Wave Phenomena

These are my class notes from Wave Phenomena (ME 384N, spring 2024), taught by Prof. Mark F.
Hamilton in the Walker Department of Mechanical Engineering at UT Austin. My notes mostly follow
the material presented in class. I rearranged a few topics for conceptual consistency and made a few
additions in dark blue. The quotations of physicists introducing each topic were also my addition. A
PDF version of this website is available here.
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Mathematical preliminary

It seems to be one of the fundamental features of nature that fundamental physical laws
are described in terms of a mathematical theory of great beauty and power, needing quite
a high standard of mathematics for one to understand it. You may wonder: Why is nature
constructed along these lines? One can only answer that our present knowledge seems to
show that nature is so constructed. We simply have to accept it. One could perhaps
describe the situation by saying that God is a mathematician of a very high order, and He
used very advanced mathematics in constructing the universe. Our feeble attempts at
mathematics enable us to understand a bit of the universe, and as we proceed to develop
higher and higher mathematics we can hope to understand the universe better.

—Paul Dirac

Fourier transforms, Hankel transforms, and Dirac delta functions are discussed before introducing
wave physics. Important equations are boxed, and my personal comments are in deep blue.
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1_Return to home — Advance to next topic

Linear systems theory

We begin by discussing the time transform. Fourier transforms are linear operations and hence lend
themselve to problems that are linear. The temporal Fourier transform (FT) pair is given by

X() = FAx(0) }—fm )e'"dr (1)

x(1) = F X (w j Ve d e (2)

The response of a linear system is illustrated schematically below:

x(1) LA, X () LX),y () L), g

where H(w) is the so-called transfer function.
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I find it helpful to remember that "F" corresponds to the operator f _OOOO ...dt, while an upper case letter
corresponds to the transformed lower case function.

Example: wave propagation from position x,y,z = zo to x,y,z = z0 + Az

As a sneak-peek for what is to come, we outline (informally) how use the Fourier transform
(both temporal and spatial, discussed further in the following sections) to propagate from
position x,y,z = zo to a parallel plane x,y,z = zo + Az following the general "recipe" provided
above.

Z VA

First take the Fourier time transform F; to obtain p,:

F Va2t
p(-xyyaZ9tO) Mpa)(a)yxvy’ZO) .

Then take the 2D spatial Fourier transform to obtain P, (ky, ky, zo) (note capital letters are used
for quantities in k-space):

Fiplpow (.20)}
Pol@,x,y,20) “2L2E00 P (K Ky, Zo) -

Next, apply the transfer function to P, (k,, k, z9) to advance spatially.

H(kkay)P(u (k,\',ky,ZO)

P, (ks ky,20) P, (ke ky,zo + Az) .
Finally, take the inverse 2D spatial FT to return from k-space to physical space.

Fi {Po (knky,zo+AZ))
Pw(kX7k7ZO+AZ) - o0 -

Pw(x,y, 2+ Az).

The above step shall be the stopping point in this class (since we will work largely in k-space,
i.e., our interest is in solving the Helmholtz equation, not the wave equation). If desired,
however, one can take the inverse time Fourier transform, viz., f,_l {pu(x,y,7 + Az)} to obtain
px.y,z+ Az 1).

What is the transfer function? We will find that

ik. A w?
H(k_x,ky) :elz z, kZ: _2 _k)%_k)%.
Co

How should one correctly interpret p, in the equations above? We will represent the time
dependence as



—iwt

p(r,t) = po(r)e ™ = |pw(r)|ei¢u(r)
and interpret |p,, (r)| as the peak pressure of p(¢).

Do not try to identify p,, from P, as illustrated in the following example: Consider the pressure
wave p(t) = pocos wyt. Since there is no spatial dependence, p, should be identified as p,.
Meanwhile, the time FT is

lwot + e—la)ot

./—";{p() Ccos wot} = f po——— lwdl‘

— ( l&)ot+e la)ol) iwtdl,
2 —oo

= m7po[d(w + wo) + §(w — wo)],

where one might be tempted to define p,, as mpo.

1D Fourier transform
For this discussion, consider the 1D spatial Fourier transform:

Flk,) = Fo{f(x)} = foo Flxe (1)

lk‘x
fx) = FoUF(k 2ﬂfoo dk, . (2)

The sign convention corresponds to the e’ time dependence such that

. 1 oo .
f(x)e—la)[ - I F(kx)el(kxx—a)t)dkx
20 J -
is a forward-traveling wave.

Some authors, e.g., Goodman let k, = 2sf, such that the Fourier transforms are symmetric.

X)) = Ijof(x)e_ihf*xdx = FY (k)

OFU) = [ POk,

where dk, = 2mdf,. We will avoid this in favour of Egs. Egs. (1) and (2). Simply beware of these
alternate definitions.

Many more properties of Eqgs. (1) and (2) are given in Papoulis's table with the following
substitutions:

> x
w Pk,
jPi.
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Example: Fourier transform of a rectangle function

Define

t_{L < 1/2
Y =10, @w>1/2"

and let
f(x) =Arect(x/L).

Take the Fourier transform:

Lj2 —ik.x
Flfy =A [ e

1"‘ (e~ KeLI2 _ pikiL /2y

—iky

2A

k—sin(ka/Z)

sin(kyL/2) )

=AL————— = ALjy(k.L/2) .
IL)2 Jo(kxL/2)

=AL, k,=0.

That is to say, the Fourier transform evaluated at k, = 0 is the area under the curve:

F(ky = 0) = f_oo f(x)dx.

2D spatial Fourier transform
The two-dimensional (2D) spatial FT will prove to be useful:

F(ky, ky) = Folf(x,y)} = ff_o:of(x,y)e‘i(k"x+kyy)dxdy

1 oo .
foy) = FltF (ke ky)) = o=l H_m F(ky, ky)e' o2 gk dk,

Wavenumber space is sometimes referred to as "k-space." Note that k-space itself arises in the first
place from taking a time FT (of the wave equation). Beware of the different sign conventions used in
physics and engineering.

In class, the "xy" subscripts of F were dropped for convenience, but I shall retain them in the online
notes for clarity.



F(kx,k xy{f X, y)} = J:[ f(x y)e l(kxx+k’y)dxdy

Fxy) = Fo (Flky, ky) H (ko ky)e™ 59 dxdy

Note that the operators commute:

ny{f(xay)} = fy{fx[f(xay)]}
= -Fx{Fy[f(x

and if f(x,y) = g(x)h(y) then F{f (x,y)} = G(ky)H (ky).
Finally, note that a vectorial form of the 2D spatial Fourier transform is often utilized. Let

p = (x,y) = xe, +ye,
i = (ky, ky) = keex + kyey,

SO p - i = kyx + kyy. Then the 2D spatial Fourier transform pair reads

= [rtpe™ap
= IF(x)e“‘"’drc.

The different uses of the letter "f" might be confusing. To reiterate: F refers to the transformed
"version" of f, whereas F is the integral transformation. It helps to loosely think, "f is the uncooked
meal, F is the cooked meal, and F is the microwave."

Transform theorems

A full list of some transformation theorems is provided here. Some will be proven as homework
problems. The theorems in that document are in terms of the 2D spatial Fourier transform. Here, we
prove two theorems for the 1D spatial Fourier transform relating to similarity and differentiation.
They can straightforwardly generalized to the 2D case.

Similarity.

If Fi{f(x)} = F(ky), then what is F,{f(ax)}? To find out, we simply apply the definition of the 1D
spatial Fourier transform:

Fl{f(ax)} = I_O:of(ax)e_[kxxdx

To evaluate the integral, the substitution # = ax (and hence dx = du/a) is used. Note that the sign of a
determines which integral is to be taken:

© —tkxu/a du
f_oof(u)el““a, a>0
- _.kx/d_u
foo fluye et a<0

fx{f(ax)} = {
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To eliminate the conditional statement above, simply consider the magnitude of a:

Fulf(ax)} Iiof(u)e‘ik"”/“%, Va

1 © —iku/a
Hj_mf(u)e kala gy

Recalling Eq. (1), F(k,) = F {f(x)} = ffooof(x)e‘ik—*xdx, the integral above is identified as F(k,/a).
This is done by corresponding u above as x in Eq. (1), and corresponding k. /a above as k, in Eq. (1).
Thus,

1
Fi{f(ax)} = HF(kx/a).

Differentiation.

In particular, let us consider the Fourier transform of the n'™ derivative of f (x):

fx{ o f(x)},

ox"

which we can write as

]:x{a—n]:x_l [F(kx)]}
oxn

because .7:;1 [F(ky)] = f(x). Invoking Eq. (2), the Fourier transform is written explicitly:

g" — a_ni = ikyx
fx{wfm}—fx{ g | [Fkle dkx}

The derivative is brought inside the integral, and the integrand is evaluated:

fx{ o f(x)} = ]:x{L joo (ikx)"F(kx)eik"xdkx}

ox" 2ma J-

Again by Eq. (2), the inverse spatial Fourier transform is identified:

aﬂ
fx{_f(-x)} = Fx{fx_l[(lkx)nF(kx)]}

axn

Since the forward and inverse transform are inverses, we obtain

gn
Fx{ f(x)} = (lkx)”F(kx) .

ax"

Example: Fourier transform of triangle function

Define



tri (x) = A(x) {1—|x|, x| <1

0, x| >1°

In this example, we evaluate the Fourier transform of the function
fx) =AAx/L)

rather cleverly. We will use the derivative theorem to obtain the Fourier transform of this
function (rather than take the FT directly). In particular, the derivative of f(x) = AA(x/L) is

, A x+L/2 x—L/2
f(x)—zlrect( 7 )—rect( 7 )l

Earlier, we found that the Fourier transform of the rectangle function is

x| sin(k,L/2)
]—"x{ rect z} = LW .

The shifting property is used (which will be proved as a homework problem):
Flf(x—a)} = F(ky)e ™.
So the Fourier transform of the derivative of the triangle function is

sin(kL/2) w1 _ ey

fx{f (X)}ZA ka/z

But el/2 — o=iL12 = Disin(k,L/2). So we have (after normalization)

fx{f/(x)} = ikxALl

sin(k,L/2) 17
k.L/2



However, this is the Fourier transform of the derivative of the triangle function. Using the
derivative theorem forn = 1,

}—x{if(x)} = ik F(ky) ,
dx

we obtain the 1D spatial Fourier transform of the triangle function:

sin(k,L/2) r

Fky) = Fi{f(0)} = AL[ kL2

As a sanity check, evaluate the FT at the origin of k-space and see if we obtain the area under
f(x). Indeed, F(k,) = AL, which is indeed the area under the triangle function.

The angular spectrum

The above discussion has been purely mathematical. Now let us apply this mathematics to the study of
wave phenomena. Consider a time-harmonic acoustic pressure field:

px.y.z.1) = p,(x.y. 2)e "
Thus the wave equation becomes

Vzpw+k2pw =0. (1)

Let p,, be an arbitrary field propagating in the +z direction. At a given instant, it passes through the
plane z = 0.

y

X

\ .
/) "

Let us characterize the field in the plane z = 0 as

Pw(x,y,0) =polx,y).

The 2D spatial Fourier transform of this source condition is
Polkeky) = [ potry)e Y dxdy, 2)

SO



po(x,y) = ﬂ_oo Po (ks, ky)e" Y diedk, . (3)
Note that a general plane-wave solution of Eq. (1) is
p&) (x’ y’ Z) — Aei(kxx+kyy+kzz) — Aeik-l‘ ,

where k = ke, + kyey + k;e; and [K| = w/co. Thus

k.= k2 —k2 k2.

Thus Eq. (3) is a superposition of plane waves passing through the plane z = 0 with complex
amplitudes

dkd,

A(kx, ky) = PO(kx, ky) )

4

Each plane wave in the summation is uniquely determined by the pair (ky, ky). Now write

k =ke, +ke, +ke,
=1 +kee,.

Now we introduce spherical coordinates, where the meaning of the z axis is preserved between the
Cartesian and spherical coordinates:

kx = ksiny cos y
ky = ksin y siny

K COS Y
i sin

k; =kcosy,

where y is the polar angle in k-space, while y is the azimuthal angle in k-space.

I do not know what to label the axes in the figure above. In future sections, you will see that they are
labeled (x,y, z), which I abhor, because these are spatial coordinates with dimensions of length, while
the vectors k and 7 have dimensions of inverse length.

The ordered pair (ky, ky) is uniquely defined by (v, y), and hence
Po(ky, ky) = angular spectrum = Po(y, y) .

Note that only components for which k2 + ky2 < k? can propagate. That is, outside a circle of radius |K|
= w/co, the wave field is evanescent:



_propagating
K

evanescent

Hankel transform

For axisymmetric cases, the Hankel transform (as apposed to the 2D spatial Fourier transform) proves
to be useful.

Suppose f(x,y) = f(yx? + y?) = f(p). Then, the 2D spatial Fourier transform becomes

27 oo .
Fofon =[] fore e pdpdy

where sometimes the differential area element p dp d¢ is denoted d p. The relationship between p and
# is shown below:

> X

Since 1 is fixed, we may align 7 along the x-axis (i.e., set y = 0) for the case that f # f(¢). Then
K-p=ikpcos¢.
and
oo 2 .
— —ikp cos ¢
Folf(p)} = fo f(p)pdp fo e de,

and the polar integral is an integral identity of the Oth order Bessel function, 27Jo(x p). Thus the
transform becomes

Fotf(0)) =27 [ " F(p)otp) pdp = Fx)

Define the Hankel transform:

Fu(k) = H,(f(p) = [ " f(p)o(xcp) pp (1)



Thus
F(x) = 2w Fy(x), (2)
which is a critical (and annoying) difference between the Fourier and Hankel transforms.

Similarly, the inverse 2D spatial Fourier transform of an axisymmetric function k-space, F(x), is

f(p) = F U F(x ij ™ i dic dy
Align p with the k, axis. Thus in this case
K-p=KpCcosy.

So

1 o0
o) = 5= jo F(x)Jo(x p)rc dic

IOOO Fy(x)Jo(xp)x dic,

where the second equality follows from Eq. (2). So
Fp) = HMFu )y = | Fute)oticp)edic. 3)

Egs. (1) and (3) are standard definitions of forward and inverse Hankel transforms, related to Fourier
transforms by Eq. (2).

Example: Fourier transform of the circ function

Define

<
circ(p):{1 p=1l

0 p>1

and let f(p) = Acirc (p/a). Then the Hankel transform of f(p) is
M {Acire (p/a)} = Fi () =Af0 Jo(icp)pdp .

Noting that J'Ot Jo(t) tdt = xJy(x), the integral above is evaluated by letting r = % p and hence dt
= wdp, pdp = tdt/1c*. Thus

A i«
Fu(k) = = fo Jo(t) tdt
:Aﬁjl(ka)

_Aa_ 2J1(xa)
2 Kra

Note that U;c(—:f“) = 1 for xa = 0. However we are interested in the Fourier transform



» 2J1(xca)

FplAcirc (p/a)} = F(x) =20 Fu(x) = Ama —

As a sanity check, note that this equals the volume, Ara?® for x = 0 (k, = ky, = 0).

Dirac delta functions

One definition of the Dirac delta function is

[ rwswar=r0. (1)

S (x) is a generalized function, also called a "functional," which is something that operates on an
integrand. It can be thought of as an integral mapping from f'(x) to f(0)

An alternative definition is two-fold:

S(x)=0, x#0 2)
f X)dx = 1. (3)

It will be of interest to represent a § function as a limit of an ordinary function pu(x, €).

S(x) =lim u(x,€).

e-0

To construct u(x, €), start with another function without an €, £ (x), having unit area

f_o:o Soodx = 1.

Then let

1
ux,e) = ?é(x/e).

Let us prove that

S(x) =1lim u(x,e)

-0
for an arbitrary u(x, €). Substituting u(x, €) = %4 (x/€) into the definition of the delta function given
by Eq. (1) gives
J fx hm p1(x, €)dx

:limf fx)—=<¢(x/e)d

e-0

Now introduce a variable substitution x = €y. Thus dx = € dy. The limits remain unchanged (though
there is a subtle point here):



f) =tim [~ fey Vedy

=fO) [ ¢

But since f _OOOO & (x)dx = 1, the above is simply equal to f(0). Thus Eq. (1) is satisfied.

Example: construct delta function out of rectangle function

It is desired to construct a delta function out of
{(x) = rect(x).

Following the recipe above, identify p(x, €) = % rect (x/€), and thus identify the delta function
to be

1
S(x) = lim — rect (x/¢) .
e->0 €

Example: construct delta function out of sinc function

Now it is desired to construct a delta function out of a sinc function, which has the form
sin(x) /x. Note that

© ginx

dx = .
—00 X
Since it is desired for £ to come out to 1 when integrated over x from —oo to +oo, we let {(x)
= sin(x)/(srx). Then
1 sin(x/¢€)

ﬂ(x,f) = —
€ Jx/e€

sin(x/¢€)
Tx

Thus the delta function is

sin(x/e€
S(x) =lim sintx/€) .
-0 X
To verify this, we can insert our delta function into definition and evaluate the integral (letting x

= €y):

limf Flx sm(x/e)d _hmf Fley sm(y) ¢ dy

e—0 e—0 ey

0~ [~ 0= ).
ar —0o0 y




It is found that the delta function based on sinc indeed satisfies the definition of the delta
function.

Using the result of the previous example, the Fourier transform of the complex exponential can be

taken rather cleverly. Start with the previous result, §(x) = lim.¢ sin(x/e)

——, write sine using complex

exponentials (e.g., sina = (e — ™) /2i), cleverly write e/ — e™™/¢ = | _1/56 ixe™*dk,, and take the
limit:
sin(x/e
S(x) = lim L
-0 aTX
1 ix/e

= lim —— (e™/¢ — ¢7™/€)
>0 127X

1 1/€ .
— lim - f ixe™* dk.
e—0 127x J-1/¢

1 ® ik.x
= E J‘_Oo e dkx .
Thus
f e* Tk, = 275 (x) .
(Alternatively, we have [ _CX)OO e~ **dk, = 271 5(x).) And for the dual space,

foo e~ X dx = 2 8 (ky) .

Example: Fourier integral theorem

Using the above result, the Fourier integral theorem, i.e., the Fourier transform of the inverse
Fourier transform of a function gives the function itself, is now proven:

FUFIF 0] = FIUHF (k)

1 o) oo o, .
7 l f F(x")e ke dx’le’kx"dkx
ar —00 —00

% [ f(x’>[ [ et dkxldx’
_ %J_‘” FO)278(x - x")dx'
=fx).

Thus F, {F[f (0]} = f(x).

A few properties of the delta function are now discussed:
Derivative property

Denoting 8’ (x) = d&/dx, a property involving the derivative of the delta function can be derived by
integration by parts:



[ rws war= [~ rws - [~ f'mswdx = ~f'(0)

In general, then,

Jw_oo f(X)é(n)(x) dx = (_l)nf(”)(())

Normal mode expansion of the delta function
Let
{¢n(x)} = complete orthogonal set

SO

[ n0rgnrdx = 8,

We can expand any function f(x) in terms of a complete orthogonal set, viz., f(x) = Y., an¢n(x). Let

f(x) = 6(x—xo):
8 (x = xo) Z an (4)
Multiply by ¢,, and take integral of both sides:
[~ sa-xpuwdr=Y [~ a,p,0¢,00dx

= Zananm =dam
n

Using the sifting property on the left-hand side, the expansion coefficients are a,, = ¢, (xq). Thus Eq.
(4) becomes

x XO Z ¢n

Example: normal modes on fixed-fixed string

The modes of a string are given by

3 2 . Lo,
Pnl(x) = \I;sm(nmc/L), where fo pdx =1

Since 8(x — x0) = Y., ¢n(x)@n(x0), the delta function in this case is

S(x—xp) Z sin(nsrx/L) sin(msx/L) .



