 1

2ρu
3 + ρue+ Pu

(i): Mass
Bρ

Bt
+

B

Bx
(ρu) = 0
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(ii): Momentum

B(ρu)

Bt
+

B

Bx
(ρu2) +

BP

Bx
= 0

(iii): Energy

B

Bt

(
1

2
ρu2 + ρe

)
+

B

Bx

(
1

2
ρu3 + ρue+ Pu

)
= 0

In summary, where equations references correspond to [2]:

f g
mass (4-76) ρ ρu
momentum (4-77) ρu ρu2 + P
energy (4-78) 1

2ρu
2 + ρe 1

2ρu
3 + ρue+ Pu

(b) Write equation (1.1) in integral form by integrating from x1 to x2.
Write the result such that the quantity g(x1, t)´ g(x2, t) appears on
one side of the equation. Call this quantity I.
Integrating equation (1.1) from x1 to x2 gives

d

dt

ż x2

x1

f(x, t) + g(x2) ´ g(x1) = 0

Moving the gs to the other side gives

I =
d

dt

ż x2

x1

f(x, t) = g(x1, t) ´ g(x2, t)

(c) Let a discontinuity exist at xsh(t) in the result from part (b). Split
the integral I from part (b) into I1 + I2, to account for the disconti-
nuity. Use the notation x1 ă x´

sh ă x+sh ă x2. Hint: the upper limit
of I1 should be x´

sh, and the lower limit of I2 should be x+sh, where
x˘

sh = xsh ˘ ϵ, ϵ Ñ 0.
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I1 =
d

dt

ż x´
sh(t)

x1

f(x, t)dx

and

I2 =
d

dt

ż x2

x+
sh(t)

f(x, t)dx

(d) Evaluate the integrals I1 and I2. Hint: Note that for an arbitrary
function q(x, t),

d

dt

ż x˘

xi

q(x, t)dx = q(x˘, t)
dx˘

dt
´ q(xi, t)

dxi
dt

+

ż x˘

xi

Bq

Bt
dx.

Note that dx1(t)/dt = dx2(t)/dt = 0. Also, denote dx´
sh/dt = Ush.

Using the rule suggested,

I1 = f(x´
sh, t)

dx´
sh

dt
´ f(x1, t)

dx1
dt

+

ż x´
sh

x1

Bf

Bt
dx

Noting that Bx1(t)/Bt = 0 and denoting dx´
sh/dt = Ush,

I1 = f(x´
sh, t)Ush +

ż x´
sh

x1

Bf

Bt
dx

Similarly,

I2 = ´f(x+sh, t)
dx+sh
dt

+ f(x2, t)
dx2
dt

´

ż x´
sh

x2

Bf

Bt
dx

I2 = ´f(x+sh, t)Ush ´

ż x+
sh

x2

Bf

Bt
dx

(e) Take the limit of I1, as found in the previous part, as x1 Ñ x´
sh.

Similarly, take the limit of I2 as x2 Ñ x+sh. Note that the integral
vanishes in both cases.
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Taking the limits gives

lim
x1Ñx´

sh

I1 = Ushf(x
´
sh, t)

and
lim

x2Ñx+
sh

I2 = ´Ushf(x
+
sh, t)

(f) Use the above result, as well as the result of part (b), to show that
as x1 Ñ x´

sh and x2 Ñ x+sh,

g(x´
sh, t) ´ g(x+sh, t) = Ush[f(x

´
sh, t) ´ f(x+sh, t)] (1.2)

From part (b), I = g(x1, t) ´ g(x2, t). Taking the appropriate
limits and noting that limx1Ñx´

sh
I1 = Ushf(x

´
sh, t) and limx2Ñx+

sh
I2 =

´Ushf(x
+
sh, t) gives the desired result,

g(x´
sh, t) ´ g(x+sh, t) = Ush[f(x

´
sh, t) ´ f(x+sh, t)]

(g) Rewrite equation (1.2) by letting the subscript a correspond to “ahead
of the shock,” x+sh, and by letting the subscript b correspond to “be-
hind the shock,” x´

sh.

gb ´ ga = Ush(fb ´ fa)

(h) Write the above result using the jump notation, [q] = qb ´ qa.

