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1. Introduction

Acoustic vortex beams possess helical wavefronts characterized by the orbital number ‘: They were first introduced in
acoustics by Hefner and Marston1,2 and have since been used for particle manipulation,3–12 underwater communica-
tion,13–19 medical ultrasound,20–22 and sound diffusion.23

Vortex beams can be modeled using Laguerre–Gaussian eigenfunctions,2 but the fact that an infinite number of
terms is needed to match source conditions24–26 limits their utility. Closed-form analytical solutions are available for
Bessel27–30 and Gaussian26 vortex beams, but these beams are generated by idealized sources. In practice, acoustic vortex
beams are typically radiated from a uniform circular amplitude distribution,5,9,31–33 often referred to as a circular piston.
The goal of the present Letter is to derive analytical solutions in the paraxial approximation for regions of interest in vor-
tex beams radiated by this more commonly employed amplitude distribution.

The Fresnel diffraction integral is used in Sec. 2 to obtain analytical solutions for the far field of an unfocused
vortex beam radiated by a source with a uniform circular amplitude distribution. Analytical solutions in the focal plane
are obtained in Sec. 3 from the same diffraction integral for a spherically focused source with the same amplitude distribu-
tion. In both cases, the analytical solutions are expressed as infinite summations of Bessel functions, which are then
reduced to closed forms for orbital numbers 0 � ‘ � 4. A scaling law for the vortex ring radius is derived in Sec. 4, and
its practical relevance is discussed in Sec. 5 by appealing to ray theory. The authors make frequent use of relations devel-
oped in their previously published work on vortex beams,26 referred to below as the companion paper.

2. Unfocused uniform circular vortex source

Solutions of the paraxial equation

2ik
@q
@z
þr2

?q ¼ 0 (1)

are sought in cylindrical coordinates ðr; h; zÞ for an unfocused vortex beam having a uniform source pressure p0 within a
circle of radius a,

qðr; h; 0Þ ¼ p0 circðr=aÞ ei‘h; (2)

where circðaÞ ¼ 1 for a � 1 and 0 for a > 1. The acoustic pressure with angular frequency x is p ¼ qeiðkz�xtÞ; where
k ¼ x=c0 is the wavenumber and c0 is the sound speed. The validity of the paraxial approximation underlying Eq. (1) in
the context of vortex beams radiated by unfocused and focused circular pistons has been discussed in Secs. IV and V of
the companion paper.26 The field radiated by a circular piston oscillating in the z direction with velocity u0 can be
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described in the paraxial approximation by replacing p0 in Eq. (2) with q0c0u0; where q0 is the ambient density of the
fluid.34

The Fresnel diffraction integral is an exact solution of Eq. (1) for any source function qðr; h; 0Þ:

qðr; h; zÞ ¼ � ik
2pz

ð2p
0

ð1
0
qðr0; h0; 0Þeiðk=2zÞ r

2þr20�2rr0 cosðh0�hÞ½ � r0dr0dh0: (3)

Combining Eqs. (2) and (3) and applying the relations in Eqs. (8) and (9) of the companion paper26 yields

qðr; h; zÞ ¼ �ikp0
eiðka

2=2zÞr2=a2

z
ei‘ðh�p=2Þ

ða
0
eiðka

2=2zÞr20=a2 J‘ðkrr0=zÞ r0dr0; (4)

where Jn is the Bessel function of the first kind of order n. For z � zR; where zR ¼ ka2=2 is the Rayleigh distance, Eq. (4)
reduces to

qðr; h; zÞ ¼ �ikp0
1
z
ei‘ðh�p=2Þ

ða
0
J‘ðkrr0=zÞ r0dr0 ; z � zR; (5)

resulting in the analytical solution

q‘ðr; h; zÞ ¼ �ip0
z
kr2

ei‘ðh�p=2ÞF‘ðkar=zÞ ; z � zR; (6)

where35

F‘ðnÞ ¼
ðn

0
J‘ðtÞt dt ¼ n

Cð‘=2þ 1Þ
Cð‘=2Þ

X1
k¼0

ð‘þ 2kþ 1ÞCð‘=2þ kÞ
Cð‘=2þ 2þ kÞ J‘þ2kþ1ðnÞ (7)

and C is the gamma function. Equation (7), which is restricted to ‘ > �2; is equivalent to the following closed-form
expressions for 0 � ‘ � 4:

‘ ¼ 0: F0ðnÞ ¼ nJ1ðnÞ; (8a)

‘ ¼ 1: F1ðnÞ ¼
p
2

n H0ðnÞJ1ðnÞ �H1ðnÞJ0ðnÞ½ �; (8b)

‘ ¼ 2: F2ðnÞ ¼ 2� 2J0ðnÞ � nJ1ðnÞ; (8c)

‘ ¼ 3: F3ðnÞ ¼
3p
2

nH0ðnÞ � 8

� �
J1ðnÞ þ 4n� 3p

2
nH1ðnÞ

� �
J0ðnÞ; (8d)

‘ ¼ 4: F4ðnÞ ¼ 4� 8J1ðnÞ=n� 4J2ðnÞ � nJ3ðnÞ; (8e)

where H0 and H1 are the zeroth- and first-order Struve functions. In the limiting case ‘ ¼ 0; Eq. (6) with Eq. (8a) recovers
the far-field paraxial pressure radiated by a circular piston,

qðr; h; zÞ ¼ �ip0
ka2

2z
2J1ðkar=zÞ
kar=z

; z � zR ; ‘ ¼ 0: (9)

The validity of Eq. (6) is assessed by comparison with the field calculated using the angular spectrum method,36

qðx; y; zÞ ¼ F�1xy eikzzF xy qðx; y; 0Þ½ �
n o

; (10)

where the z component of the wave vector in the paraxial approximation is

kz ¼ k�
k2x þ k2y
2k

(11)

in order for Eq. (10) to be an exact solution of Eq. (1). The forward and inverse 2D Fourier transforms F xy and F�1xy are
defined by Eqs. (25) and (26) of the companion paper,26 with Eq. (2) expressed in Cartesian coordinates as

qðx; y; 0Þ ¼ p0 circ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
=a

� �
ei‘ arctanðy=xÞ (12)

for the source function used in Eq. (10), with arctanðy=xÞ calculated using the function atan2ðy; xÞ: Equations (10) and
(11) combined are equivalent to Eq. (4). In Fig. 1, the validity of the far-field approximation z � zR is assessed by com-
paring Eqs. (6) and (10) for 0:5 � z=zR � 4 and 0 � ‘ � 4. The comparison reveals that Eq. (6) approximates the exact
solution of Eq. (1) reasonably well for z=zR ’ 2 and that convergence is achieved for z=zR � 4:

3. Focused uniform circular vortex source

To describe spherical focusing with a geometric focal length of d in the paraxial approximation, the source condition in
Eq. (2) is multiplied by expð�ikr2=2dÞ:
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qðr; h; 0Þ ¼ p0 circðr=aÞ e�ikr
2=2d ei‘h: (13)

Combining Eqs. (3) and (13) and evaluating the integral over h using Eq. (9) of the companion paper26 results in

qðr; h; zÞ ¼ �ikp0
eikr

2=2z

z
ei‘ðh�p=2Þ

ða
0
eiðka

2=2zÞð1�z=dÞr20=a2 J‘ðkrr0=zÞ r0dr0: (14)