Note that the dimensions of a delta function are always the inverse of the differential element. More
properties of the delta function are available here.

1 Return to home — Advance to next topic
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Fourier acoustics

Primary causes are unknown to us; but are subject to simple and constant laws, which
may be discovered by observation, the study of them being the object of natural
philosophy.

—Joseph Fourier

With the prerequisite mathematics developed, the Helmholtz equation is now solved with remarkable
ease using 2D spatial Fourier transforms. These solutions are broadly referred to as Fourier acoustics.
These solutions can also be applied to the study of waves in solids.

The first two sections on pressure and velocity sources are also covered here. The treatment is
basically the same, though those notes are slightly more succinctly. (Note that hats are used instead of
capital letters for Fourier-transformed quantities in those notes.)

Contents:

e Pressure source

e Velocity source

 Intensity

e Code

e Radiation from plate due to a 1D bending wave

e Generalization to elastic waves in isotropic solids

1_Return to home < Return to previous topic — Advance to next topic

Pressure source

Begin with the Helmholtz equation
V2p, +k*py, = 0. (1)

Given field in the source plane p,, (x,y,0), find p,, (x,y,z > 0). Start by taking the 2D spatial Fourier

transform of Eq. (1):
a* 9> 9° 5
]—"xy{( P + 7 + 72 )pw +k w}
Using the derivative property and calling P = P(ky, ky, z), the above becomes

d’pP
2z tkP=0, ke = (k2 — k2 — k2.
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For forward propagation, the above 2nd order ODE reads
P(ky, ky,2) = Plky, ky, 0)e™=.
To return to physical space, the inverse 2D spatial Fourier transform is taken:
Pu(x,y,2) = Fg'{Pky, ky, 0%} .

Since P(ky, ky,0) = Fy{p(kx, ky,0)}, the entire field can be written in terms of the source condition:

Po(6,3,2) = F {F oy ipo (x,y,0)}e"} (2)

where the z component of the wavenumber is

Z

k.= (k2 —k2 - k2

. 2,12 2

{ positive real ki +ky <k
. . . 2 2 2
positive imaginary ky +ky > k=

Note that the entire angular spectrum (all k,, k) is required to reproduce the exact field.
For axisymmetric sources, Eq. (2) becomes

Po(r,2) = H Y {H{p,(p,0) e}

_ 2 2 2 _ 1.2 2
k, =Vk*—x*, x —kx+ky.

Example: Bessel beams

This topic was originally presented after the Fraunhofer approximation/before the Fresnel
approximation were discussed. However, it serves as a good example of Fourier acoustics used
for an axisymmetric pressure source.

Bessel (nondiffracting) beams were "discovered" in optics in the 80s [Durnan, JOSA A, 4, 651
(1987)].

Consider the pressure source
Po(x,3,0) = py,(p) =pololap),
where « is a constant, not a direction cosine. The solution is found by taking
p(p.2) = H {Hipo(p)le™<},
where k, = Vk? — 2. The Hankel transform is found by looking at the delta function handout:

Hipo(p)) = po [ Joap)do(xp)pdp

=—4d6(k—-a).
a



Thus the pressure field is

Po(p.2) %Ofo S(rc — a)e" D" 1 (e p)c dic

2—0!2)1/22

podo(ap)e’™
oc Jo(ap) forall z,

i.e., there is no diffraction in the field. Note that the beam propagates if « is less than k. The
phase speed is

(&) _ Co
Vk2—a2  1-(a/k)?

Coh = —
P kz
The glaring issue with the realization of such a non-diffracting beam is that

1
Jolap) x —, ap>1,
7

so the source power is

2
_ __Po %
W= gﬁlds_ oo fo Jiap)mpdp — .

That is to say, an infinite amount of energy is required to generate such a beam! For practical
(local) realization of a Bessel beam, the source needs to be truncated before a and 0 outside, i.e.,

po(p) =poJolap), p<=<a.

Velocity source

For a velocity source (which is more practical), we should recall the linearized Newton's law:

Jdu
— +Vp=0,
pPo o1 p

or for time-harmonic waves, —iw pou,, + Vp, = 0. Solving for u gives

Vpo

uﬁ) = . .
ikpoco

The 2D spatial Fourier transform of the left-hand side of the above is simply
ny{ua) (x, Y, 2)} = U(k)a kya 2).

Meanwhile, for the right-hand side, note that by the derivative property of the Fourier transform,
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]:xy{Vpa)(x,y,Z)} = ]—“xy{(ex@x + eydy + ezéz)pw}

0pw
= i(kxex + kyey)P(kxaky’Z) + ezfx,{aLZ}_

But since P(ky, ky, z) = P(kx, ky, 0)e’*:, the last term of the above, e Fu{ipw/dz}, is

0z
= e FulFy ik [Py, ky, 0)€™]}
= e,ik P(ky, ky,0)e**
= e,ik P (ky, ky,7) .

0py a .
ez‘FXY{OLZ} = ezfxy{_fxyl [P(kx, ky, O)elkzz]}

So
FolVp, (x,y,2)} = i(kee, + kye,)P(ky, ky, z) + e, ik P(ky,ky,2)
= lkP(kx, ky’ Z) bl
where
k = kyex + kyey + (K* —k; — k) %e; = k(ky, ky) .
Sinceu,, = .kV LPo_ "jts 2D spatial Fourier transform is
ik poco

k
U(kx7 ky7z) = Ep(kxa ky,Z) . (3)

PoCo
Assuming that u,, (x,y,0) = uo(x,y)e;, Eq. (3) evaluated in the source plane z = 0 is

UO(an ky) = ~ny{’/tO()‘:ay)}ez = UO(kx’ ky)ez
1 ke,
poco Kk

PO (kX7 ky)
Solving for the 2D spatial Fourier transform of the source pressure gives
k
Po(ky, ky) = poco- Uk, ky) .
Z

Since p,, (x,y,2) = ]—"x;,l {Py(ky, ky)e*:}, the full field due to a velocity source is

. ko
Po(%,.2) = pocoFy {UO(kx,ky)k_elkzz} :
Z

where Po(ky, ky) = Fi{po(x,y)}. Note that there is a singularity at k; = 0, corresponding to the
perimeter of the radiation circle.

Intensity



How does one calculate intensity using Fourier acoustics? Recall that

I={(pu) . ‘
= (R{p,e ' “}R{u,e})

1., 1 .
Eiﬁ{pwuw} = Em{pwuw},
where

Po(x,9,2) = F ' {P(ky, ky,2))
and u,,(x,y,2) = F {U(k, ky,2)} = F{U e, + Uye, + Ue.} .

Code

The whole code is nondimensionalized. The z axis is nondimensionalized by zo, the Rayleigh distance,
sometimes called the "collumnation distance" or "diffraction length" ka®/2 ~ S/ (surface area to
wavelength). The transverse axis is nondimensionalized by the source radius a (R = r/a), as is the
wavenumber (K = ka). The code is set up to handle a velocity source, but it can easily be modified to
handle pressure sources by implementing the discussion above.

The code itself contains all of these definitions. This sheet contains a full explanation and discussion of
the code.

Radiation from plate due to 1D bending wave

The bending wave has the form

u(x,y,0,1) = uoe’(k”x_“”)eZ

kp = w/cp

= up (x)e*l'wt

where the normal particle velocity on the surface is

uo(x) = uge™ .

\/Zlgg(co
/-\‘bx
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To calculate the field in the fluid medium, first take the 2D spatial Fourier transform of the source
condition,

Un (k. ky) = Frylug(x))
- I f T omitkekn)x=ikyy g
=uo || e »dxdy
= 4%uy8 (k, — ky) S (ky) .

Now convert to a pressure source using the result from the section on velocity sources.

k
P(ky, ky) = PoCo7— Uo(ky, ky)

Z

k
= 4772p()C0u0k—5(kx — kp) 8 (ky) .

Z

The pressure field is found by the standard Fourier acoustics procedure:

Po(6,9,2) = F {Po ks, ky)e™)
= 472 pocouok F 318 (ke — ky) 8 (ky)e™ k)
ei(kz—kf—kf)l/z

k2 k2 k2

pocouck [[ 8k~ k)8 (ky) eeesik g i,

pocotok ke +i(k>=kp) %z
[k2 _ k2
k= —kj

If kK > k;, (or ¢, > cy), then the wave propagates into the fluid, while if k < k;, (or ¢, < c(), then the
wave is evanescent in the fluid.

For additional insight, convert pressure to the particle velocity:

u,(x,y,z) = Vp,/ikpoco
= u, kver irifio—igz

V2 — k2

The intensity can then be calculated:

1
= Eﬁ{pwuz}

2

PoColdg kp ) l

PR ——— —ex+\[1—k/k2e kp <k

2(1 - k2/k2) | K v
pocoly  k 2(k2-k?)12;

2(1 - k2/k2) ky

o
|

kb>k.

In the second case, there is no power radiated in the z direction.

As a sanity check, what if ¢, — co? Then one should obtain a plane wave in the z direction. Indeed, for
ky, = 0,



p(z)(-x7 y, Z) = p()couoeikz .

Generalization to elastic waves in isotropic solids

Let & be the particle displacement. It can be separated into a irrotational and rotational components,

§=git¢r,

where £ is the longitudinal (compressional) wave displacement (Vx &; = 0), and where ¢, is the shear
(transverse) wave displacement (V- &, = 0). These two displacements above satisfy wave equations of
their own. This was shown without proof, but the derivation is worked out from first principles here.

Compressional waves

The compressional wave equation is

where the longitudinal sound speed is

K+4u/3
=\
p

where K is the bulk modulus and p is the shear modulus. By the Helmholtz decomposition theorem,
&y 1s defined as the gradient of a scalar potential ¢,

é,l = V¢ >
giving
1 0%¢
Vip= ——.
¢ c; dt?

Assuming ¢ is time harmonic results in the Helmholtz equation, which is the same as for waves in
fluids:

Vip+k?¢p=0.

Thus we can swap out p for ¢ in Fourier theory presented earlier, and one can obtain the full
compressional wave field:

¢w(x’ y’Z) = fx;l {‘ny[gbw(x’y’o)]eikzz} .

Shear waves
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The wave equation for shear waves is vectorial, i.e.,

Lo

V¢, =
& c? ar?

cr=\p/p (1)

The other condition noted above is that V- &; = 0, which is often utilized to to defined terms of the
vector potential &; = Vx y (analogous to how the longitudinal displacement was defined in terms of a
scalar potential above). However, even with the vector potential, we would still have three
components, so let us follow Landau and Lifshitz and simply use the Cartesian components of ¢,

é} = gxex + gyey + gzez’

such that Eq. (1) becomes

V2 4kl Ec=0 (2)
V3¢, +kiE, =0 (3)
V3, + kP, =0. (1)

Note that in the equations above, only two components are independent, because the third is related by
V. &, = 0, which in Cartesian coordinates reads

0 d
gx + gy + agz
0x dy 0z

=0.

Egs. (2) and (3) are solved separately using Fourier acoustics:

£2(0,,2) = Fol{Fu (€5 (x,y,0) e} .

Example: Axisymmetric shear waves
Torsional waves

In torsional waves, the transverse displacement is given by

Si(p, 9, 2=0) =¢&4(pley,

where the coordinates and unit vectors are shown below:

ve
e 4
........ L 4
................. ¢ f
X

Then



Sx=—S¢(p)sing

&y =2E&gp(p)cos ¢
5120
and
_ L apd,) 198y 94
Ver=T "5, "o e

Since &:(p, ¢,z =0) = £4(p)ey, the above equation reduces to V-y = 0. Meanwhile, the

Laplacian in cylindrical coordinates is
v2 o 02+1a+1 02+52
Capr pdp pr ot 0

Thus the Laplacian of the wave variable in Eqgs. (2) and (3) read

Vzg—(az +1 J + 1 o 02) (=& psing)
N\ TP R ag a2 ’
92 1 0 1 92
Vi, = | —+ —— + —
oy (0p2 pap P g o2

2

)(ffp cos @),

and both Eqgs. (2) and (3) yield
dp>  p dp  p? d¢?

2

)(§¢COS¢)

(5)

> 1 4 1 9%& 4
(L Lo e Do,
dp? pap 972

The above equation is now solved using Hankel transforms. Define the nth order Hankel

transform pair:

Fie) = ' (p)) = [ F(p)Iaticp) pdp
ER0) = [ TF o (e pydn.

flp)=H
Because of the identity
oo S o
[T aepratoep i = 2L=L)
0 p
and
ik 1 0 n?
_1 2 "
o, T T T TS = —k“F
H {((3/)2 + 2 3p 2 )f(ﬂ)} " (1)

So Eq. (5) becomes



d*é,
dz?

+ (k2 -xHEs=0
Thus the solution for the torsional wave field is

Eo(py2) = HHH{HILE p(p,0)]e™ )

Example: Uniform circular motion:

Solp) = §0§Cir0(p/a)

$(x) =Hi{&y(p)}

éfapJ (xp)pdp, t=1xp
a 0 1 )

= =0 (yedr
Kx-a
Note that
X
fo I, (0e"dt = x"J,,(x)
SO

A

£ylxc) = é“o%Jz(Ka)
=0 x-0,

because J (x) = x2/8 + O(x*) The directivity is thus proportional to

Jo(xa)

Ka

b

and thus there is a zero field on the propagation axis.

Nearfield acoustical holography (NAH)

This topic was originally presented after focused sources were discussed. See Williams pgs. 89-92.

Consider two planes, z; = constant and z, = constant, where z, > z;. The purpose of nearfield
acoustical holography (NAH) is to calculate the field near the source given the field far away. NAH
can be used to investigate structural integrity of a vehicle, for example.
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A
Z1
Given p, (x,y, z1), then the field at z, is
pw(x’y’ZZ) = fx;l{fxypw(x’y,zl)eikZ(Zz_Zl)}, (1)

where the projection of the wavenumber in the z direction is, for propagating and evanescent waves,
respectively,

kZ

VK2 — k2 — k2, K2+ kD<K (2a)
K2+ k2 —k2, K2+ k2> K (2b)

Eq. (1) is inverted to calculate the pressure field in the plane z; = constant:

pa)(-x’y9zl) = ‘Fx;l{fxy[ a)(-xay’ZZ)]e_ikZ(zz_Zl)}’ (3)

Thus as zo — z; increases (z; moved farther to the left with z, fixed), the evanescent waves grow. Thus
Eq. (3) is not a physical solution to the wave equation. Normally, z; and z; are defined as

Zp = zy = hologram plane
7y = z; = image plane,

and the z component of u is normally desired at z = z;. Let the normal component of the particle
velocity in the image plane be

MO(X,y9ZI) = u(X,y’ZI) : eZ'

Then the Fourier transform of the normal velocity field in the image plane is

U kx,k Py = —_P k_x,kV, .
o(ky, ky,z1) poco K o(ky, ky,z1)

Eq. (3) can thus converted to give the partical velocity in the image plane, z; = constant:
uo(x,y,zr) = }"X;I{ny[pw(x, v, 20)1GH (kx, ky, 25 — 1)},

where the propagator above is

1k, [en Wk e g2 g j 2 < k2

= 2.2 12\1/2 _
poco k| Wt KRG g2 g g2 > k2

GH(kx’ ky7 IH — ZI) =

The engineering challenge is to have |zg — z7| < A to measure the evanescent waves, without which
resolution is limited to ~ 1, because of the restriction that k2 + kf < k? for propagating waves, or



Thus A is the minimum resolvable spatial scale if only propagating waves are measured in the
hologram plane zy = constant.
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Rayleigh integrals

The only merit of which I personally am conscious was that of having pleased myself by
my studies, and any results that may be due to my researches were owing to the fact that it
has been a pleasure for me to become a physicist.

—John Strutt, 3rd Baron Rayleigh

Fourier acoustics is now used to derive Rayleigh's famous diffraction integrals. The plane wave
decomposition (angular spectrum) of a spherical wave is first needed to derive these integrals.

Contents:

e Angular spectrum of a spherical wave
e Derivation of the first Rayleigh integral using Fourier acoustics
e Derivation of the second Rayleigh integral using Fourier acoustics

1_Return to home < Return to previous topic — Advance to next topic

Angular specturm of a spherical wave

Note that this topic is covered in Brekhovskikh, pages 228-229.

Let f(x,y,2) = ¢ /r be the functional dependence of the radiation due to a point source at = 0 (i.e.,

the amplitude factor has been neglected), where r = ‘/xz +y?+z2 and p = yx? +y% To obtain the

plane wave decomposition (angular spectrum) of the spherical wave in all space, first calculate the 2D
spatial Fourier transform of the wave at the source f(x, y,0):

ikp )
Fol) = Folk ky) = Faglf,y,00) = [ S—e b axay

p
= Folf(x,y,0)} = f_[jo -

ikp )
e ™ Ppdpde
As before, due to axisymmetry, take x = xe,, giving

K-p=KxpCcos¢.
So
2
FQ(K’) :I ¢f i(k—1 cos ¢) pdp

This is a tricky integral to take, since the integrand of the p integral is oscillatory. To evaluate the
integral, let k = k + ie and then take € — 0.
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fzﬂ ei(k—:ccoscp)e—ep p=00

F =
0(1) 0 i(k—1cos¢)—e =0
2 do
__Io i(k—1cosp)p —€
.12" do . 2 i2m
= _— =] = .
0 k—1wxcos¢ k2 — 32 k,

Note that e’*” /r is symmetric about the plane z = 0, as shown below:

z=20

With the Fourier transform of the source condition taken, the full field can therefore be calculated for
all z (both positive and negative) using the standard Fourier acoustics procedure:

f(x’y7Z) = eikr/r = fx;l{Fo(K)eikz|Z|}

7 2 g
k;

Taking the 2D spatial Fourier transform of both sides above gives the plane wave decomposition of a
spherical wave:

etkz\z\

.Fx>,{eikr/r} =27
k;

Since F(x) = 2arFu(x), the above can conveniently be written in terms of the Hankel transform 1,

elkz\zl

Hl{eikr/r} =1 a

Aside: evanescent waves in spherical radiation

Recall that the wavevector k is related to its projection in the x-y plane by




Thus the Fourier transform of the source condition is

Fo(x) =
kz _ K2
2

k‘/1 —sin® y
i20r

= , <90°.
kcosy 7

The meaning of the evanescent waves in the plane wave decomposition of a spherical wave is
not clear. For more insight into the presence of the evanescent waves in the spectrum of a
converging spherical wave, see these notes by Jackson S. Hall.

Derivation of first Rayleigh integral using Fourier acoustics

This is not how Rayleigh derived his integral. For that, see Prob. 6 here.
Given an arbitrary normal velocity distribution
u=(xy0,1) = uo(x,y)e_i“”ez.

Follow the recipe for the calculation of the field. The 2D spatial Fourier transform of the source
condition, and its mapping to a pressure source, is

UO(kx’kyaO) = fxy{MO(xa N},
k
PO(kx, ky7 0) = ,UOCOk_ U(kX’ kya O) .

Z

Then the solution to the Helmholtz equation is

Po(x,3,2) = F (Polks, ky)e™)
= pocok ]:x;,l {Uo (kx, ky)eikzz/kz}

= pocok F Uy (ky, ky)} 5 xF e k)
eikr

= k 9 b
pocCok u(x,y) s Sy

where r = x2? + 2 + z2, and where the result from the previous section, Fay{e™"/r} = i2me™¥ /k,,
has been used to evaluate the third line above. Writing the convolution explicitly and denoting

R = \/(X—xo)2 +(y—yo)? + 2

results in the so-called Rayleigh integral of the first kind of acoustics:
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lk 0Co ikR
Po(X,y,2 p ﬂ 0(x0,Y0) —dxodyO

Example: Point velocity source (baffled monopole):

The source condition for a point velocity source is

= 0656x)8(y)

where Q is a volume velocity. Insertion of this source condition into the Rayleigh integral gives

_ikpocoQ elkR
Polr) = po 4 H (o —dxod)’O
_ ’kPOCoQ e . poe™”
20T r 2ar

This is the expression for a monopole radiating in a half-space. Multiply by 1/2 for the
expression for the radiation due to a monopole in free space.