[g] = Ush[f ]

(i) Define v = u ´ Ush and use the table from part (a) to derive the
so-called Rankine-Hugoniot relations. Hint: for the conservation of
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momentum and energy, some rearrangement is required. Just see
your notes.
For the conservation of mass,

[ρu] = Ush[ρ].

Invoking the definition v = u ´ U gives

[ρv] = 0

For the conservation of momentum,

[ρu2 + P ] = Ush[ρu] .

After some rearrangement (see class notes):

[ρv2 + P ] = 0

For the conservation of energy,[
1

2
ρu3 + ρue+ Pu

]
= Ush

[
1

2
ρu2 + ρe

]
.

Defining h = e+ P/ρ = enthalpy per unit mass, one finds[
1

2
v2 + h

]
= 0

(j) What did we find in class to be the order of the entropy jump across
the shock, for an arbitrary fluid?
It was found that the order of the entropy jump across the
shock is O(ϵ3).

(k) What did we find in class to be the order of the reflection from the
shock front?
The reflection from the shock front is also O(ϵ3).

(l) What do the previous two parts imply about the shock at quadratic
order?
A shock at quadratic order is simple and isentropic.
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2 Weak shock speed
(a) Denoting v = u´Ush and Q = ρu, use the Rankine-Hugoniot relation

[ρv] = 0 to show that

Ush =
[Q]

[ρ]
. (2.1)

By the conservation of mass, [ρv] = 0,

[ρu ´ ρUsh] = 0

[ρu] = [ρ]Ush

Solving for Ush gives

Ush =
[ρu]

[ρ]
=

[Q]

[ρ]

(b) Taylor expand [Q] in [ρ] to O(ϵ3) and combine with equation (2.1)
to show that

Ush = Q1
a +

1

2
Q2

a[ρ] +O(ϵ2) . (2.2)

[Q] = Q1
a[ρ] +

1

2
Q2

a[ρ]
2 +O(ϵ3)

Combining with equation (2.1) gives

Ush = Q1
a +

1

2
Q2

a[ρ] +O(ϵ2)

(c) Noting that [Q1] = Q2
a[ρ]+O(ϵ2) (the first-order Taylor expansion of

[Q1] in ρ), substitute Q2
a into equation (2.2) to show that

Ush = Q1
a +

1

2
[Q1] +O(ϵ2) . (2.3)

Then write [Q1] = Q1
b ´ Q1

a to write equation (2.3) as

Ush =
1

2
(Q1

a +Q1
b) +O(ϵ2) . (2.4)
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By inspection, Ush = Q1
a +

1
2 [Q

1] +O(ϵ2) .. Writing [Q1] = Q1
b ´ Q1

a

gives Ush = Q1
a +

1
2(Q

1
b ´ Q1

a) +O(ϵ2) =

Ush =
1

2
(Q1

a +Q1
b) +O(ϵ2) .

(d) Note that

Q1 =
d(ρu)

dρ
= u+ ρ

du

dρ

= u+ c

= u+ c0 +
B

2A
u+O(ϵ2)

= c0 + βu , (2.5)

where the simple-wave relation du = c
ρdρ has been used. Combine

equation (2.5) with equation (2.4) to show that

Ush = c0 +
β

2
(ua + ub) +O(ϵ2) . (2.6)

Substituting Q1 = c0 + βu into Ush =
1
2(Q

1
a +Q1

b) +O(ϵ2) gives

Ush =
1

2
(c0 + βua + c0 + βub) +O(ϵ2) (2.7)

Rearranging gives the result

Ush = c0 +
β

2
(ua + ub) +O(ϵ2) .

Energy dissipation at a shock front was very involved an is not included
in this review. See class notes for the derivation leading to dE/dt, which
is cubic in the pressure jump. dT/dt is also cubic in the pressure jump.
See also the applications to HIFU discussed in class.
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3 Landau’s equal-area rule
(a) Note that the area under a shock is given by

A =

ż ub

ua

(x ´ xsh)du . (3.1)

Write dA/dt using the rule
d

dt

ż ub

ua

q(u, t)du = q(ub, t)
dub
dt

´ q(ua, t)
dua
dt

+

ż ub

ua

Bq

Bt
du.

Hint: let q above = x ´ xsh.

dA

dt
= (x ´ xsh)

∣∣∣∣
ub

dub
dt

´ (x ´ xsh)

∣∣∣∣
ua

dua
dt

+

ż ub

ua

[
Bx

Bt
´

Bxsh
Bt

]
dx.

