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Background

Richard et al., New J. Phys. 22, 063021 (2020)

• Vorticity: number of equal-phase 

wavefronts that fit about the 

propagation axis
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Background

• Vorticity: number of equal-phase 

wavefronts that fit about the 

propagation axis

• Characterized by central null

• Focused beams for radial and axial 

particle manipulation

• Unfocused beams for communication

Baudoin et al., 

Nat. Comms. 11, 4244 (2020)
Shi et al., Proc. NAS. 114, 28 (2017)

Richard et al., New J. Phys. 22, 063021 (2020)



6

Background

Marzo et al., 

Phys. Rev. Lett. 120, 044301 (2018). 
Terzi et al., 

Moscow Univ. Phys. Bltn. 1, 61 (2017)

• Vorticity: number of equal-phase 

wavefronts that fit about the 

propagation axis

• Characterized by central null

• Focused beams for radial and axial 

particle manipulation

• Unfocused beams for communication

• Generated using array of transducers, 

or using a transducer, phase plate, 

active piezoelectric metasurface 

Li et al., Wiley (2022). 

Baudoin et al., 

Nat. Comms. 11, 4244 (2020)
Shi et al., Proc. NAS. 114, 28 (2017)

Richard et al., New J. Phys. 22, 063021 (2020)



• Gaussian beams studied for analytical ease

• Analytical solutions & scaling laws provide physical intuition

Previous work
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vortex ring radius



• Gaussian beams studied for analytical ease

• Analytical solutions & scaling laws provide physical intuition

• Scaling law for unfocused Bessel vortex beam*

Previous work
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* Jiménez et al., “Formation of high-order acoustic Bessel beams by spiral diffraction gratings.” PRE 94, 053004 (2016).

𝑟𝑛

vortex ring radius



• Gaussian beams studied for analytical ease

• Analytical solutions & scaling laws provide physical intuition

• Scaling law for unfocused Bessel vortex beam*

• Scaling law for focused optical uniform vortex beam**

Previous work
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* Jiménez et al., “Formation of high-order acoustic Bessel beams by spiral diffraction gratings.” PRE 94, 053004 (2016).

** Curtis et al., “Structure of Optical Vortices.” PRL 90, 13 (2003). 

𝑟𝑛

vortex ring radius



• Velocity source interchangeable with pressure source for 𝑘𝑎 ≫ 1*
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Fresnel approximation

* Lucas & Muir, “The field of a focusing source.” JASA 72, 1289 (1982). 



• Velocity source interchangeable with pressure source for 𝑘𝑎 ≫ 1*

• Source condition:
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Fresnel approximation

Gaussian vortexfocused

* Lucas & Muir, “The field of a focusing source.” JASA 72, 1289 (1982). 



• Velocity source interchangeable with pressure source for 𝑘𝑎 ≫ 1*

• Source condition:
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Fresnel approximation

Gaussian vortexfocused

• Radial integral over Bessel function:

* Lucas & Muir, “The field of a focusing source.” JASA 72, 1289 (1982). 
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Analytical solution

where

• Closed-form solution is



14

Analytical solution

where

• Closed-form solution is

= modified Bessel function
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Analytical solution

• standard vortex beam angular dependence

• For 𝑛 > 0, 𝑝 = 0 as 𝑟 = 0: on-axis null

where

• Closed-form solution is

= modified Bessel function
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Analytical solution

where

• Closed-form solution is

• Magnitude given by 



17where

• Returns focused Gaussian beam solution for 𝑛 = 0:

where

• Closed-form solution is

• Magnitude given by 

Analytical solution
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Comparison with solution of Helmholtz equation

Fresnel approximation compared with exact solution of the Helmholtz equation via Fourier acoustics:

where

Gaussian vortexfocused
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Comparison with solution of Helmholtz equation

Fresnel approximation compared with exact solution of the Helmholtz equation via Fourier acoustics:

where

Helmholtz Fresnel

Full field for 𝑛 = 1Focal plane

Gaussian vortexfocused
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Field plots

𝑛 = 1

𝑘𝑎 = 500, 𝑑/𝑎 = 10
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Field plots 𝑘𝑎 = 500, 𝑑/𝑎 = 10

𝑛 = 1
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magnitude
Field plots

𝑛 = 1

𝑘𝑎 = 500, 𝑑/𝑎 = 10
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magnitude

phase

Field plots

𝑛 = 1

𝑘𝑎 = 500, 𝑑/𝑎 = 10
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magnitude

phase

𝑘𝑎 = 500, 𝑑/𝑎 = 10Field plots

𝑛 = 2
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magnitude

phase

Field plots

𝑛 = 3

𝑘𝑎 = 500, 𝑑/𝑎 = 10
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magnitude

phase

Field plots

𝑛 = 4

𝑘𝑎 = 500, 𝑑/𝑎 = 10
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magnitude

phase
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Field plots

𝑛 = 5

𝑘𝑎 = 500, 𝑑/𝑎 = 10



• In the focal plane 𝑧 = 𝑑,
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vortex ring radius

where

Scaling law for focal beamwidth



• In the focal plane 𝑧 = 𝑑,
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𝑟𝑛

vortex ring radius

where

• Solving 𝑑|𝑝(𝜒)|/𝑑𝜒 = 0 for 𝑟𝑛 leads to a scaling law: 

where

Scaling law for focal beamwidth



• In the focal plane 𝑧 = 𝑑,

• Same functional dependence as for optical uniform vortex beam*

Scaling law for focal beamwidth
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𝑟𝑛

vortex ring radius

where

where

• Solving 𝑑|𝑝(𝜒)|/𝑑𝜒 = 0 for 𝑟𝑛 leads to a scaling law: 

where

* Curtis et al., “Structure of Optical Vortices.” PRL 90, 13 (2003).



𝑘𝑎 = 500, 𝑑/𝑎 = 10Global maximum 
𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5
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𝑘𝑎 = 500, 𝑑/𝑎 = 10Global maximum 
𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5
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𝑘𝑎 = 500, 𝑑/𝑎 = 10Global maximum 
𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

Global max leaves focal 

plane as 𝑛 increases
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𝑘𝑎 = 500, 𝑑/𝑎 = 10Global maximum 
𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

Global max leaves focal 

plane as 𝑛 increases
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Trajectory for different 𝑑/𝑎

“Trajectory” of physical 

maximum is linear for low 

𝑛 and low 𝑑/𝑎
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𝑘𝑎 = 500, 𝑑/𝑎 = 10

Global pressure maximum 

varies hyperbolically in 

vorticity

Global maximum 
𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 𝑛 = 5

Global max leaves focal 

plane as 𝑛 increases

𝑛 = 1
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Trajectory for different 𝑑/𝑎

“Trajectory” of physical 

maximum is linear for low 

𝑛 and low 𝑑/𝑎

35



Acknowledgments

Questions/Comments

36

• ARL:UT Chester M. McKinney Graduate Fellowship in Acoustics

• Thank you for your attention!



𝑧

𝑟

𝜃

𝑎

𝑑 (focal length) 

(spherical source) 

𝑛  (vorticity)

𝑘  (wavenumber)

𝑝0 (source pressure)

(radius of circular boundary) 
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