Derivation of second Rayleigh integral using Fourier acoustics

Note that this is called the first Rayleigh integral of optics, because it is more common in optics to
calculate the electric field beyond the source in terms of the electric field at the source.

Now consider a pressure source
—iwt

p(x,y,0,1) = po(x,y)e

Then take its 2D spatial Fourier transform:

PO(kxaky) = ny{pO(x,y)} .
The full field is given by

P20 = Fy! Polk Ky)e™)
= po(x,y) * *F Lretk2y

Note that

Foe™y = 7 ik.e™ k)

xy

d ‘
= a—z(—e’kr/2ﬂr)
where the first line holds by multiplication and division by 1, and where second line holds because
Fuple™ ry = (1277 [k.)e™ and thus —e™ /257 = = F M (i/k:)e™H} = F ! g-e™H}, s0

2




. a1, g L
“1yikldy — 1) 9 | L ikl || _ -1 ik, |z]
Fy €75} fxy{azlikze ” 0Z]:xy{["kze l}

9 .
= a—z(—e’k’/27rr).

So the pressure field can be written as a convolution:
4 tkr
Po(X,¥,2) = polx,y) * *a—z(—e [27r).

Writing the convolution explicitly results in

1 o0 0 ikR
= —— — ——dxodyy .
Po(X,9,2) s f_oopo(xO,yo) 52 R 4odyo

Noting that
—(e"™/R) = (ik — 1/R) — —
P (e™/R) = (i /R) R o2
and
OR d
- az‘/( 02+ (v = ¥o)
2z
= —_—= R
R Z/R,

the partial derivative in the above integral becomes

0 AR . eikR z
— R) = (ik—1/R)— =
az(e /R) = (ik — 1/R) R R

eikR

The integral above then becomes the second Rayleigh integral of acoustics,

ikZ eikR

Py = =5= || potxo.yo) (1 = 1/ikR) —-dxodyo
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Fraunhofer approximation

The number of different optical phenomena has become in our time so great that caution
must be taken so as to avoid being deceived, and also to refer the phenomena to the simple
laws.

—Joseph von Fraunhofer

The Fraunhofer approximation (far-field approximation) of the first Rayleigh integral is derived. A
discussion on beamwidth follows. An engineering application of beam steering is then presented.
Reflection problems involving diffracting beams and "beam displacement" are also discussed. The
section concludes with a short discussion on arrays.
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Derivation

The Fraunhofer approximation will now be derived from the first Rayleigh integral,

ikpgc kR
Pu 32 = =220 ([ utxo, yo) S—drodyo. (1)

Begin by considering the source-to-listener distance R, and factor out r = ‘[x2 +y2 + 7%

R = \/(X—X0)2+ (y = y0)% + 22

= \/r2 — 2(xxo + yyo) + (x3 +¥3)

2, 2\ 1/2
+ Xy +
:r(1—2xx0 Yo . *o yo) .

Recall the first-order binomial expansion, (1 + €)" =1 + ne. Binomially expanding the above
accordingly gives

2 2
+ X2+
R=r- 20000 070 4 13,
r 2r
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Now consider a finite velocity source of characteristic size a:

The contribution to the field from the velocity source is negligible for x> + y> > a?. Thus the integrand
in Eq. (1) is negligible for xé + y% > a?. So if

2+ 2
k% = Oka?/2r) < 1

then r > %kaz. Thus the exponential factor in the Eq. (1) becomes

. +
R ~ exp (ikr - ikw) . 2)
r
Define
20 = lka2 =ma’/A ~ —
2 A

as the Rayleigh distance. (For the case of a circular piston, the Rayleigh distance is exactly the ratio of
the surface area of the source to the wavelength.)

Meanwhile the big R is approximated as r. That is to say, the difference in amplitude between two
radiating elements in the source plane is negligible (whereas the phase difference between these two
elements has been approximated as the binomial expansion). So, for » > zo, Eq. (1) becomes

lkpoco e’k ,
Pw(X,y,2) = o(x0,y0)e kxxO/Hky)O/r)dedy() .
The above can be written as
lprCO e'kr
Po(X,¥,2) = D) .ny{bl()(x »)} .
T ky=kx/r ky=ky/r

In spherical coordinates, this reads

ikpoco etk
20

Pw(r70a¢): k()( kﬁ

where

a = Xx/r =sin @ cos ¢
B =y/r=sinfsin¢.

For axisymmetric cases,



Uy = Up(rc)] = Up(ksin ).

K=kp/r
Let us consider the range of wavenumber components that the approximation spans:

(ka)2 + (kﬁ)2 = k%sin’ 6 (cos2 ¢+ sin’ P) = k2 sin” 0
<k*, 06<90°.

Thus the Fraunhofer approximation accounts for only the contributions that propagate. That is to say,
the half-space 0° < 0 < 90° covers all values of (ka,kpB) = (kx, ky) within the radiation circle.

Example: Axial field

To describe the axial field, set 6 =0sox=y=0,a =  =0,r =z So
Uy (0,0) = Q = volume velocity ,

so the axial far field is

ik ikz )
plzn) = - =200 gerien

20z

_ _Po [—iwQe i@ i=2/c0)]
2z

Q1 — z/cy)

> po—g .
Tz

The above expression is equivalent to the pressure field radiated by a baffled simple (point)
source in an infinite half-space (whereas for free space, a 4 appears in the denominator). Note
that the axial waveform is the time derivative of the source waveform.

Beamwidth

Consider a source with characteristic radius p ~ a. The characteristic radius of the angular spectrum is
then x ~ 1/a, because their product must be a constant. In the previous section, it was shown that in
the far field, p,(0) o Ug(ksin @), so if the x that maximizes the angular spectrum is xmax ~ 1/a,
then k sin Omax ~ 1/a, or, inverting for the maximum angle,

0 max ~ arcsin(1/ka)
Omax ~ 1/ka, ka>1

This shows that the beamwidth (in radians!) will roughly go as 1/ka.

For a more precise measure of beamwidth, the half-power angle is used, which is introduced by
example below.



Example: Gaussian source

Consider a Gaussian velocity source,

_ 2
uo(p) = upe™ P14

The Fourier transform of a Gaussian is a Gaussian:

Uo() = 27 H{ug(p)) = waPuge™ 4’

I 2
= ﬂazuoexpl— (m) l

_1 ; 2
— ﬂazuoe 7 (kasin 0)

So in the far field,

—L(kasin0)?

1
Po(r,0) o< —e @
r

The half-power angle is found by finding the angle at which the power (which is proportional to
the square of the pressure) is half its value at maximum:

2
P, (r,0up) 1 — o (kasinOwp)’

pi(r,0) 2
. v2In2 1.2 1.2
sin Oygp = a Ig, HHpiﬁ,ka>>1.

Example: Circular piston
Now consider a uniform circular piston velocity source,

uo(p) = ugcirc (p/a),
the Fourier transform of which is
Uo(rc) =21 H{uo(p)}
= 27ru f:Jo(fcp)pdp, X=1xp
=23 [ aoxax

= 2720, (%)
K

0

a
=2muy—J(xa).
K

From the Fraunhofer approximation, set & = ksin 6, giving



2J1(kasin 0

Up(ksin0) = ﬂazuow

kasin 0

(As a sanity check, set & = 0 and note that 7a®u is the volume velocity.) By the Fraunhofer

approximation, the pressure field is thus given by

ik ikr
Po(r,0) = _l Poco € U()(kSIIIQ)
201 r
. kaz ikr
= —ipocouo——D(0)e™"
2r
2J1(kasin 6
where D(0) = w
kasin 0

Thus the pressure field can be written in the concise dimensionless form

w(r, 0 Z

Po O _ 20159y, 20 = ka?/2.

PoColo r

The half-power angle can be found by setting
DO = =
HP - 2 s

giving

.6
HHP:E, ka> 1.

Example: Baffled dipole

Note that "baffled dipole" refers to two monopoles in a half-space, as depicted below:
ty
Q X
V
> Z
Q. \/( d

The velocity source condition is
up(x,y) = Q[8(x = d/2)8(y) - 5(x + d/a)5(y)].

and the Fourier transform of the source condition is



Uotke k) = Q [ [8(c=d/2)8() = 8(x + dja)5(y) |e ™4 dxdy

=0 [ [8(c-d2) - 8+ dja)|e M dx
— Q[e‘i(k*d/z) _ ei(kxd/Z)]
= —12Qsin(kxd/2) .

Then, from the Fraunhofer approximation,

1 ikr
p(r90’¢):_12pocoe UO(kx:kO{,ky:kﬂ)
Toor
tkr
= —LkPoCOQe sin (Esinecos ¢).
a r 2

For a point dipole, take d — 0, with Qd held fixed, identifying D = Qd = dipole strength:

kZPOCOD eikr
2

p(r,0,¢) = sin 6 cos ¢ .

To obtain the result of a point dipole in a free field, simply divide the result above by 2.

Beam steering

Beam steering is an engineering application that is commonly used in underwater and biomedical
acoustics.

Consider plane waves propagating at an angle 6 with respect to z axis in the x-z plane:

i(kxsin 6y+kzcos 6g)
b

Po(x.3.2) = poe™" = poe"
In the source plane z = 0, the pressure field is

pw(.X, y’ 0) — poeikxsin 90 .

Therefore, to steer an arbitrary source function [either velocity ug(x,y) or pressure pg(x,y)] in the
angle 6 with respect to z axis, simply multiply the source function by e?**sinfo:

Then, since ¢*sinfopi! = p=iw(t=3sin00) steering is practically accomplished in the time domain with
the time delay transformation



X
t>t— —sinfy.
€o

The far field pressure (due to a steered velocity source, for example) is given by the Fraunhofer
approximation,

ikpoco e™*" kx sin 0
Po(r,0,¢) = — 5 " Frpluo(x,y)e™ >0} -
ik ikr
_ ! g;co er Uolk(a — sin 0¢),kpB],

where a = sin 0 cos 6 and S = sin 6 sin ¢. The directivity is proportional to
Uolk(sin 6 cos ¢ — sin ), ksin 0 sin ¢ ] .

Note that the above shfit in the angular spectrum does not result in a pure rotation of the field by 6. It
resembles a rotation only if

1. ¢ =0, 1i.e., close to x-z plane.
2.0,00 < 1, 1.e., close to z axis.

If those conditions are met, then Up[k(sin 6 cos ¢ — sin O¢), k sin ¢ sin ¢ ] reduces to
Uy = Up[k(6 - 6)),0].

The above transformation of the angular spectrum is usually accurate for the main lobe and for small
steering angles.

Example: Steered Gaussian source

The source condition is

2,22
uo(x,y) = uge™

The 2D spatial Fourier transform of the source condition is

27,2 27,2
UO(kx’ky) = MO‘Fx{e a }‘/T'.y{e y'ia }
ugvra e A ra ek /4

12212y ,2
ratuge~ DA

In terms of the direction cosines, the angular spectrum of the velocity source condition reads

Uo[k(sin 6 cos ¢ — sin O, ksin 8 sin ¢) |

2 2
a . : : :
= a’ugexp {— n (sin @ cos ¢ — sin 83)% + sin? 0 sin® ¢} ,
whereas a pure rotation corresponds to

2.2
UO — ﬂaZMOe—(ka/Z) sin“(60—6o) )



As a sanity check, in the absence of the phase shading, 6y = 0, and setting ¢ = 0, the above
reduces to

_ i 2
UO — ﬂaZe (kasmH) /4’ 90 — 0.

Reflection problems

Let S be the surface at z = 0 with a plane-wave reflection coefficient R(6, ¢), and let p,(x,y, z) be the
pressure field incident on S. This surface S may be

e asecond fluid

e an elastic half-space

e aplate of thickness &
e alayered medium, etc.

Denoting the 2D spatial Fourier transform of the incident pressure at z = 0, and the reflection
coefficient as

Pip = Fuy{pi(x,y,0)} and R(0,¢) = R(ky, ky),
respectively, the reflected field is given by Fourier acoustics:
Pr(xy,2) = F R Ky ky) Pig (K k)€Y
where
ky=ka, k,=kp.

The analysis that follows is a nonspecular effect (i.e., not ray theory) that was observed by Goos and
Hanchen (1947, 1949) in optics and by Schoch (1950, 1952) and Brekhovskikh (1980) in acoustics.

To simplify the problem, assume a 2D field (no y-dependence). At z = 0, the reflected wave is given
by

pr(x,0) = F {R(ke)Pio (k) (1)
while the incident beam has an arbitrary dependence on x:

ikx sin 0

pi(x,0) = po(x)e



medium 1
X
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The spatial Fourier transform of the incident wave p;(x,0) = po(x)e”‘x sinfo jg

Pi(ky) = Flpi(x,0)} = Po(ky — ki) »
where Po(ky) = Fx{po(x)} and where k,o = ksin 0y. Eq. (1) becomes
pr(x,0) = F7HR (k) Poky — kyo)} - (2)

For ka > 1, recall that the directivity (which is proportional to the spatial Fourier transform of the
source) is very small (Recall that a directivity of 1 corresponds to a monopole), so

|Po (k)|
1Py (0)]

1
<1 for J|ky < —,
a

or shifting this relation by ko,

|Po(ky — ki)l

1
<1 for |k, —kgyl < —.
|Po(kyo)l a

The integrand in Eq. (2) is significant only for
lkx — kol = O(1/a), (3)

as shown schematically below:

Ak, = 0(a™1)

I\

1 1 =kx
“a kxO a

Now exress the complex-valued reflection coefficient in complex polar form as
R(ky) = M(k)e'"™ M =Rl (4)

and assume that M(k,) is slowly varying in the regime given by Eq. (3). Expand the phase about &,

= Kx0-

(k) = Plhyo) + (ky — kyo) @' (kyo) + ...
= ¢0+(kx_kx0)¢(/)+"' ’ (5)

where



, d
$o=plkw), ¢o= dZ)

X

, etc.
ky=kyo

Also let My = M (ko). Substitute Egs. (4) and (5) into Eq. (1), defining Moei(¢’°‘kxf’¢6) = Mye'¥o
pr(x,0) = FH{M (ko) e Pig (k)
= Moe'Po0%0) F=1(okbop. (k,))
. 1 e . ’
_ iyo_~ . ik, (x+¢b ()
= Moe' o [ Palkoe™ "k,
= Moe°pi(x + ¢, 0) .

Thus the reflected beam is displaced by an amount —¢6, and the reflected pressure magnitude at the
interface is

Ipr(x,0)] = Molpi(x — A, 0)],
where A = —¢, = —d¢/ dkx| P Recalling that k,, = ksin 6, the displacement can be written as
x—R"x0

1 d¢

A=- =
dk./dO do |,_,,

or

' (6))

" keos o |

Thus the amount by which the beam is displaced is proportional to the derivative of the phase of the
reflection coefficient. This occurs at critical angles, cutoff frequencies, etc. The displaced reflected
beam is shown schematically below:

b0, 7
k
medium 1
- X
A
medium 2

Arrays

See Williams Sec. 2.11.6 for a similar discussion.

Consider a single source u; (x, y) replicated N times with a weighting factor w,:



N
Uo(X,y) = Y Wity (X = X0y = Y)

n=1

(X,y) * % 5(x —x,)5(Y — yn)

||M2

=up(x,y) = *ané(x—xn)é(y—yn)-

n=1
By the convolution theorem, the 2D spatial Fourier transform of ug(x, y) is

UO(kxa ky) = Ul (kx’ ky)A(kxa ky)

N
where A(k,,ky) = Z W F {8 (X —x,) 8 (y — yn)}

— Z wn kxxn+k\))n .

In the far field, therefore, the pressure field due to the array is

ik ikr
Po(r,0,¢) = _kpoco € (ka,kB)A(ka,kB),
20
where
N .
Aka,kpB) = Z we! Knatkinp)
n=1
a = sin6cos ¢
B =sin 0 sin ¢

Now require r > kai /2 where a, is the characteristic radius of the array.
To steer the array, replace the weighting factor w, with

Wy > Ko sin o
Then the angular spectrum becomes

Alky ky) = wu T {e™ 08 (x = x2) 8 (y = yn))

_ —i(kx—ksin 0o)x, ,—ik
—ane ( 0)xnp=ikyy

1e.,
A(ka,kp) = Alk(a —sinfo),kB],
where U, (ka, k) remains unaffected.

The above discussion is now generalized to rectangular arrays. Assume equal weighting w, = 1 and
consider first a line array, where b is the spacing between the elements of the array.



uq(x,
1(x,y) x/b
01..N—1

The source condition and its 2D spatial Fourier transform is

N-1
uo(x,y) = Y ui(x—nb,y)
n=0

UO(kX7 ky) = U] (kx, ky)A+ (kx) H

where the array factor is

N-1
A+(kx) — e—mkxb =1 +e—1kxb + €—12kxb T+ oo+ e—z(N—l)kxb.
n=0
. _ _N
Since 1 +x + x>+ - +xV1 = 11_’; , the array factor becomes
| = ¢iNkd  LiNkb[2 ,iNkD[2 _ ,iNkb/2
Al (ky) = =

1 — e-tkib  p=ikib/2 iNkb/2 | ,iNk,b/2
_ N Dkby2 sin Nkxb/2
sinkb/2

Now center the line array at x = O:
N-1
wo(x,y) = Y wi(x-nb+L/2,y), L=(N-1)b.
n=0

Then the 2D spatial Fourier transform of the source condition becomes

Uo ke, ky) = Uy (ky, ky)A 4 (ky) e VDRI
= Ul (kX5 ky)A(kx)
giving

_ sin(Nkyb/2)
Alky) = sin(kyb/2)

which is N for k, = 0 as expected.

Now consider a centered rectangular array:

Uuq (X, y)
y/b

O00O0O0
0000
ONOXO)

0 1..N-1

x/b



In this case (presented without full derivation), the angular spectrum is

Ak ko) = sin(N kb, /2) sin(Nykyby/2)
T sin(k,b,/2)  sin(kyb,/2)

where A(0,0) = N,N,, the total number of elements in the rectangular array, again as expected.

Example: Two circular pistons of radius a

Suppose there are two circular pistons of radius a separated by distance b. Then

sin(k,b)

sin(keb/2)
_ 2sintkb/2)coskib/2) ) by
sin(k.b/2)

Alky) =

Thus the directivity of the two circular pistons is

2J (kasin 0) kb .
D@0, ¢) = ~tasing cos 751n600s¢
a

kb .
= COos 751n0005¢, ka « 1
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Fresnel approximation

In choosing a theory, one should pay attention to simplicity in hypotheses only. Simplicity
in computation can be of no weight in the balance of probabilities. Nature is not
embarrassed by difficulties of analysis. She avoids complication only in means. Nature
seems to have proposed to do much with little: it is a principle that the development of
physics constantly supports by new evidence.

—Augustin-Jean Fresnel

The study of focused sources motivates the Fresnel ("paraxial') approximation. The Fresnel
approximation is not limited to focused sources, however, and it allows for analytical ease in the study
of general diffraction phenomena. Nor is the Fresnel approximation limited in z: indeed, a far-field
approximation of the Fresnel approximation can be taken.

Contents:

e Focused soruces

o Fresnel approximation

 Far field of Fresnel approximation
e Gaussian beams

e Circular piston

e Rectangular piston

e Derivation of parabolic equation
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Focused sources

Consider a spherical wave converging at z = d > 0. The pressure field is then
o—ikR

R

eik‘/x2+y2+(d—z)2
=A

Vx2+ 32+ (d - 2)?

