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What is an acoustic vortex beam?

Characterized by. ..
> helical wavefronts
> orbital number ¢ = number of equiphase wavefronts in L plane
> zero acoustic pressure on axis

B. T. Hefner and P. L. Marston.
J. Acoust. Soc. Am. 106 (1999),
pp. 3313-3316

C. Shietal. P. Natl. Acad. Sci. U.S.A. 114
(2017), pp. 7250-7253
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What is an acoustic vortex beam?

Used for...

> particle manipulation

> underwater communications
> therapeutic biomedical ultrasound
» sound diffusion

L. Zhang and
P. L. Marston.
Phys. Rev. E 84
(2011), pp. 1-5
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1 mm
 ———
M. E. Kelly and C. Shi. —_
JASA Express Lett. 3 S. Guo et al.
(2023), pp. 1-5 Ultrasound Med. Biol.

48 (2022),
pp. 1907-1917
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N. Jiménez,
J. -P. Groby, and
V. Romero-Garcia.
Sci. Rep. 11 (2021),
pp. 1-13
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What is an acoustic vortex beam? OTEXAS

Generated by...
> phase plates
> transducer arrays
> metasurfaces

M. E. Terzi et al. Moscow A. Marzo, M. Caleap, and
University Physics Bulletin 72 B. W. Drinkwater. Phys. Rev. Lett.
(2017), pp. 61-67 120 (2018), pp. 1-6

X. Jiang et al. Phys. Rev. Lett. 117
(2016), pp. 1-5
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Previous analytical descriptions of vortex beams M
> Bessel vortex beams are modes of the cylindrical wave equation:1

p(r,0,2,1) = pode (kyr)eCOka=wn = Lo 2 42 (1)

€0
> Gaussian vortex beams are generalizations of Gaussian beams:?
Poz _
,0,2,1) =N — (e-1)20x) = L(e+1) )2
p(r,0,z,1) = V8r (krz)X3/2@X[1 ) -1 0]
% ei[t’é)—(€+l)7r/2+kr2/21+kzz—a)t]

%(kar/z)2
1 —i(ka?/2z)(1 = z/d) "

x(r,z) =

> Fields described by Egs. (1) and (2) require infinite source conditions.
> Equation (1) implies infinite energy,’ because [ |J¢(k,r)|*rdr — oo.

> Obijective: derive solutions for vortex fields radiated by circular pistons

N. Jiménez et al. Phys. Rev. E 94 (2016), pp. 1-9.

2C. A. Gokani, M. R. Haberman, and M. F. Hamilton. J. Acoust. Soc. Am. 155 (2024),
pp. 2707-2723.

3M. R. Lapointe. Opt. Laser Technol. 24 (1992), pp. 315-321.
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Analytical solution of paraxial equation
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Paraxial equation and its integral solution
> For p = ge'%~“) and |62q/8z*| < 2k|dq/0z], V*p — c;p = 0 reduces to

9q

2k
! 0z

£V =0. (3)
> V?is the Laplacian in the plane perpendicular to the z axis.
> Equation (3) is solved by the Fresnel diffraction integral:
ik e i(k/22) [rP+r2 =2 6o—6
q(r,0,z) = e / q(ro. 0, 0)e K2 rro=2rrocosth=1 o dg
0 Jo

where ¢(ro, 0y, 0) is the prescribed pressure field in the plane z = 0.

S

R i
W)
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Vortex radiation from unfocused circular piston

» A circular vortex source condition is first considered:
q(r,6,0) = po circ(r/a)e?, (4)

where circ(x) =1 for0 < x < 1 and 0 forx > 1.
> Insertion of Eq. (4) in the Fresnel diffraction integral leads to

i(ka®[2z)r* |a® ) a
q:—ikpoe Z _el[(g_ﬂm/ el(kaz/ZZ)ré/azlg(krro/Z) rodrg.  (5)
0

> Using Watson'’s relation,* Eq. (5) reduces to
Ko a
= S0 [ gy o) ©)
< 0

for z > zg, Where zz = ka® /2 is the Rayleigh distance.

4G. N. Watson. Cambridge, UK: Cambridge University Press, 1944, Sec. 2.2, Eq. (5).
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Vortex radiation from unfocused circular piston
> Taking the integral in Eq. (6) leads to an analytical solution:

[ 40(1,6,2) = ~ipy 3¢ Py harf2), 2 2, @)

where®

Jesors1(€). (8)

T((/2) T((/2+2+k)

3 )
Fe(€) =/OJg(r)rd;=gF(f/2+1) D (£+2k+ DI(¢/2+K)
k=0

> Equation (8) equals the following closed-form expressions for 1 < £ < 4:

Fo(€) =&01(8)., t=0 (9a)
Fi(€) = Z& [Ho(6)1(€) — Hi (€)Jo(8)] . =1 (%)
F2(€) =2 - 2Jo(¢) - €01 (&), =2 (9c)
F3(¢) = [3EHo () - 8] J1(8) + [46 = F£H (O] Jo(6),  €=3  (9d)
Fi(€) =4-8J1(8) /& =412 (&) - €T3(8) . =4 (%)