(3.2)

(b) Noting that x = xsh at u = ua and u = ub, show that
dA

dt
=

ż ub

ua

[
dx

dt
´

dxsh

dt

]
du . (3.3)

This is done by inspection. The first two terms on the RHS of
equation (3.2) are zero, giving the result.

(c) Identify dx/dt in equation (3.3) to be the finite amplitude propaga-
tion speed, c0 + βu + O(ϵ2), and identify dxsh/dt to be Ush = c0 +
β
2 (ua+ub)+O(ϵ2), by equation (2.6). Perform the integral in equation
(3.3) over u to show that dA/dt = 0, i.e., A = constant = A+´A´.

dA

dt
=

ż ub

ua

[
c0 + βu ´ c0 ´

β

2
(ua + ub)

]
du+O(ϵ2)

= β

ż ub

ua

[
u ´

1

2
(ua + ub)

]
du+O(ϵ2)

=
β

2
[u2b ´ u2a ´ (ua + ub)(ub ´ ua)]

=
β

2
[u2b ´ u2a + u2a ´ u2b ] = 0
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The time derivative of A is 0, so A = constant. Since A = 0 at
t = t̄, A = A+ + A´ for all time. The location of the shocks is
therefore determined by setting A´ = A+.

4 Blackstock’s weak-shock method
(a) The retarded shock time is τsh = tsh ´ x/c0. Calculate dτsh/dx by

define the shock slowness to be 1/Ush = dtsh/dx = [c0+
β
2 (ua+ub)]

´1.
Answer:

dτsh

dx
= ´

β

2ρ0c30
(pa + pb) +O(ϵ2) (4.1)

dτsh
dx

=
d

dx
(tsh ´ x/c0)

=
1

Ush
´

1

c0

= [c0 +
β

2
(ua + ub)]

´1 ´
1

c0
+O(ϵ2)

=
1

c0
[1 ´

β

2c0
(ua + ub)] ´

1

c0
+O(ϵ2)

= ´
β

2c20
(ua + ub) +O(ϵ2)

Using the linear impedance relationship, the speed of the shock
is written in terms of pressure:

dτsh
dx

= ´
β

2ρ0c30
(pa + pb) +O(ϵ2)

(b) From where are pa and pb obtained?
pa and pb are obtained from the approximate nonlinear lossless
solution discussed in the first half of the course,

p = f(ϕ), ϕ = τ +
βxf(ϕ)

ρ0c30
(4.2)
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(c) N-wave example: Use the Blackstock weak shock method to find
psh(x) for the boundary condition

f(t) =

#

´p0t/T0, |t| ă T0

0, |t| ą T
, (4.3)

which is prescribed at x = 0, ϕ = τ .

´p0

p0

τ
T0 T

´T0´T

First, replace t with ϕ to describe the waveform for |t| ă T :

f(ϕ) = ´
p0
T0

ϕ

By equation (4.2), the phase of the implicit solution is

ϕ = τ ´
βp0

ρ0c30T0
xϕ

Denoting b = βp0/ρ0c
3
0T0, the phase can be written as

ϕ = τ ´ bxϕ

Solving for ϕ gives
ϕ =

τ

1 + bx
.

Then, the pressure solution is

p(x, τ ) =

#

p0τ/T0

1+bx , |τ | ă T0

0, |τ | ą T
. (4.4)

It is desired to find psh(x). Note from the above that at the
head shock,

pb = ´
p0τsh/T0

1 + bx
(i)

and pa = 0 . (ii)
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´p0

p0

τ
T0 T

´T0´T

pb = ´
p0τsh/T0

1+bx

pa = 0

Evidently, to find psh(x), τsh must be found. At the head shock,
τsh = ´T . Invoking equation (4.1) gives

dτsh
dx

= ´
dT

dx
= ´

β

2ρ0c30
(pa + pb)

=
β

2ρ0c30

p0τsh/T0

1 + bx

= ´
1

2

βp0
ρ0c30

T/T0

1 + bx

= ´
b

2

T

1 + bx

Integrating the above gives T = A
?
1 + bx. Since T = T0 at

x = 0, A = T0. Therefore, equation (i) becomes

psh =
p0

?
1 + bx

(4.5)