Pw(x,y,2) =A

b

where the dimensions of A are pressure x distance. At z = 0, the pressure field is

e—ik‘lx2+y2+d2
Po,,0) =A—uno-0———. (1)
VX2 +y2 +d?
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In the absence of diffraction (ray theory), any finite source at z = O with the above phasing will focus
at (x,y,2z) = (0,0,d):

> Z

Let us assume that p( (x,y) or ug(x,y) ~ 0 for x> + y?> > a?, where a is the characteristic source radius,
and that a? « d?. This is to say that the so-called f-number: N = d/2a ~ 1/2a so N2 > 1.

The phase in Eq. (1) can be approximated by

2442 1/2
—ikyx? +y? +d? = —ikd(l + 2 dzy )

2

2

X +y

= —ikd + ik + O(ka?/d?) .

Meanwhile, the amplitude is approximated as
A
Vx2 +y? + d?

which has units of pressure (pressure x distance + distance = pressure). So the source condition, Eq.
(1), becomes

A
=2,

e—ikd

pa)(x’y’o) :A—

e—ik(x2+y2)/2d _
d

Thus if

uo(x,y), po(x,y) = unfocused source distribution,

. 2 2 . . . . 2 2
—ikx"+y7)/2d " or in axisymmetric form, e K" +¥)/24 The factor

focusing is achieved by multiplying by e
Ae~* /4 can be neglected because phase is a relative quantity, and because A/d is simply a pressure
amplitude that can be included in the pressure source amplitude pg or the velocity source amplitude ug

= po/ poco. Reintroducing the time dependence renders focusing as time-advancing:

—ia)te—ikpz/Zd — —iw(t+p/2cod)

e e .

That is to say, focusing is achieved in the time domain by the transformation

P

ZCQd ’

t=>1r+

1.e., the further from the origin, the earlier the waveform must be launched.



Field in the focal plane of a focused source.

In the focal plane z = d, consider a focused velocity source

u(x,y,0,1) = up(x,y)e™

The Rayleigh integral evaluated at the focal plane is

Po(x,y,d lkpoco ﬂ 0(x0,Yyo)e

where

ikR = iky (x = x0)% + (y — yo)? + d?

k(x%+y )/2d€—iwt

ikR
e
k(x0+y0)/2d R de dyo ,

2 2 X2+ 2 1/2
:ikd(1+x MR S Al yo)
a2 a2 a2
2 442 N x2 412
= ikd + k> 2dy —ikxxodyyo ik OZdyO + Oka?/d?) |

In the amplitude, let 1/R = 1/d. Equation (R) becomes

lk c
pw(x,y,d) — pO 0 1kd+lkx +y? /ZdJI

2md

the magnitude of which is

0(x0, yo) e~ ®xo/d=kmo/d gxodyq

k
potxy.d)l = S |Untke/d.ky/d)|.
or in axisymmetric form, since Uy(x) = 27 Upy (%),
kpo co
Polp.d)| = |Uon (kp/d)|,

(3°)

That is to say, the field in the focal plane is but a spatial mapping of the far field into the focal plane:
both are given in terms of the 2D spatial Fourier transform of the source condition.

Field at the the focal point of a focused source.

Further insight can be gained from assessing the field at the focal point (x,y,z) =

becomes

kpoco
2md

P, (0,0,d)| =

Q

Eq. (3)

Let Q = i1pS, where S is the surface area of the source, and where the mean source particle velocity is

_ 0 Uy(0,0

lp= — = —— = Sju()xy)dS

S S



Then, since |p,,(0,0,d)| = kzpﬂ—“ij’Q, the ratio of the pressure at the focal point to that in a plane wave
with mean source particle velocity is

poCoI/_l() 2md Ad
Define
G S focusing gain (1)
=— = usi i
ld gg b

which for a uniform circular piston of surface area S = 7a? reduces to

G ka? 20

2d  d°
Note: the geometric focus at (x,y,z) = (0,0,d) is typically further beyond the location of the
maximum axial amplitude.

The so-called "spot size" for a source of characteristic size a corresponds to the k-space "radius." From
Egs. (2) or (3”), in the focal plane, this corresponds to

kp 1
d a
or
d d a
~ —=q— ~ —
P ka ka? G

Thus beam radius is reduced by ~ 1/G in the focal plane.

Focal point in the time domain.

Recall Eq. (3), copied below for convenience

kpoc
Po oy d) = 220U (ke d, ky/d)|
2md

In the time domain, the field at the focal point is

. PoQ ka-
0 (0,0,0,0)] = —iw—=¢itkd-wn)
|p ( )l lw Zﬂde

poQ(t —d/cg)
2md '

The expansion of ikR led to linear order led to the discarding of a term that was O(ka*/d?). So

ka' _1kaa® Gla)’
843 4 2d g2 4\d])

For diagnostic medical ultrasound, G = 4, a/d = %. So



G 2
Z(%) ~1072 « 27

In Lucas and Muir [JASA 72, 1289 (1982)], G ~ 40 and = %, SO

G{(a
—| =1 ~0.6<«<2.
4(d) 0.6 « 2

Example: Focused Gaussian source
The source condition for a Gaussian is
uo(p) = uge "1,
and its 2D spatial Fourier transform is
Uo(x) =2 H{uo(p)}
= 27U Io e‘p2/a2Jo(rcp) pdp
= ﬂazuoe_"zaz/“.

From Eq. (3), the field in the focal plane is

k

2
PO U (kx/d, ky/d)| = K& D000 2 aa?
2md

2d

pox,y,d) =

or, upon normalizing,

pw(p,d)| Ge_p2/(a/c)2

pPocoUo

where G = ka?/2d. Thus the amplitude is seen to by magnified by G, and the beamwidth is
shrunk by G.

This is only a sneak-peak into Gaussian beams, which are covered in more depth below.

Fresnel approximation

Begin with the Rayleigh integral

ik ikR

C [ee]
2'0701 : H_OO tto (X0, Yo) —=dXodyo - (1)

Po(X,y,2) = —

Now expand R in powers of 1/z (rather than 1/r, as was done in the Fraunhofer approximation):



KR = ky (x = x0) + (y = yo)? + 22

(x — x0)? . (y—yo)2 1"?

72 72

= kz[l +
k
= kz + 2—Z[(x —x0)2 + (y —y9)?] + HO.T..

Terminating the above at O(1/z) for the phase is less restrictive than the Fraunhofer approximation
because we have retained the term
k(xg + y%)
2z ’
i.e., it is not required that ka®>/2z « 1 as in the Fraunhofer approximation. Now the restriction appears
to be

8—];3[(36—960)2 +(y—y0)*1* ~ %l: < 2
or
E > ka
a 161
or

2> (ka)'3,
a

though this restriction can be weaker as the main contribution to the integral can come from points
(x0,¥0) ~ (x,y) due to phase variations. Substituting the approximation of kR into (1) gives

ikpoco e

Po(X,y,2) = —

ff ug (xo,YO)e%[(x_x°)2+(y_y°)2] dxydyy . (2)
21T Z —o0

For axisymmetric sources, uy(x,y) = uy(p), so

(x = x0)* + (y =y0)* = (p = po) - (p = po)
= p*> + p5 —2ppocos ¢
for p = pe,. Thus ¢ = 0, so Eq. (2) becomes

ikpoco etk

- o . 9 27
pw(p,Z) - _ ezkp /22 JIO uo(po)ezkpo/Zzpodpo JIO e i(kppo/z) cos ¢Od¢() )

20T Z

Taking the angular integral results in a Bessel function 27Jy(kp po/2):

X eikz i 2 oo o2
Po(p,2) = —lkP0C07€lkp % Io to(po)Jo(kppo/z)e™*pydpg . (3)

In general,



ikz
b

Po(X,¥,2) = qu(x,y,2)e

where ¢, varies slowly on the scale of a wavelength. In other words, if p,, is a plane wave, then ¢,, is
a constant (the most slowly varying function).

Example: Pressure source in the Fresnel approximation

How does the paraxial approximation change for a pressure source? Recall the (exact) second
Rayleigh integral:

tkz o 1 kR
Po(X,y,2) = —g I_mPO(XO,YO)(l - W)Fdxod%- (1)

Since in the paraxial approximation kR >» 1 and R ~ z, Eq. (1) becomes

ik co ikR
PolX.y:2) = —>— f_oopo(m,yo)?dmdyo,

which is equivalent to the Rayleigh integral for a velocity source, if po(x,y) = pocou(x,y). So,
the paraxial approximation cannot tell the difference between a pressure and velocity source.
That is to say, in the paraxial approximation it is consistent to use the plane wave impedance
relation to convert from a velocity source to a pressure source. Further, the solutions do not
distinguish between rigid and free baffles, i.e., the paraxial approximation can describe radiation
from a source in free space, as well as it can describe radiation from a baffled or rigid surface.

Example: Paraxial field of unfocused Gaussian beam

Earlier, the field in the focal plane of a Gaussian beam was calculated. Now the paraxial field of
an unfocused Gaussian beam is calculated. The source condition is

Po(p) = poe?1%.

The Fresnel approximation becomes

. elkz . (') .
Pu(p.2) = —ik—e™"/% [ " po(po)o(kp po/2)e™ % pod g

eikz 2 2,2
—ik eikp /227_[{6—(1+zo/iz)p /a }‘

Z x=kp/z’
where zy = ka®/2, ’H{e‘p2/b2} = b?ze_'czbz/“, and b = 1+Lzl§/iz' After taking the Hankel

transform, one obtains

( ) poeikz { pZ/a2 }
,2) = ———exXpy — ———— (>
pip 1 +iz/z P 1 +iz/z

which equals the source condition at z = 0. Note that the Gaussian beam is of the form



P0(p,2) = qu(p,2)e™.

Far field of Fresnel approximation

From Eq. (2), forz » z09 = %kaz, one obtains

ikpoco e”‘
Po(xy.2) = === — ke /22 ﬂ 0(x0, yo) e hxolzotho/zo) gy,

Thus the far field of the Fresnel approximation is

ik ikz
Kpoco € ik 22y, (k2 ky 2) “)

Po(X,y,2) = — o z

For an axisymmetric beam, the far-field approximation of the Fresnel approximation reads
ikz
P,z 0) = —lkpoco Tk’ 0 7 (ktan 9) .
Z
Compare Eq. (4) with the Fraunhofer approximation in spherical coordinates,
ikpoco €™
20

pw(r90’¢) = - UO(ka’kﬁ)7 (5)

where

a =x/r =sinfcos ¢,
B =y/r=sinfsing,

where Eq. (5) is exact for all (6, ¢). Some important distinctions between Egs. (4) and (5) are made:
e Wavefront curvature. From Eq. (5),

ok — eik,/x2+y2+z2 — kel (x*+y%) /2]

Only near the z axis can we expand and write

eik _ ezkzelk(x +y )/22
e Angular dependence. From Eq. (5),
Pw(0,¢) o< |Up(ksin @ cos ¢, ksin 0 sin ¢)]

Only for small 8 can the above equation be written as

w(0,¢) < |Up(ktan 6 cos ¢, ktan 0 sin ¢)|
= |Uo(kx/z,ky/z)!.



Thus in the paraxial region,
sinf ~tanf ~ 0, (0 <20°).

e Range of validity in z. The Fresnel approximation is thus appropriate for sound beams for
which ka > 1 and z/a = (ka)!/?, which is much closer to the source than in the Fraunhofer
approximation.

Gaussian beams

The properties of Gaussian beams, which were introduced in the above examples, are now studied in
more depth.

Unfocused Gaussian beam

As derived above, the unfocused Gaussian beam is given in cylindrical coordinates by

poeikz { p2/a2 }
—  ex ,

w(p,2) = . -
Po(p:2) 1 +iz/z0 1 +iz/z0

which is po(p) for z = 0. Note that the solution is in the form g, (p,2) = po(p, z)e'* where qo(p,2)

is slowly varying over the scale of a wavelength. The magnitude of the Gaussian beam is

poeits . {_ p2/a? }
v1+2z/z20 1+ (2/20)?

2,2
poe 1z« 20

Po(p,2)l

IR

Z0 _ 2.2/.2

~ ?Poe (z0/2)°p*/a . > 20
<0 _ 2

= Zpoe (katan 0) /4, tan = p/Z,
<

and the amplitude profile as a function of z is sketched below on a dB scale:

Pw(0,2)/po(dB)

pw(o'z) — 1
Do

Focused Gaussian beam

Inclusion of focusing modifies the source condition to



2,2 2
Po(p) = poe™? 1“2
(1+ika®/2d) p?|a>

= poe
. 2 2
= poe” 1O G = ka®2d
2
—_n2/52 o a
=poe ? T, @ =

1+iG "~

To obtain the focused Gaussian beam solution, simply replace a® by @ in the unfocused solution. The
quantities p?/a® and iz/zo become

p2la® v p*la® = (1 +iG) p?/a?

iz izzy . w2 _1-Gz iz z
— b — =i(l+iG)— = - = — - —.
o k@ O T TG a7 G d
The pressure field is therefore
ikz ; 27,2
poe (1+iG)p~/a
= - : G
Po(p-2) 1—z/d+iz/GdeXp{ 1 —z/d +iz/Gd (@)

The field in the focal plane is found by setting z = d in Eq. (G):

20202 2,2 ,d (222 _ 2 2
pw(p,d) — —iGpoe G*p*/a ez(kd+Gp /a*) = |p(p )l = Ge G*p*la = Ge P /(a/G) .

Po
The axial field is found by setting z = 0 in Eq. (G):
i$(2)
Po (O, Z) = poc s
V(I —z/d)? + (z/d)?/G?
z/d
h = kz — arctan ———.
where ¢ (z) Z — arctan Gl —2/d)

Sketches of the axial magnitude and phase of the focused Gaussian beam are shown below:

Pw(0,2)/po qb(Z)A— kz

pw(orz)
—=1 -180° | - - .
Po z/d - » z/d

Calculation of the physical maximum in a focused Gaussian beam

The physical maximum of the field in a Gaussian beam does not correspond to geometric focus
(except in the ray theory limit of ka — oo0). To find where the physical maximum of the axial
field occurs, take the derivative of the axial pressure magnitude with respect to z:



1 dp,0,2)] _ 1-z/d-2z/G%d

Do dz d[(1 —z/d)? + (z/d)?/G*]3/2
0 2o
B d 1+G=2°

Some values of the above relation are tabulated below:

G z/d=1/(1+G7?)

10 0.99
5 0.96
0.80

Circular piston

The uniform circular piston is now considered. It will be seen that the discontinuous edges of the
piston introduce complications in the Fresnel approximation:

The velocity source condition for the uniform circular piston is

_ Juo, p<a

In this case, the Fresnel diffraction integral reads

ikz

. e
Pw(p,z) = —ikpocoug .

eikpz/Zz JO Jo(kppo/z)eikp%/Zzpodpo.

For the axial field, p =0, so the Bessel function — 1. Meanwhile, let x = ikp3/2z and podpg
= (z/ik)dy. The integral becomes

. ika®/2z . .
Pw(0,2) = _pOCOMOelkZ IO e'dx = poCouoelkz(l - elkaz/zz) . (1)

Compare Eq. (1) to the exact solution of the Helmholtz equation derived by Rayleigh for the (exact)
axial field of a uniform circular piston:

eikz _ eik\/12+a2 )
ik(\/z2+a2—z)] (2)

Pw(0,2) = pocoup(

= pocouoelkz[l —e

Now expand Eq. (2) in powers of 1/z:



k(Vz2 + a® - 7) —kzl(l + )12 1]
Z
a? a*
= 1 _ — _1
el (1 5 - )
ka? ka*
= 2_Z - g -l-O(l/ZS).
Thus Eq. (1) = (2) for
4
L < 21
873

(z/a)® > ka/16r
z/a = (ka)'”?,

which is the very condition of the Fresnel approximation. This suggests that the Fresnel approximation
can be taken a priori (before any calculations have been made made), or a posteriori (after an exact

result has been found).

Note that Eq. (2) is singular z = 0, because the complex exponential as its argument approaches oo

executes circles in the complex plane:

Pu(0,2) _ e eitolz (o /2 _ gitol22y o k2D
PoCollp
= —i2e'20/%) §in(z0/22) .
So
0,2) .
Po 22— 2lsin(zo/20) = 20/2, 2 » 2.
PoColo

The far field starts at z/z9 = 1/ 7.

Pw(0,2)/po
2
pw(o'z)zl
Po
> Z/ZO
11
4T 2m w

Meanwhile, the far field of the Fresnel approximation is given by

ikz )
Po(2,0) = —ikpoco—e*** 1% Uy (k tan 0) .
<

In this case, for the the uniform circular piston

2
UH(K') = H{uo(p)} = uoH{CiI‘C(p/a)} = uoa_M
2 Ka



The far field of the Fresnel approximation for a uniform circular piston is

Po(z,0) _ _ 50 ikz itkz/2) tan? 0 2Jy(katan 0)
PoColtg Z katan 0

Meanwhile, for the sake of comparison, note that the Fraunhofer approximation of the uniform circular
piston is given in spherical coordinates by

Pw(",e) __iZ_oeierJl(kasinﬁ)
PoColUp B r kasin 0

See here for Dr. Hamilton's handwritten notes on the axial pressure of the focused circular piston. This
was not covered formally in class, but is uploaded here for reference.

Rectangular piston

The field due to a rectangular piston is now calculated in the paraxial approximation.

Since the source pressure in the paraxial approximation is related to particle velocity through the plane
wave impedance relation, p = pycou, the following source condition is considered:

PO(L)’) :p()’ X € [_aaa] s y € [_b7b] .

The field is given in Cartesian coordinates by

lkpo eikz
Po(x,y,2) = sy P I,
where
a 2
Ix — ‘[ elk(x—xo) /ZdeO
—da
I = j § ok =y0)?/22 dy
To take the integrals above, let
2k = )
> (x —xo) P (x —xo)
i2 i2
= X—Xg = th, dxg = — —Zdt.

The x integral becomes

l’2Z Vk/i2z(x—a) _p2

- e dt.
k Vk/2z(x+a)

I, =

The integral evaluates to


https://chiragokani.github.io/class/wave/fresnel_circ.pdf

Jlera={[-["era

= g(erfﬂ —erfa),

where

2 4 2
erfz = — f e~ ""dt = error function
va Jo

-1, z- .

Substituting in the appropriate limits of integration, I, becomes

2z Jma k k
I, = - TT{erf[ Z(x—a)]—erf[ Z(x+a)]}.

Since the error function is odd, i.e.,
erf (-z) = —erf (z), (*)

I, can be written as

j- L izm{erf[ ﬁ(1+x/a)]+erf[ﬁ(l—x/a)]},
2 k iz iz

where z, = ka*/2 and z;, = kb*/2. The expression for /y is very similar.

+ eerZ,—a(l —x/a)]}
174
x{erfl"i(l +y/b)
1z

+eerZ_—b(1—y/b)]}. (1)
iz
The axial field is found by setting x = y = 0:
26(0,0,2) = poe™ erf " Z—“ erf ‘I Z_—b ) (2)
iz iz
Za . | Za
24— 11 = D)2
\’ o +(1-1) 37

but either sign gives the same result in Eqgs. (1) and (2) by Eq. ().

