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Definition (sifting property):∫ ∞
−∞

f(x)δ(x− a) dx = f(a)

Properties:

δ(x) = 0 , x 6= 0∫ ∞
−∞

δ(x) dx = 1

δ(x) =
d

dx
H(x)

δ(ax) =
1

|a|
δ(x)

δ[f(x)] =
∑
n

δ(x− xn)
|f ′(xn)|

, f(xn) = 0 , n = 1, 2, ...∫ ∞
−∞

f(x)δ(n)(x− a) dx = (−1)nf (n)(a) , f (n)(x) = dnf/dxn

δ(x)δ(y) =
δ(ξ1)δ(ξ2)

J(ξ1, ξ2)
, J =

∣∣∣∣∣ ∂(x, y)∂(ξ1, ξ2)

∣∣∣∣∣ , dxdy = J(ξ1, ξ2) dξ1dξ2

Functional representations:

δ(x) = lim
ε→0

rect(x/ε)

ε

= lim
ε→0

sin(x/ε)

πx

= lim
ε→0

e−x
2/ε2

ε
√
π

= lim
ε→0

ε/π

x2 + ε2

δ(x− x0) =
∑
n

φn(x)φn(x0) , {φn} a complete orthonormal set

Integral representations:

1D:
∫ ∞
−∞

eikx(x−x0) dkx = 2πδ(x− x0)

2D:
∫ ∞
0

Jα(κρ)Jα(κρ0)κ dκ =
1

ρ
δ(ρ− ρ0) , α > −1

2

3D:
∫ ∞
0

jα(kr)jα(kr0) k
2 dk =

π

2r2
δ(r − r0) , α > −1



Related transforms:

Fx{eik0x} = 2πδ(kx − k0)
Fx{cos k0x} = π[δ(kx + k0) + δ(kx − k0)]
Fx{sin k0x} = iπ[δ(kx + k0)− δ(kx − k0)]

2D delta functions:
Cartesian coordinates

δ(ρ− ρ0) = δ(x− x0)δ(y − y0)
= δ(x)δ(y) , ρ0 = 0

Polar coordinates

δ(ρ− ρ0) =
δ(ρ− ρ0)

ρ
δ(φ− φ0)

=
δ(ρ)

2πρ
, ρ0 = 0

The convention used above is
∫∞
0 δ(ρ) dρ = 1 to satisfy the requirement that the integral over

area in polar coordinates be unity for ρ0 = 0:
∫∞
0

∫ 2π
0 δ(ρ) ρdρ dφ = 1. Some authors use the

convention
∫∞
0 δ(ρ) dρ = 1

2
, which then requires δ(ρ) = δ(ρ)/πρ for the integral to be unity.

3D delta functions:
Cartesian coordinates

δ(r− r0) = δ(x− x0)δ(y − y0)δ(z − z0)
= δ(x)δ(y)δ(z) , r0 = 0

Polar coordinates

δ(r− r0) =
δ(ρ− ρ0)

ρ
δ(φ− φ0)δ(z − z0)

=
δ(ρ)

2πρ
δ(z) , r0 = 0

Spherical coordinates

δ(r− r0) =
δ(r − r0)

r2
δ(θ − θ0)
sin θ

δ(φ− φ0)

=
δ(r)

4πr2
, r0 = 0

As in polar coordinates the convention
∫∞
0 δ(r) dr = 1 is used.