The integral reduces to the form of Eq. (7) in the focal plane, z ¼ d; resulting in

q‘ðr; h; dÞ ¼ �ip0
d
kr2

eikr
2=2dei‘ðh�p=2ÞF‘ðkar=dÞ; (15)

where F‘ is given again by Eqs. (8) for 0 � ‘ � 4. A solution in the form of Eq. (15) in combination with Eq. (8b) was
obtained previously in optics by Sacks et al.37 for ‘ ¼ 1. In the limiting case ‘ ¼ 0; Eq. (15) reduces to

qðr; h; dÞ ¼ �ip0
ka2

2d
eikr

2=2d 2J1ðkar=dÞ
kar=d

; ‘ ¼ 0; (16)

recovering the paraxial pressure field in the focal plane of a spherically focused circular piston. Comparison with numeri-
cal solutions based on Eqs. (10) and (11), not shown here, reveals that Eq. (15) satisfies Eq. (1), with Eq. (13) expressed in
Cartesian coordinates:

qðx; y; 0Þ ¼ p0 circ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
=a

� �
e�ikðx

2þy2Þ=2dei‘arctanðy=xÞ: (17)

Limitations on the accuracy of the paraxial approximation for a focused uniform circular piston as the ratio d=a is reduced
are assessed as functions of ka and ‘ in the right column of Fig. 5 in the companion paper.26

4. Vortex ring radius

The vortex ring radius is a traditional characteristic of a vortex beam in both optics38,39 and acoustics.26,30 For unfocused
vortex beams, the ring radius is defined as the distance from the z axis to the first local maximum, whereas for focused
vortex beams, the definition of ring radius is normally restricted to the focal plane, z ¼ d:

The ring radius can be calculated by setting the r derivative of the magnitude of Eqs. (6) and (15) to zero, which
is equivalent to solving djn�1F‘ðnÞj=dn ¼ 0; where n ¼ kar=z for Eq. (6) and n ¼ kar=d for Eq. (15). Using Eq. (7) for F‘
leads to the relation40

Fig. 1. Comparison of the analytical solution of the paraxial equation in the far field given by Eq. (6) (blue lines) with the numerical solution
of the paraxial equation calculated using Eq. (10) (red lines) for the source condition given by Eq. (12) with 0 � ‘ � 4 and z=zR ¼ 0:5; 1, 2,
and 4.
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X1
k¼0

ð‘þ 2kþ 1ÞCð‘=2þ kÞ
Cð‘=2þ 2þ kÞ

J‘þ2kðnÞ � J‘þ2kþ2ðnÞ
2n

� J‘þ2kþ1ðnÞ
n2

� �
¼ 0: (18)

The roots n‘ of Eq. (18) that were found numerically are listed in Table 1 for 1 � ‘ � 10. A least-squares fit results in the
linear relation

n‘ ¼ 1:23‘þ 1:49: (19)

The relations n‘ ¼ kar‘=z for Eq. (6) and n‘ ¼ kar‘=d for Eq. (15) yield

r‘ ¼
n‘z
ka

; z � zR (20)

for the ring radius in the far field of an unfocused vortex beam described by Eq. (6) and

r‘ ¼
n‘d
ka

; z ¼ d (21)

in the focal plane of a focused vortex beam described by Eq. (15). Practical limitations of Eqs. (20) and (21) are discussed
in Sec. 5.

5. Comparisons with ray theory

Equations (20) and (21) accurately predict that the radius of the first local maximum of the magnitudes of Eqs. (6) and
(15) is a linear function of ‘: In practice, however, the position of the global maximum of the field is often of greater
interest. Ray theory is used in the companion paper26 to show that the radial position of the global maximum is a nonlin-
ear function of ‘ for both unfocused and focused vortex beams, which limits the utility of Eqs. (20) and (21).