The pressure field is therefore

1
Po(X,y,2) = —poe”“{erf H 21+ x/a)
4 iz

Note that

Derivation of parabolic equation (paraxial equation)



The Fresnel approximation is now considered from the perspective of partial differential equations.
Consider the Helmholtz equation:

Vv, +k*p, =0. (1)
Let
g%, 9,2) = qo(x,y,2)e™. (2)

q is slowly varying in z relative to the wavelength. Equation (2) is now inserted into Eq. (1). The
appropriate derivatives are first taken:

opw 090 . ;
GPo _ (%o + ikq e
0z 0z
92 9° d .
Po _ qo + Dk qdo —kZQ(u elkz‘
a72 az2 0z

Equation (1) becomes

ik d
Yo | pp 290
az2

+V2q, =0, (1)

where V2 is the Laplacian in the transverse direction, e.g., d2/dx? + d%/dy? in Cartesian coordinates.
Note that

0’q0/02 4wl 11
i2kdq./0z  kqw/zo  kzo  (ka)? '
l > Z
l‘ ! Zo ||
Thus Eq. (17) is approximated by

7 990 2
2k Vqu =0. 3
I P + Vg (3)

Equation (3) is called the parabolic approximation of the Helmholtz equation. The parabolic equation
is first order in z, reducing the elliptic equation (Helmholtz equation) to a parabolic equation.

Note that in the time domain, the parabolic equation is

azp Co o2

= 2y,
ozt 2 P

where p = p(x,y,z, T),and T =t — z/cy.



To solve Eq. (3), one can use the standard Fourier acoustics procedure. See Dr. Hamilton's notes here
in which the Fresnel diffraction integral is recovered.

1 Return to home < Return to previous topic — Advance to next topic
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Moving media

Nature...is inexorable and immutable; she never transgresses the laws imposed upon her,
or cares a whit whether her abstruse reasons and methods of operation are
understandable to men.

—Galileo Galilei

The topic of moving media marks a departure from the content covered in topics 1-5. The wave
equation in (nonaccelerating) motion (which can be either the motion of the observer or the motion of
the background fluid) is first derived. The Doppler effect is then discussed. The remainder of the
section deals with applications of the theory.

Contents:

e Derivation of wave equation with flow

e Galilean transformation of wave equation
e Doppler effect

e Sound in ducts with uniform flow

e Refraction with flow

e Bending wave in flow

¢ Piston radiation into crossflow

1_Return to home < Return to previous topic — Advance to next topic

Derivation of wave equation with flow

The wave equation in the presence of a uniform velocity flow field vy is first derived by linearizing
and combining the appropriate continuity, momentum, and state equations. See Blackstock's
"Fundamentals of Physical Acoustics”" page 93, for a simpler version of this derivation (which is
confined to a particular flow field in Cartesian coordinates). This was not presented in class, but it was
an unassigned homework problem.

The exact continuity, momentum, and state equations are

Dp
— +pV.-v=0,
D TP v P

Dv

VP=0, P=P 1
Dt+ , (p), (1)

where D/Dt = d/dt +v -V is the material derivative. It is to be shown that linearizing these
equations, where P = Py + p, p = po + p’,and v = v + u, leads to
1 D

Vip=——, 1
p 2 i (1)
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where D/Dt = /0t + vo - V.

Begin by writing Eqgs. (1) in terms of d/dt + v - V (rather than in terms of D/Dt):

ap
— +v-Vp+pV.v=0
gr o YPTePYY
d
p(a—:+v-Vv)+VP:0 (2)
P(p) =P.

Now insert P = Py +p, p = po + p’, and v = vo + u into Egs. (2), and note that dpo/dt = 0, Vpo
=0,V-vp=0,0vg/dt=0,Vvy=0,and VPy = 0:
ap’
at

+(vo+u)-Vp +(po+p)V-u=0
, [ ou

(p0+p)[5+(vo+u)-Vu +Vp=20

P(po+p')=P.

Nonlinear terms in Eqgs. (3) are now neglected. For the state equation, the linearization is achieved by
Taylor expanding the function P(p) to linear order:

4

d ,
0'0t +vo-Vp +poV-u=0
ad
p0<a—l;+V0-Vu)+Vp=0 (4)

P
Py + (—) (p—po) =P.
ap )y

In the state equation [the third of Egs. (4)], the quantities p = P — Py, p’ = p — po, and (dP/dp)
= C(Z) are identified, resulting in the familiar state equation,

p' =plcg.

The perturbation density p” is therefore eliminated from Egs. (4):

1 ap 1
Ny Vp+poVu=0 (5)
cg 9t <
9
pOa—l;+p0V0'Vll+Vp:0. (6)

Taking the time derivative of Eq. (5) and the divergence of Eq. (6) results in

1 d% 1 ap du
— 2 vo- V[ V. [—)|=0 7
EAFTERE AL (ar)”’o (Ot) "

Ju 2
pOV.<E)+p0v0-V(V-u)+Vp=0. (8)

where it has been noted that V - (vg - Vu) = vy - V(V - u) (since vy is a constant). Equation (7) is
subtracting from Eq. (8), and the pyV - (du/dt) terms cancel, resulting in



1 d%p 1 ap
Vip- —— 2 4 v-VV.u——v-V(—):o. 9
1% 2 5 povo - V( ) 2 0 o 9)

To obtain a wave equation in terms of single wave variable, the particle velocity needs to be eliminated
from Eq. (9). This is done by solving Eq. (5) for poV - u.

1 (o
poV-uz——(—p+V0-Vp).

c3 \ ot
Insertion into Eq. (9) yields
1 9% 1 dap 1 ap
v 9P _ .v(—+ .v)_— -V(—):o 10
P cd 9t ¢} vo gr YOV c3 vo dt (10)
Combining terms yields
1 [a%p dap
Vip=—|—+2 -V(—)+ -V(vo-Vp)| . 11
P Cg [atz VO at Vo (VO p)l ( )
Equation (11) can be factored as
1 /4 2
V2p=—2<—+V0-V) p. (12)
CH ot

Equation (12) will be reproduced by the Galilean transformation of the Helmholtz equation. Noting
that dp/dt + vo - V is simply the definition of D/Dt, Eq. (12) can be written as

Vip=——. (2)

Galilean transformation of wave equation

An alternate derivation of the wave equation derived above is now presented. In this derivation, the
wave equation in a stationary frame is written in terms of coordinates that are moving with respect to
that frame. Both this approach and the approach of the previous section lead to the same result, by the
principle of relativity: motion of the background medium (standing still in a prairie with wind blowing
from the north) is indistinguishable from motion of the observer in a stationary background medium

(running north in a windless prairie). For more discussion, see the second and third paragraphs on page
699 in Theoretical Acoustics by Morse & Ingard.

Let vo be the velocity at which point O moves with respect to point O’, as shown in the schematic
below. In this discussion, it is supposed that vy is not a function of time. That is to say, O is not
accelerating with respect to O’. If the reference frame containing O is called S, and that containing O’
is called S’, then both S and S” are regarded as inertial frames.
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Let r be the coordinates in the frame S with origin O, and let r’ be the cordinates in the system S’ with
origin O’, which is moving with respect to S. Assume that sound in frame S’ conforms to the wave
equation

1o (1)
c% a2’

V'zp =

where the ” symbol is used to denote the Laplacian in that frame"

Equation (1) is now written in terms of the unprimed coordinates, which are defined with respect to
the primed coordinates by the Galilean transformation,

r=r +vy' (2a)
t=t". (2b)

Taking the time derivative of Eq. (2a) results in r = r’ + vo. Consider a one-dimensional case in
which r’ = ¢, the speed of sound in frame S’. Then the speed in frame S is 7 = ¢, + v,. Therefore, the
speed of sound in S and S’ is different if there is any motion between S and S’. Note that this is not
true for electromagnetic waves, i.e., the speed of light is the same in all inertial frames, motivating the
linear transformation between two inertial frames that preserves this quantity (the Lorentz
transformation).

In Cartesian coordinates, Eq. (2a) is represented as

’ ’
X =X + voxt
4 /
y=y +v0yt
z=27" +vyt’

while Eq. (2b) remains the same. Consider the derivative of a scalar-valued test function of unprimed
variables f(x, y, z, ) with respect to one of the spatial primed variables:

d of ox _of 9y _of oz _of ot of

”at:_ + + = + = - ’
) P ) = T Y e T ar o T or o ox

i.e., they are unchanged, and thus the second spatial derivatives are also unchanged. Thus the sum of
the second derivatives (the Laplacian in Cartesian coordinates) remains the same:

vV?=v2. (%)



Meanwhile, the derivative with respect
quantities as

to t’ of a function of ¢ is written in terms of unprimed

9 _9f ot of ox  of oy of G2
at’  adr at’  dx at’  dy at’  dz at’’
which, upon noting that
0x 0x e .y
= —_— = . =V
ar’ ot <07 e
dy
= .=y s
at’ O
0z
= .=y s
at’ 0z
becomes
af; = a—f + (V()xi + V()yi + V()Zi
at at dx ay d
d
=l —+vy-VI|f.
(G rwev)
The second time derivative is therefore
2 d 2
=|—+4+vy-V]|]. *
at’? ( ot V0 ) ()

By Egs. (*) and (»+), Eq. (1) (the wave equation in frame S”) becomes, in frame S,

a 2
9 V|p,
(8t+% )p

where p = p(r,1).

For p(r,t) = p, (r)e*®! (time-harmonic waves), Eq. (3) becomes a Helmholtz-like equation,

1
Vzpw = —2(—ia) + Vg - V)zpw ,

which can be written as

<o

Vzpw +

2+iM-V

2
)pw:O’
Co

(

where M = vg/co.

Attention is now turned to solving Eq. (3)

. Rather than directly solving the equation, consider Eq. (3)

in the absence of motion (vg = 0), whose solution is pNr(r, 1):



aszF
. 5
0 (5)

5 1
V pnE = -
€o
The transformation given by Eqgs. (2a) (inverted) and (2b)
r' =r—vogt, t' =t (2°)
accounts for the motion:
pre(r’, 1) = pap(r — vt 1) . (6)

That is to say, Eq. (6) is the pressure field in which the effects of motion have been accounted. Motion
therefore generally "shears" the field, as illustrated below:

v0=0 vO#:O
n’ —

— i

[V

The following example illustrates how the simple substitution in Eq. (6) gives the field in the moving
medium.

Example: Laminar cross-flow

In this example, sound in a laminar cross-flow between two parallel plates is considered. The
flow profile is given by the function v(z), as shown below:

IR
o 5 1, P d

Since the sound field is translated (sheared) by the differential amount

d
dx =vdt = v—Z =M(z)dz,
co

the total shift is
A ‘ M(z)d
o I 0 (2)dz.
The laminar flow between parallel plates is (from fluid mechanics)

d
M(z) = Mo(1 —4z%/d?), ) <z< %



so the shift is

dj2 2 4 ;3 dj2
w145 -3

2
—Mod .
3 Mo

0

The solution of the wave equation is therefore given by the solution in the absense of flow, only
displaced by the amount 2Md/3, i.e., pnr(x — 2Mod /3,2, 1) .

Now suppose the flow profile is constant, i.e., M = My = constant. Thus Ax = Mod. So, the
solution to the wave equation in that case is pNr(x — Mod, z,1) .

Doppler effect

The Doppler effect is simply a consequence of the motion between two inertial frames of reference.

Consider a plane wave propagating in direction k in a frame S’ that is moving with velocity vy with
respect to S, where 6 is the angle between the direction of the motion [i.e., # = arccos(k - vo/kvo)],

(', 1) = Ae™ T/
— Aei(k-r’—w’t) , (7)

where n is the normal to the wavefront, k = w’'n/cg is the wavenumber, and A = 27 /|k| = 27co/w’
is the wavelength, as illustrated below. Note that A is the same in both S and S’, but the speed of sound
1S ¢o + vo in the moving frame [by Eq. (2a)], and the frequency measured in frame S will be different
from that measured in frame S’. The motion between frames causes the number of crests and troughs
encountered per unit time by the observer in frame S and S” to be different. Since the number of events
per unit time is by definition frequency, it is the frequency that varies between frame S and S”.

Substituting the plane wave given by Eq. (7) into the Helmholtz equation in frame S [Eq. (4)] with



requires the following quantities to be calculated:

Vo=V, = —k’pu = — (0 /c0)’pa
iM-V=iM-V' =iM- (in'n/cy) = -M(w'/cy) cos 0.

Upon making these substitutions, Eq. (4) becomes
—(cl)'/co)2 +[w/co—M(w'/co) cos 0]2 =0.

Solving for w and tossing the negative solution yields © — Mw’ cos 6 = o’ or

w=((1+Mcos)w’.

Thus it has been shown that a Galilean transformation of the wave equation results in the frequency
between two frames to be related through @ = (1 + M cos 0)w’.

Alternatively, the Doppler shift can be derived by applying the Galilean transformation to the plane-
wave solution of the wave equation (See Morse & Ingard, page 700). Start with the plane wave in the
moving frame S’,

ikr'—iw’t
p = Ae

b

where k = w'n/c. Substituting in r’ = r — vt into the equation for the plane wave gives

p= Aeik~r—i(w'+k~vo)t = ApikT-wr)

b

where it has been identified that

w=0 +k-v
4
’ w
=w +—Nn-Vg
Co
(1+Mcosf)w' .

As mentioned in the beginning of this section, the Doppler shift is a natural consequence of the motion
between two inertial frames of reference. The theory is blind to the nature of the motion i.e., whether it
is due to the medium flowing past a stationary observer, or due to the observer moving through a
stationary medium. Those two scenarios are kinematically equivalent (See the fourth paragraph on
page 699 in Morse).

This checks with everyday experience. An example of the Doppler effect arising due to the medium
flowing past a stationary observer is the sound of wind "howling." Imagine you are standing in a
prairie and the wind begins to blow, creating a whistling/howling sound (Such tones are generated by
turbulent flow of air as the wind hits your ear, which is beside the point). The stronger the wind, the
higher the frequency of the howl, and when the wind dies down, the howl frequency decrease. The
wind is in the frame of reference S’, and the governing wave equation is that frame is Eq. (1). You are
in the frame of reference S, and the governing wave equation in your frame is Eq. (3).



Now suppose there is no wind in the prairie, but that you are now running through the prairie. If you
run at the same speed at which the wind was previously blowing, you will hear exactly the same sound
as what was described in the previous paragraph. You are still in the frame of reference S, and the
world around you is still in the frame S’.

Sound in ducts with uniform flow

A practical problem involving waves in moving media is that of sound in ducts (e.g., air conditioning
ducts, pipelines, etc.), for which the bulk fluid motion is in one direction, and in which modal solutions
exist in the transverse directions. This topic is covered in Morse and Ingard, pages 714-715, or Ingard,
page 317-319.

For fluid motion in the z direction, as depicted in the figure below, the Helmholtz equation describing
sound in frame S becomes
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A dispersion relation k;(w) is sought by assuming Eq. (1) has solutions of the form

mmxx _ nmwy |
p, =Acos cos 1Y gikz
a b

Substitution into Eq. (1) gives, on the left-hand side,

l’)’lJT2 nJT2 &)2
_ = = _k2 o= — mn k2 Y.
) () e )
mairc 2 nirc 2
o |50 < (5]
a b

which is the cutoff frequency for vy = 0. Meanwhile, the right-hand side of Eq. (1) becomes,

where

—(w/co+iMd]3z)*py = —(w/co — Mk;)*po, .



Thus one obtains from the Helmholtz equation a dispersion relation:

2 2
w
ﬂ+kf=(£—Mkz)

2
o (8]

= oM Zk, + M2
o €o

Rearranging the above yields

2 2
(1 - MK +2M 2k, - (“’— — Yo ) ,
(&)

which is solved for k; by the quadratic formula:

a)/C()
kz:_l_Mz(,/l_Q;n/wz—M), )

where Qi = V1 —M? @, which is the cutoff frequency for vo # 0, and where the + sign

corresponds to the propagation direction. As a sanity check, note that for M = 0 (no flow), one obtains

which is the familiar projection of the wavenumber in the z direction in a waveguide (from Acoustics
ID).

The phase speed and group speeds are

1-M?
cph = w/k; = ﬂ, y = \ll—Qﬁm/wz.

ty - M
oo de 1 (1 =M?)co
& dk, dk./dw ~ +1-yM

For this discussion, consider only + direction propagation. Then, as another sanity check, for v — oo,
y — 1, for which the sound propagation is non-dispersive, i.e.,

Cph = Cgr = (1 + M) co=co+v,

which checks with intuition, i.e., the energy travels at the speed that is the sum of the wave speed and
the ambient speed. Meanwhile, the cutoff frequency is the frequency at which the group velocity
vanishes, which corresponds to setting ¥ = 0, for which

We=Qum=V1=-M2w,,.

Then, from Eq. (2), for w < w: = Qun,

w/co

k= T

[V (Qun/@)? ~ 1 - M].



The above equation is an interesting result, since it shows that evanescent waves "sail" along with the
motion of the fluid in the z direction at the speed vo. In this sense, the evanescent waves propagate,
because their wavenumber has a real component.

Refraction with flow

Now the refraction of sound is discussed in the context of a medium with flow. This topic is covered in
Morse and Ingard, pages 708-710.

Consider the incident and transmitted plane waves,

pi — Aielk]-l‘
Dr = Azelkrr )

where forn = 1,2,
k, = k,(sin¢,e, +cos ¢,e,),

as illustrated below:

¢,

The Helmholtz equation in frame S,
o 2
VZp, = —(_ +iM - V)pw,
Co

when assuming spatially harmonic solutions (V + i/K) and denoting the Mach number as M = vq/co,
becomes

2 2
—kzpw = —(ﬂ —M-k) Pw = —(2 —Mkcos¢)pw,
Cco co

where it has been noted that the angle between the direction of the wave propagation and the motion is
¢ = arccos (M - kK/Mk). Thus

k = ﬁ—Mkcosqﬁ,
Cco

which, solving for k, yields



w/cy ®
l+Mcos¢ co+vycosg

(a)

The original equations for p; and p; are now evaluated at x = 0, and the continuity of the pressure field
1s enforced:

Aekiyeosdi — A pikoycosga
To satisfy this equation, the phases must match
kicos¢i = kacos ¢pr. (b)
Combining Egs. (a) and (b) yields

W COS ¢ _ wcos ¢,
CL+ViCcosp, €y +VyCOSy

which, solving for cos ¢ (requires about five lines of algebra), reads

CyCOS @

Cos ¢y =
P2 c1 — Avcos ¢,

where Av = v, — vy. The critical angle, which is the ¢ (. that sets ¢» = 0, can therefore be found:

C1
crcos . =cy —Avcos ¢, = cos¢p, = ——.
¢y + Av

Example: Wind channels creating a waveguide for sound

The equation for the critical angle, cos ¢1. = c1/(c2 + Av), reduces to 1/(1 + M) if c1 = c2
= co, v1 = 0, v2 = vo. These are the conditions that describe wind in an otherwise homogeneous
medium. As long as sound is incident at angles less than the critical angle given by ¢,
= arccos[(1 + M) '], no sound can enter the moving medium. Consider two such interfaces, as
shown below:

—H’U'
vi=o ({3
—Q/U;

Assuming the sound in the middle layer in which vo = 0 is confined to angles smaller than the
critical angle, the interfaces with the moving media serve as idealized boundaries. Thus, modes
can develop in the middle layer, and the moving medium engulfing the stationary channel act as
walls of a waveguide for sound.



Interestingly, the flow at the boundary of two media results in nonreciprocity (also known as "broken
symmetry"), which refers to the exchange of source and observer having an effect on the measured
signal. This is illustrated by example below.

Example: Nonreciprocity due to reflection at a boundary with flow

Suppose ¢; = ¢, = ¢y, 1.e., there is only one medium, but that part of the medium is moving

with respect to another part of the medium. Thus cos ¢, = % becomes
CoCOS ¢ 1

COS = = .
& co— (v2 —vy)cos ¢ sec 1 — (M — M)

Two cases are now considered, the first corresponding to wave motion from medium 1 to
medium 2, and the second corresponding to motion from medium 2 to medium 1:

Case 1.

For motion from medium 1 to medium 2, let M| = 0,M, = M = vy/co:

1
c0s¢2:m = sec¢p, =secp; —M. (»)

P

vy =0 v2=voT

b1

Case I1.