5 Blackstock’s bridging function
(a) From the development of the Fubini solution, which expands the

pressure as a Fourier sine series P (σ, θ) =
ř8

n=1Bn(σ) sinnθ, where
σ = x/x̄ and θ = ωτ , it was found that the expansion coefficients
Bn are given by the sum B

(1)
n +B

(2)
n , where

B(1)
n = ´

2

nπ
cos(nθ) sin(Φ)

∣∣∣∣θ,Φ=π

θ,Φ=0

= 0 (5.1)

B(2)
n =

2

nπ

ż Φ=π

Φ=0

cosnθ cosΦdΦ =
2

nσ
Jn(nσ) (5.2)
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where Φ = θ + σ sinΦ. For σ ă 1, why are the limits on θ and Φ
above equal?
For σ ă 1, the two limits need to be assessed: (1) when θ = 0, the
transcendental equation for Φ is Φ = σ sinΦ, for which Φ = 0
is the only solution; and (2) when θ = π, the transcendental
equation for Φ is Φ = π + σ sinΦ, for which Φ = π is the only
solution. Evidently, the limits on θ and Φ are the same. For
graphical solutions of the transcendental equation, see here.

(b) For σ ą 1, what is Φ when θ = π? What are the two possibilities for
Φ at θ = 0? Noting that Psh = Pb, what is the correct choice for Φ?
Φ = π when θ = π as before, but at θ = 0, Φ can either be 0
or Φsh. Φ = Φsh is the correct choice because at that point, the
waveform is multivalued, and its physical value is Psh = Pb.

(c) Given how Φ and θ have different limits at θ = 0, how do equa-
tions (5.1) and (5.2) change for σ ą 1? (Qualitative answer is suffi-
cient...the math is a bit confusing)
Qualitatively, the upper limit on both Φ and θ remain the same,
and the lower limit for θ stays the same, but the lower limit for
Φ changes from 0 to Psh.
Quantitatively, using the relations Psh = sinΦsh = sin(σ sinΦsh) =
sin(σPsh) and cosΦdΦ = (dΦ ´ dθ)/σ,

B(1)
n =

2

nπ
sinΦsh =

2Psh

nπ

B(2)
n =

2

nπσ

ż Φ=π

Φsh

cosnθdΦ ´

ż π

0

cosnπdθ

=
2

nπσ

ż π

Φsh

cos[n(Φ ´ σ sinΦ)]dΦ

Adding the two together gives the Blackstock bridging function.
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6 Nonlinearity in multiple dimensions
(a) 1D spreading is modeled by adding a term mp/r to the LHS of the

Burgers equation with no absorption, i.e., δ = 0:

Bp

Br
+

m

r
p = ˘

βp

ρ0c30

Bp

Bτ
. (6.1)

where τ is now t¯(r´r0)/c0. What is m for 1D spherical spreading?
What is m for 1D cylindrical spreading? What is some restrictions
on this formulation?
m = 1 for spherical spreading and m = 1/2 for cylindrical spread-
ing. The cylindrical case applies only for large kr0. All of this
generally applies only to diverging waves.

(b) Introduce

q =

(
r

r0

)m

p

and calculate Bp/Br and Bp/Bτ in terms of q.
Writing p =

(
r0
r

)m
q and taking the derivatives w.r.t. r gives

Bp
Br = ´m(r0/r)

m´1r0r
´2q + (r0/r)

m Bq
Br , or

Bp

Br
= (r0/r)

mBq

Br
´

m

r

(
r0
r

)m

q

Meanwhile, taking the derivative with respect to τ gives

Bp

Bτ
=

(
r0
r

)m
Bq

Bτ

(c) Write equation (6.1) in terms of q. Answer:

Bq

Br
= ˘

(
r0
r

)m
βq

ρ0c30

Bq

Bτ
(6.2)
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Inserting the above-found derivatives and the definition of q into
equation (6.1) gives

(r0/r)
mBq

Br
´

m

r

(
r0
r

)m

q +
m

r

(
r0
r

)m

q = ˘
βp

ρ0c30

(
r0
r

)2m
Bq

Bτ
.

Dividing by (r0/r)
m and canceling the second and third terms on

the LHS gives the desired result provided above.

(d) With the intention of getting rid of the factor of (r0/r)m altogether
from equation (6.2), choose z(r) such that

Bq

Br
=

Bq

Bz

dz

dr
= ˘

(
r0
r

)m
Bq

Bz
.