Since the ray theory developed in the companion paper26 describes fields that in the immediate vicinity of the
source have the form p ’ p0f ðrÞei/ðr;h;zÞ; the analysis in that work can be applied to Eq. (2) by setting / ¼ ‘hþ kz:
Specification of the amplitude distribution f ðrÞ is unnecessary when considering only the geometry of the ray channels
and caustics, which is of interest here, not the pressure amplitude predicted by ray theory. For the prescribed phase /; a
paraboloidal caustic surface given by Eq. (64) of the companion paper26 predicts that the radial coordinate of the global
maximum is proportional to ‘1=2; in contrast with the linear dependence on ‘ predicted by Eq. (20) above for the radius
of the first local maximum. The nonlinear dependence on ‘ of the distance from the z axis to the global maximum is dem-
onstrated in Fig. 2, which is generated by overlaying Eqs. (62) and (64) in the companion paper26 for the ray channels
and caustics, respectively, on the amplitude of the paraxial pressure field given by Eqs. (10)–(12).

To apply the analysis in the companion paper26 to Eq. (13), / is set to �kr2=2d þ ‘hþ kz; for which the global
maximum is redistributed over the surface of a spheroidal caustic in the prefocal region given by Eq. (55) of the compan-
ion paper, and the distance from the z axis is again proportional to ‘1=2: In Fig. 3, the paraxial field corresponding to Eq.
(17) for G ¼ 10 and 20, where G ¼ ka2=2d is the focal gain, is calculated and shown together with the ray channels and
caustics given by Eqs. (40) and (55) of the companion paper,26 respectively. Figure 3 shows that while the global

Table 1. Roots n‘ of Eq. (18) for 1 � ‘ � 10:

‘ 1 2 3 4 5 6 7 8 9 10
n‘ 2.4516 3.9227 5.2620 6.5356 7.7683 8.9726 10.1559 11.3227 12.4763 13.6191

Fig. 2. Overlays of Eqs. (64) and (62) of the companion paper (Ref. 26) for the caustics (thick lines) and annular ray channels (thin lines),
respectively, on color plots for the magnitude of the paraxial field obtained from Eqs. (10) and (12) for several values of ‘: Only ray channels
emanating from the circular source occupying the region r=a � 1 are shown. The color plots are normalized such that red corresponds to the
maximum pressure amplitude in each subplot and blue corresponds to zero pressure amplitude.
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maximum conforms to a toroid in the focal plane for low ‘; it drifts out of the focal plane as ‘ increases, no longer coin-
ciding with the vortex ring radius provided by Eq. (21).

The paraxial solutions for f ðrÞ ¼ circðr=aÞ in Figs. 2 and 3 do not conform as well to the caustics as do the par-
axial solutions for the Gaussian amplitude distribution f ðrÞ ¼ e�r

2=a2 in Figs. 8 and 9 of the companion paper.26 The dis-
crepancies are due to the discontinuity of f ðrÞ ¼ circðr=aÞ at r ¼ a; which makes the effects of diffraction substantially
more prominent in the present work than in the companion paper.26 Despite the complexity of the field, the diffraction
patterns in Figs. 2 and 3 are coincident with the features of the ray channels, and the caustics are reasonable demarcations
of borders of the global maxima and shadow zones for ‘ > 0. As G is increased in Fig. 3, the diffraction and ray features
align better because increasing ka tends toward the infinite frequency limit that underlies ray theory. Although the orbital
numbers and focal gains are different for each plot in the first and third rows, the caustics and ray channels are identical
in those two rows because they are invariant for constant ‘=k (see Ref. 26), corresponding to constant ‘=G in Fig. 3.

It is noted that for the raised cosine source function mentioned two paragraphs above Eq. (62) in the companion
paper26 as a practical approximation of an infinitely wide Gaussian source function, the raised cosine should have an
upper limit of 2a instead of a.

6. Conclusion

The Fresnel diffraction integral was used to derive analytical solutions in the paraxial approximation for acoustic vortex
beams radiated by uniform circular amplitude distributions. The solutions are valid in the far field of an unfocused source
and in the focal plane of a focused source. Diffraction theory predicts that the radius of the vortex ring in these regions
increases linearly with ‘; while ray theory predicts that the distance from the beam axis to the global maximum in the field
increases nonlinearly with ‘: The analytical solutions may prove useful for investigating various features of vortex beams
radiated by circular pistons.
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