Now consider propagation in the reverse direction by setting ¢ = ¢», M, = —M, M, = 0. These
assignments can be obtained by rotating the figure for Case I above by 180° and noting that the
wave originating from the second medium would be traveling against the direction of the fluid
motion. Then, the equation for cos ¢ becomes [using Eq. (+) in the third equality in the first
line below]

1 1 1

cos $2 = secp| —M Cosecpr—-M  sechp -M-M
3 1 3 cos @1
~secg; —2M 1 -2Mcos ¢,
> oS ¢

The inequality above holds because 1 — 2M cos ¢ is less than 1. Since cos gb; > cos ¢y, it is
concluded that ¢; is less than ¢ . The main takeaway is that gb; # ¢ 1. Thus the exchanging
source and receiver changes the wave's behaviour, and reciprocity is broken.



lvz = _VC ¢2’ ’Uz =

¢’

The full situation is written below, following Fig. 11.5 in Morse and Ingard (but beware of the
typo in their figure: ¢, on the LHS should be primed).

0=,

Bending wave in flow

Radiation (and lack thereof) from bending waves in flow is now discussed. See pages 705-708 of
Morse and Ingard for more on this topic.

The displacement of the bending wave is given by

f — goe—iw(t—y/a)
_ é,oei(kry—wt) , ki=w/c, (1)

as depicted below:

¢ = displacement of
bending wave

The pressure wave radiated into the fluid is a plane wave (since the plate is considered to be infinite),



p=A pkT-wt
which in the Helmholtz domain is
Do = Apikesingycosg) 2)
Do satisfies the Helmholtz equation with v = voe,:

Vzpw = —(w/co+iM - V)pr.

Thus

3 w/co _ 0] . (3a)

1+ Mcos ¢ co + Vo Cos ¢
At the boundary x = 0, the field must be continuous, requiring that
cy co + vy Cos ¢
which, upon rearranging, gives
cos ¢ = €0 . (3b)
Cr — V0

Thus, for sound to radiate from the plate,

c;>Co+ V.
Otherwise, sin ¢p = \/1 — cos? ¢, which is imaginary and corresponds to evanescent waves.

Now the amplitudes A and &, are related to each other. Following Morse and Ingard's approach, the
(exact) momentum equation is appealed to:

Du D%
Dr ~ D

= VP,

where D/Dt = d/dt + (vg + u) - V is the material derivative. Linearization results in

J 2
po(E +V0-V) &=-Vp.

Since ¢ and vy are perpendicular, i.e., & = £e, and v = vpe,, the momentum equation reduces to

ad
2L = —pylie + v/ dy)?
dx
= —po(—iw + ikv0)*&
2
w
= 2% (e, - vo)%¢ 4)
Cl‘

From Eq. (2),



ap
0x

iksin(¢p)p, k =k;/cos¢

. W sin ¢
=1

Ct COS ¢p

w 1 —cos?¢

Cy Cos ¢

,wl 1 ]1/2
=i— -1
c; | cos ¢

. W Pow
i—— (e —v)? — A = EC (¢, - vp)2¢,
C:Co C;
Solving for A results in
2
cr—v
A = pocouo e = vo) ,
ey (ci = o) = ¢

where ug = —iw&, which is the plate's particle velocity.

As a sanity check, eliminate the flow, i.e., vo = 0:
PoCollp

‘[1 —cg/ct2

This matches previous results for a bending wave in a stationary medium.

A= , Cos¢ =co/c;.

Now consider the case in which ¢; =0, which corresponds to steady flow across a stationary
corrugated surface. Since k; = w/c; (which would go to oo in the limit that ¢, = 0), define

2
ki=w/c; =27l = w = th ,
where L is the spatial period of the corrugation. Then,
. . 2.77C[
Uy = —iw&y = —i ,
0 o 7 0

SO



(c; — Co)z

Ly (c; = vo)? - ¢
Vo

L‘/v(z)—c%
£ M?

L 12

-0, M-0

A = —i2mpocodo

c;—0

= —i2m pocoéo

:2yrpoc% M =vo/co.

Note that

k, =kcos¢ =k, =2 /L

ke = ksin¢ = yk? — (27r/L)>.

Thus

W 1
k= ———, cos¢g =
co + voCos ¢ C:r — Vo

w(c; — Vo)

colc; —vo) +vpc)
w ¢, — Vo

N )]

21T
- T(—VO/CO), ¢ =0

After some algebra it is found that
k_x = M2 - 1
L
2
= i%\ll — M?,1 > M (subsonic).

Thus the radiated sound field,

&0 M?

0= ——¢
L /1 _M2

Note that the wave is stationary in space (e.g., in the frame §). It is sinusoidal in y and exponential
decay in x. Thus, no power is radiated by the plate. The penetration depth in the x direction is d
~ L/2mV1 — M2, which is oo for M = 1 (the condition at which radiation begins).

(1M 12 ,
p(x,y,t) =2 poc (1-M*=) 27rx/L6127ry/L, 1>M

Meanwhile, for M > 1,

22 ]
p(x,y,1) o el VM)

with the fluid field depicted below:



Piston radiation into crossflow

Now the radiation due to a piston in a crossflow is studied. Determining the boundary condition for the
piston is essential to this problem, as Ingard showed. See pages 715-716 in Morse and Ingard (and

Ingard, pages 405-409).
Z T
A x
r——_

—— e
v $o(pe™®

Ingard pointed out that the fundamental boundary condition is on the displacement field, not the
velocity. Note that the velocity field is given in terms of the displacement field by

u:%:(i+V0-V)§, (1)

and let the z component of the displacement be
£y = Solp)e™™".
Consider the source condition

Eo(p) = &ocirc(p/a) = EoH(a — p)

and suppose the crossflow is oriented purely in the x direction, i.e., vo = voey. Then, from Eq. (1), the
velocity in the z direction is

uo(p, ) = (=iw +vd/dx)soH (a - p)
= [1+i(M/k)d/dx]ugH (a - p), (2)

where M = vo/co and ug = —iw&o. The derivative of the step function is taken, noting that a delta
function arises at p = a, and that x = p cos ¢:



O H(a=p) = 8ta-p)(=pldx), p=(x2+ )2

dx
S(a—p)(=2x/2p)
=-8(p—a)cos¢.

Combining the above result with Eq. (2) shows that the velocity field at the boundary is
uo(p, ) = uglH(a - p) —i(M/k)S(p — a) cos ¢]. (3)

where ¢ is the polar angle in the x-y plane. Thus the velocity at the boundary imparts a dipolar
radiation pattern.

To calculate the radiated field, first note that the angular spectrum of the source condition given by Eq.
(3) is

Uo(ky,ky) = [1 + i(M/k)iky]Juo Fxy{H(a — p)}, (3)

where the factor of ik, appears in the above by the sifting property of the delta function when the
spatial Fourier transform is taken. Noting that

2J1(xa)
FolH(a=p)) = 7’ === xc = k2 + 42,

the angular spectrum becomes

2| (k2 + k22

2
wky) = matuo (1 — Mk
U()(k k)) a“uo ( k/k) (k%+k§)l/2a

The spectrum width is of order 1/a in k-space, so k, is also of order 1/a. Thus

dge effect
_CCEECSE _ OM/ka) .
surface effect

That is to say, the edge effect becomes important for ka « 1.

The pressure field is thus

ko — Mk,
k-

ke =\ (ko - Mko)? = k2 k2, ko= w/co.

Pol%y,2) = pocofx;l{ UO(kx,ky)eikzz}

From the 2D spatial Fourier transform of momentum equation,
kP
U=
pocolko — M- K)
ke = (ko = M, - 16)2 — %2
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Periodic media

While I am certainly not asking you to close your eyes to the experiences of earlier
generations, I want to advise you not to conform too soon and to resist the pressure of
practical necessity. Free imagination is the inestimable prerogative of youth and it must
be cherished and guarded as a treasure.

—Felix Bloch

This section on periodic media consists of only two sections. The first discusses the mass-spring
transmission line, through which wave propagation is dispersive. Three special cases of the dispersion
relation are studied. The second section discusses waves in layered media. This topic involves lots of
algebra, much of which is skipped over. Invoking Bloch-Floquet theory, a dispersion relation is
derived, and two limiting cases are considered.

Contents:

e Mass-spring transmission line
e Waves in layered media
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Mass-spring transmission line

Consider a mass-spring transmission line:

S;n—l fn €n+1
—> —> —>
AW
k Kk~ k ~ k

(n—1)d nd (n+ 1)d X

The position of the nth mass is given by

Xp=nd+ &,
where d = equilibrium separation distance
&, = displacement

The dynamical equation F = ma for the nth mass is one-dimensional:
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a%¢,
m
Jat2

= k(gn—l - é/n) - k(gn - §n+1)
:k(é,n—l _2§n+§n+l)' (1)

The signs can be determined by considering the case if the middle mass is held still (£, = 0), but the
mass on the left is moved to the right (£,_; > 0). Then the middle mass experiences a positive force.
Thus the first term on the RHS of Eq. (1) is positive. Meanwhile, if the middle mass is held still (£,
= () while the mass on the right is moved to the right (£,+; > 0), Then the middle mass experiences a
negative force, explaining why the second term on the RHS of Eq. (1) is negative.

A solution of Eq. (1) is sought that describes wave motion. Thus a traveling wave solution is assumed,

gn :Aei(ﬁnd—a}t)
where f = propagation constant .

Note that B and a are flipped in Morse and Ingard. Let us denote

A = spatial period
x = nd = spatial coordinate .

Then the spatial part of the complex exponential in the assumed form of solution can be written as
P = iBY — GiB(+) 2)
which is satisfied by
pr=2m = A=27/p.
This condition ensures that the motion is periodic in A. Substituting Eq. (2) into (1) results in

—mw?&, = k(e P =2 4 Py
_ f(elP _ b2

= —4ksin®(Bd/2) &, .
Nontrivial solutions (£, # 0) arise for
w = 2Vk/m sin(Bd/2),

or, identifying wy = 2yk/m,

| = wosin(Bd/2) .|

Three few cases of this dispersion relation are studied:
Case I
First consider frequencies w < wy. In this frequency range, the dispersion relation satisfies w/wo

= sin(fBd/2) < 1, which implies that —7/2 < Bd/2 < /2, or simply — < fd < sr. The magnitude
of the dispersion relation, |w/wo| = | sin(Bd/2)], is plotted below in this domain over Bd:



|w/wol

[ Bd
—TT VA
Since A =2/, at w = wo,
2
A= 2g= -1 - 2d,
ﬁ p=m/d

which is to say that the spatial period is 2d.

The corresponding phase and group velocities are

w wo . pd 1  sin(d/2)
cm = = —gsin £ = S wod— o=
dw 1 Bd
Cor = W = EwodCOST .

In the limit that | 8d| « 1 (which corresponds to » « wy), the phase and group velocities become

1
Cph = Cgr = Ea)od =dvk/m.

This asymptote is used to normalize the plot below of the phase and group speeds:

c

d\k/m,

Example: Recovery of continuum in the low frequency limit

The propagation of sound in a fluid can be thought of the limiting case of the mass-spring chain.
Specifically, it can be thought of lots of small mass-spring oscillators whose length scale is
much smaller than a wavelength, i.e., d « A, which is equivalent to the limit |fd| « 1 (because
Ald =2/ Bd > 1). In this limit, as noted above,

Cph = Cor = dVk/m = ¢ .



The mass and stiffness of a fluid are related to the quantities

po = density = m/V
0P JP
B = bulk modulus = -V— = -d—,
aVv 0x
while the pressure can be described by the force divided by the surface area, P = kx/S, as
illustrated below:

V =5d

N

d

Thus the bulk modulus becomes
d
B = —da(—kx/S) =kd/S = k=SB/d.

Inserting k = sB/d and m = p(Sd into ¢y = dyk/m, the sound speed is found to be

SB/d
poSd

vB/po

C():d

which is familiar sound speed of a fluid. For more discussion, see page 88 of Morse & Ingard.

Example: Wavelength ambiguity

"Wavelength ambiguity" is now discussed as an example of the case w < wo = 2yk/m, for
which

2 _sin(Bd)2), B e R (1)
Wo

which is valid for all 8d, as shown below:



YYY YV ,

—4n  —2m 2w 4w Bd

That is to say, from the displacements
gn — Aei(nﬁd—wt)
are unaltered if Sd is replaced by
(Bd)" = pd +2rm, m = integer.

In other words, all the points separated by 2;7m on the dispersion curve give the same solution,
which is ambiguous. That is why the domain is restricted to

-7 < Bd<a
or
2d < A < 0.

Wavelengths A less than 2d are called aliased (or "undersampled").

Case Il

Now consider @ > wo, which is the case that the drive frequency is greater than wo = 2yk/m. Then,
the dispersion relation must satisfy w/wo = sin(fd/2) > 1, which requires that § must be complex
(since d/2 is real). Thus define

Bd/2 =y +ia,
insert this identification into the dispersion relation, and use the sine double-angle identity:
w . .
— =sin(y +ia)
wo

= siny cosia + cos y sinia
=siny cosha +icosy sinha .

The drive frequency w must be real, which requires y = 77/2 in the above relation. So
w/wy=cosha > 1.

Then the motion of the nth mass is therefore



£, =Ae!P-00 g — 7 4 2a

— Aei(nrr+i2na—wt)

— (_l)nAe—Znae—iwt N |§| :Ae—Zna’

That is to say, the motion of each mass is exponential decay, and the direction in which the masses
move alternates from mass to mass. The dispersion relation @ /wo = cosh «a is plotted below:

w/wg
A
2 ~e%/2
1
y
0

Case 111

Finally, the case w = w¢o is considered. Then the dispersion relation reads 1 = sin d/2, whose
solution is fd = s (and thus A = 277/ B = 2d). The motion of the nth mass is therefore given by &,
= Ae™7~® which gives

£y = (=1)"Ae™™".
Thus for the case w = wy, the motion of all adjacent masses are equal and opposite to any given mass,

and each moves as a simple harmonic oscillator.

In summary, all three cases are shown in the dispersion curve below:

Bd

A
Bd = 2arcsin w/w

a = arccosh w/wy

evanescent

propagating

Propagation occurs only drive frequencies less than w, i.e., the stopband is seen to extend for w/w,
> 1.

Waves in layered media



Consider a layered medium with alternating impedances z; and z», where the z; medium has thickness
d while the thickness of the z; medium has thickness d»:

d

d; d;

Z1 Zp 771 Zp 74

The impedances are denoted z; = pjc;, where j = 1,2. The wave equations are

a’pj 1 0%p;

ax2 ¢} o

Assume the form of the pressure (and thus the particle velocity, by the momentum equation) is

pj = (Ajeiij + Bje—iij)e—ia)x (1)
uj = Z_ (Ajelij _ Bje—zij)e—m)x , (2)
)

where k; = w/c;. There are four unknowns in the unit cell, which is d wide, from —d; < x < d:
AI’B]’AZ’BZ .
The pressure and particle velocity must match at x = 0:

p1(0) = p,(0)
u1(0) = uy(0) .

So from Egs. (1) and (2) (resectively),

A1+Bl=A2+Bz (3)
Z2(A1 - B1) =Z1(A2 - By) . (4)

To close the system algebraically, two more conditions are needed. For this, the concept of periodicity
is invoked through

q = Bloch wave number
P, U = Bloch wave functions,

such that
pj = Pj(x)e" ™" (5)
uj = Uj(x)e' @, (6)

where, by equating Egs. (1) and (2) to Egs. (5) and (6), respectively, P; and U; are identified,



Pj(x) = A" + Bje hi™ (7)

1 ik x —ik; x
Uj(x) = Z(Aje 4% — Bje~ ), (8)
where

According to Floquet theory, because p and u are continuous across interfaces, P and U must be
periodic:

Y

N

=
I

P> (d>)
Ux(d>) .

S

n

=
I

Note that p and u are not necessarily periodic in d. (Recall, for example, the mass-spring lattice, for
which 4 € [2d, ), e.g., the wavelength of p and u can be much larger than d). Enforcing Floquet's
result on Egs. (7) and (8) results in
Ale—ikfdl + Bleikfrd1 — Azeikidz + Bze—ik;dz (9)
Zo(Aje R _ B4y = 7, (Aye™r® — Bremkad2y (10)

Now Egs. (3), (4), (9), and (10) are combined:

Aq
B
Al - = [0],
41|, | =10
-B,
where
1 1 1 1
Z> -7 Z1 -7
[A] = o-ikid okt oikzde o—ikid>

Nontrivial solutions correspond to det[A] = 0, which result in the characteristic equation

1
cosgd = coskidy coskady — E(Z—l + 2) sinkyd; sinkad> . (11)
22 2

Equation (11) is wirtten in the form
cosqd = f(w) .
Then [Bradley, JASA 96, 1844 (1994)],

arccos(f) =R, -1<f<1
gd = {n + iarccosh™'f ,neven ,f > 1
ni + iarccosh_llfl ,nodd ,f less than 1



Thus the Bloch wavenumber is

q=dqr+iq;
q; =0, passband
q;r #0, stopband

and the Bloch wave phase speed is

CB = W/qR.
wﬁ+w%
C1 Cy
N
S
21 \ / 21
10 BN
ﬁ 2ﬁ ?;n Re(qd) Im(qd)

Two limiting cases of Eq. (11) are now considered.
Limiting case I: z; = 2,

The dispersion relation becomes

cos gd = cos kdj cos kady — sinkid; sinkad>
= cos(kidy + kad) .

Thus there are no stopbands, e.g., g is always real and equal to w/cg, where cp is the Bloch wave
speed defined above. From this limiting form, the relation

d d d
_ 4 b

CB Cl1 c2

2

which results in an analytical expression for the Bloch wave speed:

d

8= di/ci+dy/cy

Limiting case II: 1 > d (v — 0, the effective medium limit)

The terms of dispersion relation in this low-frequency limit become



1
cosqgd ~ 1 — E(qa’)2
sinkd ~ kd .

Through O(q*, k?), the dispersion relation reads

1 1 1 1 /z Z
1= 2 (gd)> = 1= 5 (bdy)? = 5 (kads)? = 5 (é ; f) kidikods

Rearranging this relation results in

2 b

d* d} (21 Zz) did, dj
cic2 c5

2 2 2 2

cg

which is a constant (i.e., no dispersion). Interestingly, if ¢; = ¢2 = co and yet p; # p2, then cp < co,
which is not necessarily an obvious result.

Now attention is turned back to the eigenvectors corresponding to g. The matrix equation is re-labeled:
(Where does this come from?)

Ay Ci

B C
Floal €

—-A; Ci3

-B; Cis

where
Cij = (=1)"" detAy

1s the cofactor of A;;, and where A is an arbitrary constant. Then, define from Eq. (7)

Po(x) = A[Cy1e"*179% + Cpe™ih¥07] | —d) <x < 0. (12)
= —A[C3e" D% L C et 0x)  0<x<d,. (13)
= ( elsewhere. (2)

Then P(x) = Py(x) in the reference unit cell, labeled n = 0. Since Py, is repeated in other cells, then

plx.1) = [Po(x) x Y 8(x—nd)]e" ™" (14)

n=—0oo

where Po(x) * Y.~ 8(x —nd) = ®(x) is the so-called Bloch function.

n=-—0oo

Example: Thin periodic barriers

Consider the limits k,d, <« 1 and z,/z; > 1, e.g., the mass law. Layer 2 is thus a thin mass, e.g.,
dy =d.Call pic; = pycy:



v

The mass per unit area is m = p»d>. Then the dispersion relation becomes

1
cos gd = cos(wd/co) — Ei_Zkde sin(wd/co) .
1

Noting that the factor i—szdz can be written

Z—Zkzdz _ P2 wdy  prdhw Mo

21 PoCo €2 PoCo PoCo

b

the dispersion relation becomes

cos gd = cos(wd/cp) —

d sin(wd/co).
PoCo

This relation can be written in a dimensionless form by defining Q = gd, Q = wd/co, and M
=m/2pod:

cosQ =cos Q —-MQsinQ. (1)
For increasing M), one obtains increasingly narrower passbands centered at Q ~ nor.

