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What is an acoustic vortex beam?

Shi et al., Proc. NAS. (2017)

3Li et al., Wiley (2022) 

• Orbital number ℓ = number of wavefronts in transverse plane

• Characterized by null on axis

• Unfocused beams used for communication

• Focused beams used for radial and axial particle manipulation

• Generated using phase plates, transducer arrays, metasurfaces 

Richard et al., New J. Phys. (2020) Hefner and Marston, JASA (1999)

Marzo et al., Phys. Rev. Lett. (2018) Gspan et al., JASA (2003) Terzi et al., MUPB (2017)
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Linear solutions
Helmholtz equation

Typical pressure source conditions Laguerre-Gauss eigenfunctions of paraxial equation

Paraxial equation

Fourier acoustics solution of Helmholtz equation

Fourier acoustics solution of paraxial equation

Integral solution of paraxial equation

Rayleigh integral solution of Helmholtz equation

4Gokani et al., “Paraxial and ray theory models of acoustic vortex beams” (in preparation)

Gaussian vortex

circular vortex

Bessel vortex



Motivation to study nonlinear solution

• Spiral wavefront carries orbital angular momentum (OAM)

• Wavefront travels farther than it would in the absence of OAM (ℓ = 0) 

• Phase evolves more rapidly due to extra path length in 𝑧 direction 

• Nonlinear effects in 𝑧 direction occur over shortened length scale
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(2020)



Geometry of Bessel vortex beam
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Bessel vortex beam Surface of const. phase

Wave normal1,2

1Pierce, Acoustics: An Introduction to Its Physical Principles and Applications, Chap. 8 (Springer 2019).

Angle w.r.t. 𝒛 axis

𝜙

𝑠
𝑧 = 𝑠 cos 𝜙

Burgers equation in terms of 𝑠 Reduced shock-formation distance

ҧ𝑧 ≤
1

𝛽𝑘𝜖
 since cos 𝜙 ≤ 1

➢ Compare to numerical solution of Westervelt equation to test claim



Numerical solution of Westervelt equation
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1Yuldashev and Khokhlova, Acoustical Physics (2011)
2Lee and Hamilton, JASA (1995)

Inputs parameters

ratio of attenuation to diffraction

ratio of diffraction to nonlinearity

ratio of source size to wavelength

orbital number

+ source 

condition

Numerical solution based on operator splitting1,2

Nonlinearity

Diffraction

Absorption

Fourier acoustics

Runge-Kutta 4th order method 

Exponential decay

Westervelt equation in retarded time1

diffraction nonlinearity absorption



Comparison to Fubini coefficients

Bessel vortex source

solved numerically
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Inputs parameters

ratio of attenuation to diffraction

ratio of diffraction to nonlinearity

ratio of source size to wavelength

orbital numberℓ = 1  

𝑘𝑎 = 1    

𝐵 = 1    

𝐴 = 0.01    

Westervelt equation in retarded time

diffraction nonlinearity absorption

Mapping 𝜎 to 𝑍 = 𝑧/𝑧0 

Fubini solution

Westervelt (—)       Fubini (--)



Thanks for listening!
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Summary

• Developed geometric interpretation of Bessel vortex beam

• Numerically solved Westervelt equation for Bessel vortex source condition

• Mapped Fubini solution to nonlinear evolution along ray of path length 𝑠 = 𝑧/ cos 𝜙

• Compared Fubini solution in terms of 𝑠 to numerical solution to Westervelt equation



Extra slides
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Gaussian vortex source condition

Unfocused linear vortex beams

Hefner and Marston, JASA (1999) Shi et al., Proc. NAS. (2017)

Paraxial equation

Power Laguerre-Gauss eigenfunctions of paraxial equation

independent of

orbital number

ℓ = number of surfaces of equal phase

Vortex ring radius

11

Analytical solution of paraxial equation for Gaussian vortex source



Gaussian focused vortex source

Focused linear vortex beams

Zhou et al., 

JAP (2020)
Terzi et al., Moscow Univ. Phys. Btn. (2017)

Paraxial equation

Analytical solution of paraxial equation for Gaussian vortex source

ℓ = number of surfaces of equal phase
Baresch et al., 

PRL (2016) 

𝑘𝑎 = 500, 𝑑/𝑎 = 10

Global max moves out 

of focal plane toward 

source as ℓ increases



Focused linear vortex beams

𝑘𝑎 = 500, 𝑑/𝑎 = 10

Global max moves out 

of focal plane toward 

source as ℓ increases

Adapted from Richard et al., New J. Phys. (2020)

Ring Radius (ray theory)

Gaussian focused vortex source

number of surfaces of equal phase

Δ
𝑟0

0
𝑧

𝑑

Focal ring radius



Focused linear vortex beams: “cupped hands” phenomenon
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1

2
1 + cos

𝜋𝑥

2𝑎
 

𝑒−𝑟2/𝑎2

Raised cosine amplitude shading

Gaussian amplitude shading



Figure board

Elasticity Electricity

𝝈 𝑫, 𝑬

Piezo-

electricity

ො𝑞 is a function of a 

complex variable: resort 

to numerical root finding

Fubini coefficients (--)

𝜺,

Willis
Dynamics

𝝈, 𝜺 𝝁, 𝒖

Elasticity

ℱ2D = 2D spatial Fourier transform 𝑘𝑛 = 𝑛𝜔/𝑐0



Field parallel to 𝑧 is contribution 

of many skewed rays

Field parallel to 𝑧 is 

described by individual rays

𝑟
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Figure board
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Fubini coordinate

𝑛 = 1 (∝ 𝜎0)

2 (∝ 𝜎)

3 (∝ 𝜎2)

4 (∝ 𝜎3)

5 (∝ 𝜎4)

𝜂 = 0.4 (best fit)

𝜂 = 0.6 (analytical)

𝜙

ො𝑛



2Morfey and Cotaras, “Propagation in Inhomogeneous Media (Ray Theory),” Nonlinear Acoustics,  

 Hamilton and Blackstock, eds. (ASA 2008).
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