Integrate to find z for m = 1 and m = 1/2.

z =

ż

dz = ˘

ż r

r0

(
r0
r1

)m

dr1

For m = 1,
z = ˘r0 ln(r/r0)

For m = 1/2,

z = ˘2(
?
r ´

?
r0)

?
r0

(e) Write equation (6.1) in terms of the stretched coordinates q and z.

Bq

Bz
=

βq

ρ0c30

Bq

Bτ

7 Radiation force
(a) What is the distinction between Eulerian and Lagrangian coordi-

nates? Why does the distinction dissolve in linear theory?
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Crudely put, Eulerian coordinates are fixed in space, while La-
grangian coordinates move with the particle. That is why Eulerian
coordinates are referred to as ``spatial coordinates,'' while La-
grangian coordinates are referred to as ``material coordinates.''
Eulerian coordinates can be intuitively thought of as sitting on
the bank of a river and watching a fallen leaf go by, and La-
grangian coordinates can be thought of as swimming alongside
the leaf in the river.

(b) Let a be the position of a particle at rest, ξ be the displacement of
the particle from a, and x be the position of the displaced particle:

O

a x(a, t) = a + ξ (a, t)
= position of displaced particle

ξ = displacement of particle

Then, the transformations between a Lagrangian quantity qL(a, t)
(can be a scalar, vector, or tensor) and Eulerian quantity qE(x, t)
are

qL(a, t) = qE(a, t) + ξ(a, t) ¨ ∇aqE(a, t) (7.1)
qE(x, t) = qL(x, t) ´ ξ(x, t) ¨ ∇xqL(x, t) . (7.2)

Why can the coordinates in which the gradients in the above equa-
tions are evaluated be neglected?
Those corrections (∇x vs ∇a) are discarded because they are of
higher order.

(c) Resolve Westervelt’s paradox, which says that for Ẋ(t) = u0 sinωt at
x = X(t), uE = u0 sin(ωt´kx) and xuEy = ´xu2y/c0 = ´u20/2c0. Do
so by calculating xuLy in Lagrangian coordinates. Hint: use equation
(7.1).
Letting the quantity q in qL(a, t) = qE(a, t) + ξ(a, t) ¨∇qE(a, t) be
the scalar particle velocity particle velocity u. Then,

uL(a, t) = uE(a, t) + ξ(a, t)
duE(a, t)

dx
, (7.3)
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or in 1D,

uL(a, t) = uE(a, t) + ξ(a, t)
duE(a, t)

dx
, (7.4)

ξ, the separation between positions a and x, can be found by
integrating uE over time: ξ =

ş

uEdt = ´u0

ω cos(ωτ ´ kx). Also
note that duE

dx = ´ku0 cos(ωτ ´ kx). Taking the time average of
uL gives

xuLy = xuEy +
u20k

ω
xcos2 ωτy

= ´
u20
2c0

+
u20
2c0

= 0

The paradox is resolved: in the reference frame that moves with
the piston, there is no d.c. flow through the piston.

(d) Calculate the mean excess pressure in Eulerian coordinates. Hint:
Start with the linearized momentum equation

ρ0
Bu

Bt
+∇p = ´∇L (7.5)

where L = 1
2ρ0u

2 ´ p2/2ρ0c
2
0 is the Lagrangian (leave everything in

terms of L). Then let u = ∇ϕ, i.e., irrotational, and integrate over
volume. Call the constant of integration g(t) on the right-hand side.
Finally take the time average and call xg(t)y ” C. Answer:

xpEy = ´ xLy + C (7.6)

Letting u = ∇ϕ, the momentum equation becomes

∇
(
ρ0

Bϕ

Bt
+ p

)
= ´∇L (7.7)

By the gradient theorem,

ρ0
Bϕ

Bt
+ p = ´L+ g(t)

Taking the time average gives

xpEy = ´ xLy + C
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(e) Calculate the mean excess pressure in Lagrangian coordinates by
using equation (7.1). Hint: After using equation (7.1), take the
time average, and use the momentum equation to write xξ ¨ ∇py =
´ρ0 xξ ¨ Bu/Bty. Further note that one can write B2ξ/Bt2 as 2Bξ/Bt ¨

Bξ/Bt+ 2ξ ¨ B2ξ/Bt2. Answer:

xpLy = xpEy + ρ0 xu2y (7.8)