In the Bloch function, set d; = d and k»d> = 0 in [A]:

-22 21 -2
Cii =det| e 1 1 | =2z1z22[1 - &"*99)
—Zzeiwd <1 —<1
Vé) <1 —21
Cip = —det| %4 1 1 | =2z122[1 — e *99
Zzeikid 71 —X

Thus from —d < x <0,

Po(_x) = [1 _ ei(k+51)d]el'(k—Q)X + [1 _ e—i(k—q)d]e—i(k-;_q)x.

and P((x) = 0 elsewhere. By Eq. (14), the solution in the entire medium is

p(x,t) = Py

Z Po(x — nd)] el(¢-wh)

~—————

periodic in 277/ Rg

n=—oo

periodic in d




As a sanity check, note that for M = 0, g = w/co = k, and thus
Py(x) = A(1 — ¢*) > B = const.
Thus
p(x,1) = Be' &0

Note that although d, — 0, Py(0) # Pi1(d2) = Po(—d;) because of pressure jumps across the
mass.

1_Return to home < Return to previous topic — Advance to next topic
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Scattering theory

The scientist's urge to investigate, like the faith of the devout or the inspiration of the
artist, is an expression of mankind's longing for something fixed, something at rest in the
universal whirl: God, Beauty, Truth. Truth is what the scientist aims at. He finds nothing
at rest, nothing enduring, in the universe. Not everything is knowable, still less
predictable. But the mind of man is capable of grasping and understanding at least a part
of Creation; amid the flight of phenomena stands the immutable pole of law.

—Max Born

The scattering of waves is described by adding an inhomogeneous term (a & function) to the
Helmholtz equation, which is solved by the Green's function. Green's functions in 1D, 2D, and 3D are
developed in the first two sections. Reciprocity's constraints on the Green's function for situations in
which there exist boundaries are then discussed. See here for Dr. Hamilton's notes on how to expand G
using normal mode expansions (not covered in the lecture). The Helmholtz-Kirchhoff integral is
derived. It is then shown that the multipole expansion can be expressed entirely in terms of Green's
functions and their derivatives. The exact theory of scattering is then derived. Three useful
approximations of of this exact theory are then derived: far-field, Born, and Rayleigh. The remainder
of the course applies these approximations to the scattering of sound by bubbles.

Contents:

e General definition of Green's function
e Green's functions of inhomogeneous 1D, 2D, 3D Helmholtz equations

e Reciprocity

e Helmholtz-Kirchhoff Integral

e Multipole expansion

o Scattering from inhomogeneities

o Far-field, Born, and Rayleigh scattering

e Born scattering from bubbles below resonance
e Scattering from bubbles at arbitrary frequencies

1_Return to home < Return to previous topic

General definition of Green's function

Consider a linear differential operator £ (e.g., V2 + k?). A Green's function g satisfies
L{g(rlrg)} = =8(r —ro) . (1)
Now consider the general inhomogeneous differential equation

L{p(r)} = —f(r). (2)
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Let the right-hand side of Eq. (2) be written in terms of an integral over a delta function, by the sifting
property:

) = [ o8 -ro)avo.
Then Eq. (2) becomes
L{pm) = = [ fro)s(r = ro)dVa.
Replacing — & (r — rp) with the right-hand side of Eq. (1), Eq. (2) becomes

L{gx)} = [ F(ro)Lig(rire))dVo
= £{ [ forogrivo)avo ,

where L is removed from the integral by the linearity of the integral operation. The particular solution
of Eq. (2) is therefore

p(r) = [ £ro)g(riro)dVo

where g(r|rp) is the so-called free space Green's function is defined by Eq. (1). g satisfies £{g(r|ro)}
= 0 everywhere except for at r = ro.

The "—" sign in Eq. (1) is motivated by electrostatics. Gauss's law states that V - E = p/eo, where E is
the electric field, p is the charge density, and € is the permittivity of free space. Meanwhile, the
definition of the electric field is given in terms of the electric potential as E = —VV. Combining these
equations leads to Poisson's equation, which has a negative right-hand side: V2>V = —p/e,. Thus it
proves convenient in electrostatics to let g(rjry) solve the inhomogeneous Poisson equation with
negative right-hand side.

Green's functions of inhomogeneous 1D, 2D, 3D Helmholtz
equations

1D and 3D cases are discussed first. Attention is then turned to the more challenging 2D case, which is
handled by modifying the 3D result.

1D Green's function of the Helmholtz equation

Consider the inhomogeneous Helmholtz equation in 1D, for which £ = d2/dx? + k?:

d%g

W+kzg:—6(x—xo). (1)

The solution g(x|xo) must have the form



g(xlxg) = Ae® =) x> xg

= Ae X0 <y,

which can be written as

e iklx—xo| ,

glxlxg) =A X #Xg.

To calculate the constant A, Eq. (1) is integrated:

xo+e€

ag ’ Xo+€
— +k dx=-1.
ax Xo—¢ J‘XO—G g X

The first term in Eq. (3) is
a X0+e€ ) )
I8 = ikAe™ — (—ik)Ae™
ax Xp—€

=2ikA, €-0.

In the second term of Eq. (3), the integral is

X0t+€ X0 xXo0+¢€
I gdx = (I + I ) gdx
Xg—€ Xp—€ X0

A : A .
- (1= ikey 2 —ike _
e Tyt
-0, e€-0.
Therefore the constant A is found to be
Ao 1
2ik ’
so the Green's function of the 1D Helmholtz equation is
g(xlvo) = =gl

2k

3D Green's function of the Helmholtz equation

The inhomogeneous Helmholtz equation is now
V2g+k’g=-8(r—rp).

The solution is supposed to have the form

oikR
rrg) = A——,
g(rfrp) R

where

1)

R=Ir—rol = {(x—x0)2 + (y = y0)2 + (z — 20)2.



To determine the constant A, Eq. (1) is integrated over the volume of a sphere of radius ¢ centered at r
= ro. Noting that the surface area of this integral is § = 47¢?, its volume is V = %7163, and dV
= 4;7R%dR, the integral is taken,

JVngV+szng= 1.

The second integral is easy to take:

[ gav = fof A eZR 47 R*dR

— 47A f “ ¢ RRAR
0
oikR

€

-0, e€-0.
0

Meanwhile, for the first integral, Gauss's theorem is invoked:

IVngv: IV - (Vg)dV
= $(Vg)-as

a
= 28 s
oR
ikR

:4;(_% ”k)A'eR

1 ike
= (< i) atdm e
€ €
=-47A, €-0.

dsS

Thus A is determined to be 1/4sr. The Green's function in 3D is therefore

eiklr—rol eikR

Axlr -1  47R’

g(rlryp)

2D Green's function of the Helmholtz equation

The approach presented here uses the result derived above for the 3D Green's function of the
Helmholtz equation. However, it can more straightforwardly be derived by applying the same
approach taken in the 3D case, only using Green's theorem in this form, instead of the 3D divergence
theorem. This approach is assigned as a homework problem.

In 2D, the inhomogeneous Helmholtz equation in Cartesian coordinates is

9? * 2
(ﬁ . 0_y2)g FI2 = —8(x = x0)8(y — o) .

Equivalently, the inhomogeneous Helmholtz equation can be written in 3D as

Vig+k’g=-f(x,y), (1)


https://en.wikipedia.org/wiki/Green%27s_theorem#Relationship_to_the_divergence_theorem

where the Laplacian is the 3D operator, and where

fx,y) =68(x—x0)8(y —yo) -

The 3D solution of Eq. (1) was found to be

iklr—r |

&(plpo) = [fisoyo)ztir)aVy.  sirie) = 7o

Thus in 2D Cartesian coordinates, the Green's function is

eik‘/(x—x1)2+(y—y1)2+(Z—Zl)2
[ 86 = 200800 - y0) dvy,
4\ (x—x1)2+ (y—yD?+ (z—21)?

g(plpo)

ik (x=x0) 2+ (y—y0) 2+ (z-21)?

1 0o
4_I ¢ dzi,
T (= x0)2 + (v = y0)? + (- 21)?

where dV| = dx,dy,dz;. Note that (x — x¢)% + (y — yg)% = |p — pol?, as illustrated below:

Z
lp — pol

Employing the change-of-variables

dt

the integral above becomes

eik\/k2|pfpo|2+t2

1 o
g(plpo) = — dt.
4o . 4 \k2p = pol? + 12

Now note that an integral representation of the Oth order Hankel function of the first kind is
" el Vx2+r2
H( = f drt.

Z +t2

The 2D Green's function is therefore



g(plpo) = gH(;l)(km - pol).

2 .
Hél)(x) = _el(Z—JT/4) s |Z| > 19
aZ

the 2D Green's function in the far field is

Note that since

eiﬁ/4 eik\ﬂ—ﬂo\
V8x VKIp — pol

The above approximation of the 2D Green's function of the Helmholtz equation is often a starting-
point for the ocean acousticians, who always seem to work in the far field.

g(plpo) = klp— pol > 1.

Reciprocity

Reciprocity is the invariance under the exchange of source and receiver, which corresponds to the
exchange of r and rp in a Green's function. The free space Green's function g(r|rp) of the the
Helmholtz equation in 1D, 2D, and 3D is always reciprocal because r and ro always appear in the
combination |r — ro| which is equal to |[rp — r|. However, the issue of reciprocity becomes more subtle
when considering the presence of boundaries. Thus this discussion starts with some remarks about
boundaries when solving an inhomogeneous Helmholtz equation.

Consider a Green's function that satisfies
VG +k°G = -8(r - 19), (1)
where (following Morse and Ingard's notation, Eq. 7.1.15)

G(rlrg) = g(r|rg) + A(r)

where
ikR
8(rlro) = J—5 . R =r - x|,
and where A(r) is the homogeneous solution, i.e.,
VZh+k*h=0. (2)

That is to say, 4 is added to g to make the Green's function G satisfy not only 1 but also any boundary
condition(s) involved in a physical situation.

Example: Rigid wall



Let h(r) = g(r|xo, Yo, —20). Since the image A(r) is in the half-space z < 0, Eq. (2) is satisfied in
the half-space z > 0 containing the sound field, and thus G is satisfied by both Eq. (1) and the
boundary condition

961y
aZ z=0
(X0, Y0, —Zp) (X0, Y0, Zo)
ro
0 Z

To introduce the concept of reciprocity, consider a sound field is enclosed by a surface S with two
source points at positions r; and ry, as illustrated below:

n
At these positions,
(V2 +k3)G(rlry) = =8(r —ry) (a)
(V2 +k*)G(rry) = =8(r—r5). (b)

Now the following volume integral is calculated:
| (G xir) Ea. @)1 - Griey [Eq. (9)]av .
The k? terms cancel, leaving

[ G V2 Gixiry) = Gre) VG (xIr)aV = =G(r1Irs) + Grslry)



By the divergence theorem,

G 0G
98 [G(rlrz)$ - G(rlrl)% dS = =G(ri|r2) + G(rajry) . (3)

The statement of reciprocity is that G(r|r,) = G(r;|r;), which corresponds to the the left-hand side of
Eq. (3) vanishing. This is achieved on § for the three following conditions:

G =0, Dirichlet, free surface

E =0, Neumann, rigid surface
on
= const., can be complex
0G/dn

The third condition includes the first two conditions and corresponds to

Pow
u,-n

= Z = acoustic impedance,

which is said to correspond to a "locally reacting" medium, which does not support wave motion. For
more insight, note that from the space- and time-harmonic momentum equation,

0
—l'kp()C()lla) -n+ Po =0.
on
The condition ﬁ therefore becomes
n
G Z

dG/on  ikpoco

Thus, if the surfaces are locally reacting (or at » = co) and G satisfies any of the above conditions, then

>

|G(rilry) = G(rar))

which implies that the source and receiver can be reversed in space without changing the measured
sound.

Helmholtz-Kirchhoff integral

The Helmbholtz-Kirchhoff integral is a starting-point for the study of both scattering and diffraction. It
calculates the field radiated by an arbitrary volume and/or surface distribution of scattering or radiating
elements. It is shown in the example below that the Helmholtz-Kirchhoff integral can be used to derive
the first Rayleigh integral, which was previously derived in this course using Fourier acoustics and the
convolution theorem. The application of the Helmholtz-Kirchhoff integral to scattering will be seen in
the following section.

Begin by considering two inhomogeneous Helmholtz equations:
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(V2 +k%)p,, (r) = —f(r) (1)
(V2 +k*)G(rlrg) = =8(r —19) (2)

Take G times Eq. (1) minus p,, times Eq. (2):

G(rr) VZp, (r) — po (1) VZG(rirg) = —G(xlro)f (1) + po, (r)8(r — 1o) . (3)

Now rename r with rp and visa versa, and require G to be reciprocal whether or not any boundary
conditions are satisfied, e.g., can let G = g = ¢*R/47R:

G(rlrg) = G(ryglr) .
Now take [ [Eq. (3)]dVy:
[ 160 ¥2pu (r0) = po (k) ¥ G (xIro)dVo]

- ﬂf G(rlro)f (ro)dVo + fpw(ro)(S(f —10)dVo,

Now use Gauss's theorem to solve (implicitly) for p,, (r):

(ro) dG(r(ry)
r) = [f(0)Gxirg)avy + gﬁ[ (rirg) L0 gy ST g, (5)
ny ny
where n is the outward unit normal. If
Po G 7z

dpw/0dng 0G/dny - ikpoco ’

then the surface integral vanishes, and the complete solution is

po®) = [ fX0)Glriro)dVo.

Example: Radiation into a half-space (z > 0) by velocity source

Consider the velocity source (z = 0)

—iwt

ulx,y,t) = up(x,y)e

Then the derivative d/dng is simply —d/dzp on So. Also assume there are no source inside the
volume. Then f(r) = 0. Further, suppose the field vanishes at infinity.



Vo
n
Thus the field is, from Eq. (5),
* dp, (ro) dG(rlry)
= - G —v ———— |dxodyy . 1
po® =— [ _ [ (1) == = piy () == |dxodyo (1)
Since an equation that maps particle velocity to pressure is desired, the momentum equation is
invoked:
ap. ,
P = tkpocouto(xo,Yo) - (2)
aZO Z()ZO

Meanwhile, it is desired to eliminate p, (rp) from the integral. As such, G is chosen such that

G

— =0, 3
70 (3)

20=0

which is satisfied for the choice
G(rlrg) = g(rlxo,yo0,z0) + g(rlxo, Y0, —20) ,

where g(r|rg) = e*R /4577 R is the free-space Green's function. This was shown in Acoustics II;
see problem 6 on my quals site for the math. Thus in the source plane zo = 0,

ikR

27R’

G(rlxo, y0,0) = 2g(r|xo,y0,0) = 4)

where

R = \/(x—xo)2+(y—yo)2+z2,

Substituting Egs. (2)-(4) in Eq. (1) results in the first Rayleigh integral:


https://chiragokani.github.io/quals/physical#13-14

ikR

R

—ikpoco o0
PolXy,2) = ——— H_OO uo (X0, y0) —>—dxodyo -

Multipole expansion

It proves expedient to introduce the multipole expansion, since monopoles and dipoles arise in the
theory of scattering to follow. The multipole expansion was covered in Acoustics II in the context of
radiation from spherical and cylindrical sources [e.g., a pulsating sphere, shaking sphere, bipolar
pulsating sphere, pulsating cylinder, shaking cylinder (string), etc.], while the emphasis here is on how
monopolar and dipolar fields arise due to the scattering of sound.

Monopole

Let u, (a) = ug be a time-harmonic velocity source of radius a at location ry = 0. The pressure field
due to this source is

Po(r)=A , Ip=0.

The constant A is determined by the 1D radial momentum equation —iw pou, + dpo,/dr = 0:

etka _ PoColy, (a) _ tkapocotg — A= _we—ilm
a 1 - 1/ika 1 — ika 1 — ika '

p(u(a) =A

Thus the pressure field is

ikazpocouo etk(r=a)

1 — ika r

pw(r) =

To obtain the field due to a monopole (referred to a "simple source"), take the limit of ka < 1:

ikr e ikr

= —tkpocoQ :
r dgr

) e
Pu(r) = —ika® pocoug
where the volume velocity (surface area times particle velocity) is
0= 477a2uo .

Recall that the free-space Green's function in 3D is g(r|ry) = e R /4R, If the source location is
shifted from ry = 0 to an arbitrary location ry # 0, then » in Eq. (1) becomes R = |r — r|, allowing for
the pressure field due to a monopole at r = r( to be expressed as

[P (rlro) = —ikpocoQg(riro) ,

where g(rrg) = ¢*® /4R, and where R = |r — ro|.



Dipole

Now the dipole is considered by considering two out-of-phase monopoles separated by distance d. The
field is simply

Po(r) = —ikpocoQlg(rizg = d/2) — g(r|zg = —d/2)]
- —ikpocoQd[dg/0z0) -0, d— 0,

where g(rjrg) = e*F /4R from above. Generally, the dipole pressure is given by the gradient of the
Green's function, where the dipole moment is defined as D = Qd, where d is the vector extending
from the negative to positive monopoles defining the dipole:

o (xlrg) = —ikpocoD - Vg(riry) .|

To derive an expression for the dipole pressure in the far field, the derivative is evaluated in Cartesian
coordinates:

0 dg OR OR
I8 _ 98 k-1/R)g2
dzo JdR dz 029
where
OR 7] Z—20
— = ——J(x—x0)2+ (y=v0)2 + (z—-20)2 = — .
970 " o7 ( 0)"+ (y—yo)~ +( 0) R

Noting that R|,,—o = r and dR/0dzolr,—0 = —z/r = cos 0, it is found that

Pu(r,0) = =k pocoQy(1 — 1/ikr)g(rl0) cos 6,

where Q; = Qd is the dipole strength (magnitude of its moment), and where

ikr

O = n = .
g(rl0) = [g(rlrg)]l,o=0 ypm
In the far field, then, the pressure field is

Puw(r,0) = —k*pocoQag(rl0) cos 6 .
Quadrupole

The exercise above for dipoles is repeated for quadrupoles in the homework assignment. It is found
that lateral and longitudinal quadrupoles can be expressed in terms of the second derivatives of the
free-space Green's function.

Scattering from inhomogeneities

The above development of Green's functions, the Helmholtz-Kirchhoff integral, and multipoles is
finally used to describe the scattering of sound.



First, a wave equation must be developed that includes the presence of inhomogeneities. The
development of this wave equation was not covered in class, but it is essential to my research project,
so I follow the derivation leading up to Morse and Ingard's Eq. (8.1.10), which corresponds to Dr.
Hamilton's Eq. (1) below (except I neglect the time dependence of the inhomogeneities, a la Pierce).

Equation of state

Begin by letting p(r) = po + &;(r) be the (spatially dependent) ambient density, while p’ is the
acoustic field quantity. The subscript "I" stands for "inhomogeneity." Similarly, let x(r) be the
ambient bulk modulus. Note that Morse and Ingard use i« (r) = 1/B(r), which is the compressibility.
Compressibility will be used until returning to the content of Dr. Hamilton's lecture. Pierce provides
the appropriate equation of state [see first footnote on p. 15 of Acoustics: An Introduction to Its
Physical Principles and Applications (1989)]:

If the ambient state is inhomogeneous, p = p(p, sy) cannot be used and one falls back on
p =p(p,s), Ds/Dt = 0 as a starting point. If py(x) and p,(x) are independent of ¢z, these
lead to

o' +v -V 2 (9¢' +v -V
- . =C - .
1 Po a1 Po

as the linear equation that replaces [p” = c?p’, ¢ = (dp/dp)o].

