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What is an acoustic vortex beam?
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(a) Twisted wavefront (b) Skewed rays
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Richard et al., New J. Phys. (2020)

Hefner and Marston, JASA (1999)

«  Orbital number ¥ = number of wavefronts in transverse plane
«  Characterized by null on axis

«  Unfocused beams used for communication

Focused beams used for radial and axial particle manipulation

Generated using phase plates, transducer arrays, metasurfaces

Shi et al., Proc. NAS. (2017)
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Marzo et al., Phys. Rev. Lett. (2018)

* &

s

Li et al.

(2022) 3



Linear solutions Y TEXAS

Helmholtz equation Fourier acoustics solution of Helmholtz equation

2 2 - ik.z
Vip+kip=0 p(x,3,2) = Fp (e Fop[p(x,9,0)]},  k; = (k2 — k2 ~k2)'/?

Rayleigh integral solution of Helmholtz equation
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Paraxial equation Fourier acoustics solution of paraxial equation
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Typical pressure source conditions Laguerre-Gauss eigenfunctions of paraxial equation
2,9 ., — M
p(r,60,0) = pgt’_r”m e'‘?  Gaussian vortex q(r,0,z) = Z,A” LGym(r,6,2)
. M, m
p(r,0,0) = P[}Cifc(ra’(ﬂ}flfﬂcircular vortex
(x e"'k"zﬂ“r, focusing) Integral solution of paraxial equation
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Gokani et al., “Paraxial and ray theory models of acoustic vortex beams” (in preparation) 4



Motivation to study nonlinear solution
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Twisting waves increase the visibility of nonlinear behaviour
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Twisted wavefront (b) Skewed rays
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. Spiral wavefront carries orbital angular momentum (OAM)

. Wavefront travels farther than it would in the absence of OAM (¢ = 0)

. Phase evolves more rapidly due to extra path length in z direction

. Nonlinear effects in z direction occur over shortened length scale



Geometry of Bessel vortex beam

Bessel vortex beam
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Surface of const. phase

f(2,0) = k,z+ €0

Wave normal?-2
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Angle w.r.t. z axis

k,r
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Z = SCOS @

dp 6 d°p Bp dp
0s 208 o0t? B pocg ot

zZ =

where s = z/cos ¢

Burgers equation in terms of s Reduced shock-formation distance

cosp k.r 1

Bke(r) — \[(kr)2+ €2 Pke(r)

'Pierce, Acoustics: An Introduction to Its Physical Principles and Applications, Chap. 8 (Springer 2019).
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» Compare to numerical solution of Westervelt equation to test claim

since cos¢p <1



Numerical solution of Westervelt equation

Westervelt equation in retarded time' Inputs parameters

azp Co w2 ﬁ 52;{?2 S 53{.’ {  orbital number
— =:__§? + . .
0Tz 2 P ngﬂ'g or2 21‘:3 o3 ka ratio of source size to wavelength L s
t — ! S e B ratio of diffraction to nonlinearity condition
T =t —z/cy diffraction  nonlinearity  absorption _ : : :
A ratio of attenuation to diffraction

Jd’p _f0g2, L.
dtdz 2

Diffraction

dp P 6'p2 ______
dz Zpﬂgg Jdt
Nonlinearity

dp & Ip

dz 2.:5’ Jdr?
Absorption

Numerical solution based on operator splitting'-2

pu(x,v,2+ Az) = le)l { exp(i\/k,z, —kZ - kaz = ik”Az)Jng[p,l(x,y,z)]}

Fourier acoustics
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Runge-Kutta 4t order method

pa(x,9,2 + Az) = p(x,v,2)exp[—(w/2c5)Az]

Exponential decay

"Yuldashev and Khokhlova, Acoustical Physics (2011)
2| ee and Hamilton, JASA (1995)
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Comparison to Fubini coefficients

Westervelt equation in retarded time Inputs parameters
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Westervelt (—) Fubini (--)

Bessel vortex source

p(r,0,0) = poJ(pur)e'?

Fubini solution

plo,0) = py Z%j”{rm}sin nwT

n=l1

o0
=Py ZB”{G]sin nwTt

n=1

B, =1+0(c?)
EEZ%G+O{U3}
3
Bs = goz +O(ct)
34_%03+O{ﬂ'5]
125 4 6
5 3340‘ +O(c”)




Thanks for listening!

Summary

» Developed geometric interpretation of Bessel vortex beam
» Numerically solved Westervelt equation for Bessel vortex source condition
» Mapped Fubini solution to nonlinear evolution along ray of path length s = z/ cos ¢

» Compared Fubini solution in terms of s to numerical solution to Westervelt equation
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Unfocused linear vortex beams
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Paraxial equation

Hefner and Marston, JASA (1999)

Shi et al., Proc. NAS. (2017)

Analytical solution of paraxial equation for Gaussian vortex source

£ = number of surfaces of equal phase
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x(r,2)

Laguerre-Gauss eigenfunctions of paraxial equation 10}

independent of
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Focused linear vortex beams U TEXAS

Paraxial equation

.. 04
2 —_— =
Viq+2iko" =0

Gaussian focused vortex source

—42/g2 _ily2 ;
r</a e ikr /2d61€6

+ mm q(r,6,0) = poe

Baresch et al., Zhou et al., Terzi et al., Moscow Univ. Phys. Btn. (2017) _
PRL (2016) JAP (2020) £ = number of surfaces of equal phase

Poz 3/2 i[60—(&+1)m/2+kr? /2 = Lear
q(r,0,2) = ’VS?TWX?”; e X [Ig—1y2 () — Iig1yya ()]0~ D2k 22| x(r,2) = 8[1 —i(ka2/2z)(1 —z/d)]

Global max moves out
of focal plane toward
source as ¢ increases

Jd :/d ./d :/d :/d ka = 500, d/a = 10




Focused linear vortex beams

A

Adapted from Richard et al., New J. Phys. (2020)
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Ring Radius (ray theory)
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d/kr =1/10

Gaussian focused vortex source

q(r, 0, 0) = pog_”z/ﬂze—ikrz/zcieigg

number of surfaces of equal phase

Focal ring radius

= ka’
ne = 0.94€ + 0.75

Global max moves out
of focal plane toward
source as ¢ increases

2/d ka = 500,d/a = 10




Focused linear vortex beams: “cupped hands” phenomenon S

Gaussian amplitude shading
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Figure board

F,p = 2D spatial Fourier transform k, =nw/c,

P(0,0) = ZBH(H)sin n6
n=1

J:'Z/EI GZLL?T

Fubini coefficients (--)
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Figure board
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B,,. normalized
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n = 0.4 (best fit)
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Morfey and Cotaras, “Propagation in I_nhomogeneous Media (Ray Theory),” Nonlinear Acoustics,
Hamilton and Blackstock, eds. (ASA 2008).
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