By equation (7.1),

pL = pE + ξ ¨ ∇p

Taking the time average,

xpLy = xpEy + xξ ¨ ∇py (7.9)

Now use the hint, xξ ¨ ∇py = ´ρ0 xξ ¨ Bu/Bty. By the definition of
u = ξ̇, this quantity can be written as ´ρ0 xξ ¨ B2ξ/Bt2y. Further
noting that B2ξ/Bt2 = 2Bξ/Bt ¨ Bξ/Bt+2ξ ¨ B2ξ/Bt2 gives xξ ¨ ∇py =
ρ0 xu2y . Upon all these considerations, equation (7.9) becomes

xpLy = xpEy + ρ0 xu2y

(f) Define V = p2/2ρ0c
2
0, K = ρ0u

2/2. Then the energy is E = K+V and
the Lagrangian is L = K´V . By equation (7.8), xpLy = xpEy+2 xKy.
Combine this result and the new notation with equation (7.6) to find
xpLy.
Combining equation (7.6), xpEy = ´ xLy + C, with xpEy = xpLy ´

2 xKy gives xpLy = ´ xLy+2 xKy+C. Writing ´ xLy = xV y ´ xKy

gives

xpEy = xV y ´ xKy + C

and
xpLy = xV y + xKy + C

(g) Show that in the linear limit, the Eulerian and Lagrangian excess
pressures are equal.
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This is trivial. All the quantities in both expressions for the
Eulerian and Lagrangian excess pressures are quadratic, so in
the linear limit, the Eulerian and Lagrangian excess pressures
vanish identically.

(h) Show that the Lagrangian radiation pressure xpLy on a surface nor-
mal to and in contact with the fluid motion is constant. What is
remarkable about this result? Hint: Take the time average of New-
ton’s second law, which in Lagrangian coordinates reads ρ0B

2ξ/Bt2 =
´BpL/Ba.
The time average of Newton's second law is xρ0B

2ξ/Bt2y = ´ xBpL/Bay.
The LHS vanishes because the time average of a time derivative
vanishes for a periodic wave. Thus ´ xBpL/Bay = 0 and

pL = constant

(i) Calculate xpEy and xpLy in a standing wave, to accuracy of a constant
of integration C. The standing wave is given by p = p0 cos kx sinωt,
or equivalently u = p0

ρ0c0
sin kx cosωt. Hint: Recall from Acoustics I

that V = p2/2ρ0c
2
0 and K = ρ0u

2/2 and write the answer in terms
of E = V +K and L = K ´ V .
Using the definition of the potential energy density gives

V =
p20

2ρ0c20
cos2 kx sin2 ωt .

Taking the time average and using the double angle trigonomet-
ric identity gives

xV y =
p20

8ρ0c20
(1 + cos 2kx)

Meanwhile the kinetic energy density is

K =
p20

2ρ0c20
sin2 kx cos2 ωt .

Taking the time average gives

xKy =
p20

8ρ0c20
(1 ´ cos 2kx) .
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These results are inserted in xpEy and xpLy calculated previously
[see part (f)]:

pE =
p20

4ρ0c20
cos(2kx) + C

Similarly,

pL =
p20

4ρ0c20
+ C

(j) Determine the constant of integration C by invoking the conservation
of mass. Specifically, require that

ż x+λ

x

xρ1
Ey dx = 0, at O(ϵ2) ,

where1 ρ1 = (p ´ V B/A)/c20. Answer:

C =
B

2A

p20
4ρ0c20

See notes for the full solution. We had to use equation (3-39)
from [2], a nonlinear pressure-density relationship, to show this.
I am not comfortable with that step, and therefore I omit writing
this solution in these notes.

(k) Given that the radiation force on an object of volume V is F rad =
´ xV∇py, calculate the radiation force exerted on a ping-pong ball
of radius R by a standing pressure wave p(x, t) = p0 cos kx sinωt
in a closed tube. Assume that the ball is perfectly rigid and that
kR ! 1. Hint: Reduce the problem to 1D, i.e., F rad = ´ xV Bp/Bxy

and assume that the ping-pong ball has sufficient inertia such that
Eulerian radiation pressure xpEy found in the previous problem can
be used. Also note that since the ball is rigid, its volume is constant.
All these considerations result in the radiation force being given by

Frad = ´
4πR3

3

d xpEy

dx
1See equation (3-39) of [2].
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Inserting

xpEy =
p20

4ρ0c20

(
B

2A
+ cos 2kx

)
into

Frad = ´
4πR3

3

d xpEy

dx
gives

Frad = ´
2πp0R

3

3ρ0c20
sin 2kx (7.10)

(l) Define xPy to be the time-averaged momentum density, given by
xmomentum/volumey. Show that

xPy =
xEy

c0
for f(x ´ c0t)

and
xPy = ´

xEy

c0
for f(x+ c0t).