Using the notation in the present work, and noting that Vpo = 0 here, Pierce's state equation reads

ap _ ,[ap’
F 2 .V
ot l o WY (r)]
Solving this relation for dp”/dt yields
ap’ 1 dp
—=——X _u-V . S
o o pir) )

This relation will be used to eliminate the perturbation density from the systems of partial differential
equations that follow.

Conservation of mass

The exact conservation of mass equation is

(3 7 ’
S/ Pm+p (D] + V-ilp) + p (r.,5)]Ju} =0.

Neglecting the nonlinear term p’(r,f)u on the right-hand side of the above and expanding the
divergence of the product p (r)u results in

ap’(r,1)

Py +p(r)V-u+u-Vp(r)=0.

Inserting the linearized state equation given by Eq. (S) results in



1§
— L _w.Vp)+p)V-u+u-Vpr) =0,
cs 0t

The u - Vp(r) terms cancel, resulting in
at
Conservation of momentum

Meanwhile, conservation of momentum requires that

4 /
Vp+ —{lpr) + p (r.0)]u} = 0.
Neglecting the nonlinear term p’u yields

J
Vp + E[p(r)u] =0.

Since p is not a function of time, it can be removed from the time derivative:

Ju
\% — =0
p+ p(r) T

Solving for du/dt gives

Ju 1
- = _ Vp. * x ok
o= oV (x % +)

Taking the time derivative of Eq. (), taking the divergence of Eq. (» » »), and subtracting the
resulting equations results in

d du d°p

Vp|,
p(r) pl

The left-hand side of the above equation can be seen to be 0, resulting in

82p

oz =0

1
V. [ o) Vpl — (1)

Using the bulk modulus B = 1/ results in Dr. Hamilton's wave equation (1):

v. [ Y] 1 a*p
p(r) |  B(r) ar2°

Defining the reference density, bulk modulus, and sound speed (which are constants)

po, Bo, co=+vBo/po,

Eq. (1) can be written as
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Expanding the above equation yields

1 1 92 1 1 2 1 1
_Vzp__épw:(___)a_erv.[(___)Vp]_

Po By 912 B By /) dt? P Po

This equation is rearranged further in preparation to identify dimensionless spatially dependent
contrast factors:

a? B ik 11
Vzp_ﬂ _f:ﬂ<_°_1) 12’+V.l(___)vpl_
By ot By \ B at P Po

This equation can be written as

» 1 0%  ys(r) d%p

Vi — = V. Vpl, 2
g ar? ¢ o2 +V- L7y mVp] )
where
By Po
(r) = -1, (r)=1- :
750 = Br) v p(r)
In the frequency domain, this equation reads
Vipo +k2po =~k rspu + V- (7, VP0), (3)

where k = w/co. Note that there is a sign error in Morse and Ingard's corresponding Eq. (8.1.12).
Equation (3) can be recasted as

Vzpw + kzpa) = —f(r),

where f(r) = k*y gpw — V - (7 , Vpw), which allows for implicit solution via the Helmholtz-Kirchhoff
integral [Eq. (5)].

To prepare invoking the Helmholtz-Kirchhoff integral, let the inhomogeneities be confined to the
volume V, as illustrated schematically below:



)
S

Denote the incident wave as p;(r) (which is not necessarily planar). Further, consider an unbounded
medium, which allows for the use of the free-space Green's function, g(rjrg) = M=ol /4 77 |p — 1.
Then, the solution of the inhomogeneous Helmholtz equation, with f(r) as defined above, is

po(r) = [ fro)g(xlro)dVo + I (r),
where

I (r) = § lg(ﬂro)w +pw(ro)w ds .

ny al’lo
Since the surface is So = S, and since Vj is finite, then
I (r) = p;(r),

which is to say that the pressure field infinitely far away from the scatterer is simply the field due to
the incident wave, not the scattered wave. Therefore, the total field becomes

Po(r) = pi(r) + JVO {k*7(r0)pw(ro) = Vo - [7,(ro) Vopw (ro)]} g(rlre)dVo (4)

By the vector calculus identity V - (ab) = aV -b + b - Va, the second term in Eq. (4) can be written
as (identifying b = y ,Vp and a = g in the identity),

V-(r,¥p)g=V - lr,(Vp)gl - r,Vp- Vg.
Applying the divergence theorem to the volume integral of the term V - [y ,(Vp)g] results in

ape
[,V 7o 00 [Vpu (r0)Jariro))dVo = by (o) 22 g (riro)dSo,

which vanishes for Sy at co and finite Vj, because y, = 0 at co. After making these considerations,
Eq. (4) becomes

Po(r) =pi(r) + IV [k*7 B(ro)pw (r0)g(rlro) + 7 »(ro) Vopa (ro) - Vog(rire) ] dVo . (5)

0




Equation (5) can be thought of as the contribution of monopoles and dipoles,

Po = —tkpocoQg(rlrg) = monopole

Po = —tkpocoD - Vg(r|ry) = dipole,
where D = |D| = Qd. Thus set
K2y gp oAV = —ikpocoAQ
Y o VPuAV = —ikpocoAD,
which leads to
_ AQ  volume velocity ik ()po ()
1= AV~ unitvolume P0Co V5P
AD  dipole strength 1
d = = = — V w .
AV unit volume ikpoco 7 p(O)Vpo(r)

Then Eq. (5) can be written in terms of monopole strengths and dipole moments:

Po(r) = pi(r) = ikpoco [ | [a(ro)griro) +d(ro) - Vog(rlro)1dVo.

Far-field, Born, and Rayleigh scattering

Using the results of the previous section, several scattering approximations are now made. These
approximations are increasingly liberal. The far-field approximation is implicit and simply considers in
far-field limit of the exact theory. The Born approximation builds on the far-field approximation and
further assumes that the scattered field is much weaker than the incident field, making the scattering
theory implicit. Rayleigh scattering builds on the Born approximation (though not historically) and
further assumes the scatterer is subwavelength.

Far-field approximation, » > a

The far field of the scattered wave is now considered, as illustrated schematically below:

k(k,6,9)

- >
pi >

To describe the scattered wave in the far field, consider the free-space green's function
iklr—ro|
rro) =———,
8(rlro) 4|r — 1ol

where
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For r » a, where a is the characteristic radius of the scatterer, binomial expansion and retention to
linear order of the above expression leads to

r—rogl=r—e,-ro, e.=r/r,
so
klr —ro| = kr — ks - 1,

where k; = ke, = Kk(k, 0, ¢) is the wave vector in the direction of the scattering. So the Green's
function and its gradient become

ikr
g(rlrg) = ~—e ™M Vog = —ikg.
dorr
The total field is then
Po(r) = pi(r) + pe(r), (1)

where now the scattered field is

ikr

€ ik, ,
ps(r) = k? f [YB(I'O)pa)(I'O) - }’p(ro)? - Vopu(ro) e_lk“'mdvo )

dr

The above result can be written as a 3D Fourier transform:

) eltr .
po(r) = K — [ qu(ro)e ™ dvp, )
where
qdﬂEzrsunuxﬂ-—yp@%%;-pr@). (3)

As such, Egs. (2) can be written using the old notation of Fourier transforms:

ikr

e
= k2
ps(r) g

F3piqs(r) k=K, -

Note that Eqs. (2) and (3) are still implicit. That is to say, the scattered field is given in terms of the
scattered field.

Born approximation

If in Eq. (1) the scattered field is much weaker than the incident field, i.e., |p,| < |p;|, then p; is a small
correction to p;, so let p,, = p; in Eq. (3):
ik

gs(r) = yp(r)pi(r) - yp<r>k—; - Vpi(r) . (5)



Thus the solution given by Eq. (2) is now explicit.

Rayleigh scattering

In this approximation, it is assumed that the scattering is in the far field, satisfies the Born
approximation, and is additionally subwavelength, i.e., that ka « 1. This allows for |K; - ro| < 1 in Eq.
(2), resulting in

ezkr

ps(0) = K> — [ g, (x0)dVs. (6)

Ay

Assuming the incident field is a plane wave p;(r) = poeiki'r, Eq. (5) becomes

Kk, - k;
k2

qs(r) = [}’B(r) +7,(r) ]p,-(r).

The relationship between k; and k; is shown below:
k;

5 cosO =k, - k;/k?

ks

Writing g, in terms of the angle 6 subtending the scattered and incident wave vectors results in
qs(r) = [7p(r) + 7 ,(r) cos 0] p;(r). (7)

Notating the spatial average of a function f as (f(r)) = % f f(r) dV, and noting that for ka « 1 the
incident wave is p;(rg) = pg for ka « 1, Egs. (6) and (7) are combined:

eikr
ps(r,0) = pok*Vy [(yB) + {7 ,)cosb] . (8)
4ar
The scattered intensity is therefore

2

1

IS(rag) = ﬂ OCk4 =
2p0C0 /14

which is a hallmark of Rayleigh scattering.

Example: Blue sky

Rayleigh scattering explains why the sky is blue. Red light has a longer wavelength than blue

light:
( Ared )4 _ (700nm) 10
Ablue 400 nm




Therefore, the intensity of red light scattered by the molecules in the atmosphere is 10 times
weaker than that of the scattered blue light.

lots more scattering because sun passes through more atmosphere

Blue l R g
/’??\4 \)

LD

/5%

The sky appears yellow, orange, and red during sunset and sunrise because the sunlight passes
through more atmosphere when it is near the horizon. As the sunlight passes through this
atmosphere, is blue and green light is scattered away, leaving yellow, orange, and red light
behind.

The same effect explains why the moon appears red during lunar eclipses.

Born scattering from bubbles below resonance

In this section and the following, the theory and approximations derived above are applied to
calculating the scattered field due to bubbles in different contexts. This section focuses on scattering
from bubbles below resonance.

The resonance frequency of a bubble can be calculated using a lumped-element approximation, as was
presented in Acoustics I. The result is

1
Jfo= 2”—6]\/37(})0/,00,

where a is the bubble radius, Py is the atmospheric pressure, and x is the polytropic index, which is a
continuous function having values between 1 and 1.4 (unlike y), such that pgas = pg,,. The subscripted
Os in these equations refer to the properties of the liquid surrounding the bubble.

For bubbles, the scattering parameters introduced in the "Scattering_from inhomogeneities" section
have the values




By By PoCs

YB = -1= = = 1.54 x 104,air bubble in water, « = 1.4
Bgas Bgas xPo
yp=1- po_ . PO _ —825, air in water
P gas P gas

Since

lys/ypl =19 > 1,

the density contrast factor y , can be ignored. Thus in the Born approximation, the scattered field is
given in terms of the bulk modulus contrast factor:

ps(1) = K [ 7 5(ro)pi(ro)g(rire)dVy

2
PoCy
TCP()

gy j $5(ro)pi(ro)g(rire)dVo, (1)

where ¢ = volume of gas/unit volume, regarded as the "volume fraction" (or sometimes "void
fraction").

Scattering from single bubble atr = 0

The scattered field due to a single bubble, illustrated schematically below, is first considered.

SN

N\

_——

pi

At the resonance frequency f; of a bubble, ka = 0.014 « 1. That is to say, the bubble is deeply
subwavelength and can therefore be described by a § function in space:

P(r) = %ﬂa36(r) = VoS (r).
Therefore, the scattered field given by Eq. (1) is trivial to evaluate by the sifting property:

p

2

0C
py(r) = k? - PO Vopi(0)g(r/0) .

0

Since p;(0) = py and g(r]0) = e 1457, the scattered field is

_ POCUZVO eikr

ps(r)— 4-.7T7CP0p0 r b




or

poa)ZV()

Ips(r)/pol = JrrPor

It is noted that the scattered field is proportional to w? and inversely proportional to r.
Scattering from thin bubble screen of width w

Now the scattered field due to a thin screen of bubbles is considered, illustrated below, where the

horizo
00O
O X
0]@) /
O Z
Ol - Ds
bi |
— T

Ps — O%
> O
w

In this case, the volume fraction has the form

p(r) =y, kw<l.

Suppose the time-harmonic incident field has the form p;(r) = poe’*?, and that the scatterer coordinates
are

ro = (X0,Y0,20) = (X0,¥0,0).

Thus the incident field at the scatterer (the thin screen of bubbles) is p;(ro) = po. Meanwhile, consider
the field coordinate

r=(x,yz2 =002,

for which the 3D free-space Green's function becomes

elk‘ X0+y0+Z2
4 \x3 + 3 + 2

g(rlrg) =

Thus Eq. (1) becomes

lk\/xo+yo+z2
477‘[x0 +y3+2

To facilitate the integration, suppose the volume fraction is a constant, ¢y. That is to say, the thin
screen of bubbles is approximated to be a homogeneous medium with volume fraction ¢ . The integral

pu) = K2 LILLO [

dxo dyy .
KP() X04yo



becomes

g2 PoC§ powdo
KP()

4o

2mpodpo,

pik\ p?+2?
Vo +2

10, 1=

where po = ‘/xg +y%, and where dxodyo = 2m podpo. The integral I(z) is taken by letting u
=\ p3 + 22, and thus udu = podpo, and k - k + ie:

So the scattered field is

Ds (z) =

oo . .
I =2 J el(k+l€)udu
Izl

(o)

ei(k+i€)u
i(k+ie)
eiklzl

= 2ri , €-0.
Z

=2

Iz

ikpoc% il
2KkPy powpoe

The magnitude of the scattering coefficient is

Ips/pol

wpPoCo

2Kk Py
=w vs. w fora single bubble
IR|, reflection coefficient.

wpo

Propagation in bubbly liquid for f « f;

The previous two cases have considered the scattering of sound due to bubbles fairly localized in
space. Now the scatterers are considered to be well-distributed throughout the liquid, as illustrated

below:
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From Eq. (2) from the "Scattering from inhomogeneities" section, the wave equation becomes, upon

neglecting y ,,
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To describe the well-distributed collection of bubbles in the medium, the ratio in bulk moduli factor
y g 1S set to

¥B = (pocg/1cPo)¢p(r) = (Bi/By) ¢,

where ¢ is constant (equaling the total volume of air divided by the total volume of water). Equation
(+) then becomes

¢t or? o2 a2’

B, )1aﬁ;_ 1 9%
eff

Vzp = (1 + —¢
B,

where

_C
[T+ ¢B/B,

This effective sound speed is the so-called Wood model for ¢ « 1. (The model falls apart for any
appreciable ¢, e.g., ¢ = 0.01, since the underlying physics changes. See the homework problem that
investigates this further.) The effective sound speed's dependence on ¢ is sketched below:

Ceff =

Ceff/ Co
1

o7 \
0.3
¢

1075 107™* 1073 1072

In practical settings in which contrast agents are used (like in biomedical applications), bubbles may
have thin shells, as illustrated below:

h<a Po

In that case, the bulk modulus becomes (The subscript "CA" stands for "contrast agents")

By = Bea = kPy +4(h/a) pg



where pgp is the shear modulus of the the shell, where pgn < Bgh. So the resonance frequency becomes

1 1 3 h
Jfo= m\BBCA/Po = \[— (KP0+4z.ush)

2ma \ po

Scattering from bubbles at arbitrary frequencies

Now a theory for the scattering from bubbles at arbitrary frequencies (not just at frequencies below the
bubble resonance frequency) is developed.

Begin with the inhomogeneous wave equation for volume sources [See Blackstock's Fundamentals of
Physical Acoustics, Eq. (10-D-10)]:

*p 9q

v — Po
¢t ar? at’

where ¢ is the ratio of the volume velocity to the unit volume. Let the pressure be

P=Py+pye'
V=Vy+v,e e
dv

Q=— =Q,e " = volume velocity,
dt Y

number of bubbles

n =
0 unit volume
Then
Jo =n0Qw, Qu =-i0Ve,
and
d . .
a_? = —iwg, = —iwngQ, = ~New>v, .

Thus a Helmholtz equation is obtained from Blackstock's Eq. (10-D-10):
(V2 +k5)po = nopow’ve, . (1)

In addition to Eq. (1), an additional equation is needed to relate p,, and v,,. To obtain this equation, the
bubble dynamics are needed.
Bubble dynamics

The acoustic impedance at the bubble wall of a bubble having volume V,, = 4a3/3, surface
area So = 4740, and radius a is



Po _ Po
-0, iwv,

ac —

where Q(¢) = V(1).

The minus sign is used in front of Q,, because pressure increases with reduced volume. To relate
P tov,,, note that for a spherical wave

sp. acoustic impedance 1 PL0Co 1
area C4ma? 1 -1/ika —iwCy’

Zac =

where the first two terms are the radiation impedance, and where the third term is is the bubble
compliance C,. = Vy/y Py — Vy/1cPy. Noting that the term

1 _ik
i _’iza = _ika(1 - ika)~! = —ika + (ka)? + O[(ka)?].

The acoustic impedance becomes

2
0Co . a a Py
Lo = p —iw— + 0= | - 5 .
aT 10Vy

Equating the above to the expression Z,. = l.g‘:w and solving for p,, /v, results in
P
Po _ _ﬂp(w) , (2)
Vo Vo
where
2 3
Flw) = 1- 22 —ikpa—x (3)
@y @y
3xP PowW xP
2 0 0 0
Wy = , ko= wo/cy, - -9
0% Sl 0= Wo/Co Tma Ve
Now write
2 2
Flo)=1- "5 —is(@)—, &) =ka—s
Wy Wo (O

Then call 6, = 6§ (wg) = koa, which is the radiation impedance at resonance.

From Eq. (2), with p,, = py = constant, then



Vo _ Po/x Py )
Vo 1 - w2/} -isw/wy

Equation (4) is plotted below:

log [vyl/Vo

L'\f\/ [ e~
compliance- Inertia- Damping-
dominant dominant dominant

1 log w/wg

For air and water, at resonance

11 1
e =—— 72
5  kea 0014

However, this result only accounts for loss of energy due to radiation. Generally, however,
S = 6rad + 6ViS + 5th s

where

2

w
Orad = koa—2
Wy

4p
powoa*
S =3(y — Dim/a, a>»ln,

6visc =
where y = C,/C,, lin = Y2 y/ w is the boundary-layer thickness, and 47/ dt = ;(VZT.

Now use Eq. (4) to eliminate v,, in Eq. (1). This can be rewritten as

(V2+k%)p, =0,

~2

where k2 = 0?2/ (w), where

1 1 $po
= — 4 —
2(w) i  wxPoF(w)

¢ = roVo = volume fraction.

Rearranging this relation and inserting the equation for F(w) yields

c3 1 ¢b

2(w) 1 - wwi-isw/wy’




where b = poc% /xPo = Biiq/Bgas ~ 10* for air/water. Thus the bubbly liquid has been converted to an
effective medium.
Now the phase speed is found by inserting the form of solution

X _ tkx —ax
Pow =Po€ =po€ € .

Also define

k = ~a) =k+ia = —
C(w) c(w)

+ia(w),

where a(w) = Sk is the attenuation coefficient, and where c(w) = w/k = w/fﬁfc is the phase speed.
Ignoring losses, e.g., § = 0, Eq. (5) becomes

c(w) _ (1 N b )—1/2 _ ( 1 - wz/w%+¢b)—l/2
1_

o w?/ W} 1 - w?/w}

- 1 - w?/w}
1 - w?/wj+ ¢pb

1 . .
SpE— w? « a)(z), Wood’s relation, pure compliance

[T+ b

1 w?>» w}, hardbubble

w?/w? -1
:—i\J 0 , 1<a)/a)o<‘[1+b¢.

1+ ¢b - w?/wg

IR

c(w) a(w)

lossless, § =0

with loss, § # 0

Cwood /j

1 J/1+b¢ w/wo 1 [T+bp @/ oo

Vo b

Fruit bat photographed by Stephen P. Blackstock at Centennial Park in Sydney, Australia, December 2023.
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