Hint: write momentum/volume as ρ1u, and use linear relations ρ1 =
p/c20 and u = p/ρ0c0. Then note that E = p2/ρ0c

2
0.

Following the hints, for f(x ´ c0t),

xPy = xρ1uy =
xp2y

ρ0c30
=

xEy

c0

while for f(x+ c0t),

xPy = ´ xρ1uy = ´
xp2y

ρ0c30
= ´

xEy

c0

(m) In class, the momentum flux (time-averaged momentum per unit
time per unit area) was found to be given by J = c0 xPy = xEy,
where xPy is the time-averaged momentum density discussed in the
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previous part. At a 2-fluid interface, with the first fluid having pa-
rameters ρ1 and c1 and the second fluid having parameters ρ2 and
c2, the net momentum flux J into the interface was identified to be
the time-averaged Lagrangian pressure xpLy. Use these relations to
find xpLy in terms of the fluid parameters, the incident time averaged
energy density xE1y, and the pressure reflection and transmission co-
efficients R and T . Hint: Start with xpLy = c0 xPi ´ Pr ´ Pty.
As suggested in the hint:

xpLy = c0 xPi ´ Pr ´ Pty

= xEi + Er ´ Ety .

Now divide through by Ei:

xpLy = xEiy
(
1 +

xEry
xEiy

´
xEty
xEiy

)
.

Recalling xEy = xp2y /ρ0c
2
0 and the definitions of the reflection

and transmission coefficients gives the result:

xpLy = xEiy
(
1 + R2 ´

ρ1c
2
1

ρ2c22
T 2

)

(n) Given that Frad 9 xPy, is it possible to have acoustic radiation force
in the linear limit?
It is not possible to have acoustic radiation force in the linear
limit because xPy is a quadratic quantity. Since Frad9 xPy, Frad =
0 in the linear limit.

8 Streaming
(a) It was shown that the “full momentum equation” i.e., equation (3-2)

of [2], can be written as

B(ρu)

Bt
´ F 1 +∇P = µ∇2u+ (µB + µ/3)∇(∇ ¨ u) (8.1)

where ´ F 1 = ρ(u ¨ ∇)u+ u(∇ ¨ ρu) (8.2)
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Take the time-average of equations (8.1) and (8.2) and denote F ”

xF 1y to show that

F = ∇ xP y ´ µ∇2 xuy (8.3)
F = ´ xρ(u ¨ ∇)u+ u∇ ¨ (ρu)y (8.4)

What assumption has been made about the fluid in equation (8.3)?
What is another name for this assumption? Why does the xB(ρu)/Bty =
0?

(b) Drop the x y notation denoting “time average” and let the time av-
eraging be implied on all wave quantities. Letting P = P0 + p1 + p2,
ρ = ρ0 + ρ1 + ρ2, and u = u1 + u2, the subscripts refer to the order
of the term, show that the O(ϵ2) version of equations (8.3) and (8.4)
are

F 2 = ∇p2 ´ µ∇2 xu2y (8.5)
F 2 = ´ xρ0(u1 ¨ ∇)u1 + u1∇ ¨ (ρu1)y (8.6)

(c) Let p1 = p0e
´αx sin(ωt ´ kx). Calculate F 2 using equation (8.6).

Hint: use the linear relation p1 » ρ0c0u1.

(d) Take the limit of the above result as take the limit as α ! k. Answer:
F2l = αp20/ρ0c

2
0. What does this result say about the nature of

acoustic streaming?

(e) In class, it was shown that in the presence of shocks,

F2f =
2βkPsh

3πρ20c
4
0

,

the maximum value of which is 2βkp30/3πρ
2
0c

4
0. Show that the ratio

of F2f to F2l is 2Γ/3π, where Γ = βϵk/α (the Gol’berg number).
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