5M. Abramowitz and I. A. Stegun, editors. New York: Dover Publications, 1972, Item 11.1.1.
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Verification of EqQ. (7)

> The validity of Eq. (7) is assessed by comparison to

@ TEXAS

) _ g1 jikz _ 2 2
C[(X,}, Z) - ?-x) {6 ) ﬁy[qo@y’ O)J} > kZ =k- (kx +k))/2k (10)
z/zr = 0.5 z/zr =1 z/zr =2 Z/zr =4
g 04 02 0.1
=o0s N
= 0.2 0.1 0.05 Il
= —_
0 0 0 0
) 0 G0 50 5 1020 -10 0 10 20 20 0 20
06 03 0.15 0.08
= 0.06 ~
=G 02 0.1 00 I
=02 0.1 0.05 0.02 o
0 0 0 0
5 0 0 50 5 o 20 -0 0 10 20 20 0 20
0.6 03 015
o 0.06
S04 02 1 N
= 0 0.04 I
S 02 0.1 0.05 0.02 bl
0 0 0 0
-5 0 5 410 5 0 5 0 20 -0 0 10 20 20 0 20
0.06
S 0.4 0.2 0.1
é 0.04 T
=02 0.1 0.05 0.02 .
0 0 0
5 0 5410 50 5 10 20 -0 0 10 20 20 0 20
x/a x/a X/a x/a
13/25
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Vortex radiation from focused circular piston

> To describe spherical focusing at a geometric focal length d, source
condition (4) is multiplied by exp(—ikr?/2d):

q(r,0,0) = pg circ(r/a) e /2 (11)

> An analytical solution of Eq. (3) is available at z = d:

d . .
‘ qe(r,0.d) = —ipome”“zﬂde’”“-"/2)Fe<kar/d> : (12)

where F¢(¢) is given by Eq. (8).

Source
plane

q(r 0,0) = pg circ(r/a) oil0 p—iki? [2d

t Z
\ d
A=2n/k
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Verification of Eq. (12): analytical, Fourier

Y TEXAS

G=1 G=5 G=10 G =20
10
< 04 2 4
=
= 5
= 0.2 1 2
0 0 - 0! 10 .
-0 5 0 10 2 0 2 2 -1 0 2 -1 0.5 0 0.5 1
o 3 6
£03 1.5
=02 1 2 4
>
—0.1 0.5 1 2
0 0 0 0
-0 -5 0 10 2 0 2 2 -1 0 2-1 05 0 0.5 1
03 L5 3 6
£
o2 1 2 4
o1 0.5 1 2
0 0 0 LAY L
-0 5 0 10 2 0 2 2 -1 0 2-1 05 0 0.5 1
j=1
go02 1 2 4
—
01 0.5 1 2
0 0 0 oA
0 -5 0 10 2 0 2 2 -1 0 2.1 <05 0 0.5 1
x/a x/a x/a x/a
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Vortex ring radius
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Vortex ring radius GTEXAS

The magnitudes of vortex beam fields are axisymmetric.

In the far field of Eq. (7), the field is conical.

In the geometric focal plane z = d of Eq. (12), the field forms toroidal ring.
Equations (7) and (12) can be used to find the radius of these features.

vV v vy

M. E. Terzi et al. Moscow University Physics
Bulletin 72 (2017), pp. 61-67

C. Zhou et al. J. Appl. Phys. 128 D. Baresch, J. -L. Thomas, and
(2020), pp. 1-12 R. Marchiano. Phys. Rev. Lett. 116
(2016), pp. 1-6
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Vortex ring radius GTEXAS
> Maximizing Egs. (7) and (12) in » amounts to solving

dlE Fe(6)]
dé h

where ¢ = kar/z (unfocused) and ¢ = kar/d (focused).

09

> Using Eq. (8) for F, and taking the derivative yields®

i (L4 2%+ DO/2+K) [es®) ~ ooz @) Jesrkn @] (g
4 T(/2+2+k) 26 &2
> The roots &, of Eq. (13) are fitto a line: &, = 1.23¢ + 1.49.
> Solving &¢ = kare/z and &, = kare/d for re yields
ré’:éﬁ, > 2R, (14a)
ka
= Eed , z=d. (14b)
ka

8]. S. Gradshteyn and I. M. Ryzhik. New York: Academic Press, 1980, ltem 8.471-2.
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Vortex ring radius

Comparison of roots &, (circles) with least-squares fit &, = 1.23¢ + 1.49 (line)

chiragokani@utexas.edu (ARL:UT) General Topics in Physical Acoustics: 5pPAa3 19/25


mailto:chiragokani@utexas.edu

Outline YTEXAS

Alternative approach to diffraction theory
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Alternative approach to diffraction theory

> The Rayleigh integral

ikpoCo/ giklr=rol
= - —dA 15
pir) = =5 | o) f— o (15)

is the starting-point for the study of diffraction from circular pistons.
» Equation (15) is traditionally derived from the Helmholtz-Kirchhoff integral.”
> Consider a piston placed concentrically within a tube of radius b.

7A. D. Pierce. Cham, Switzerland: Springer, 2019, Egs. (5.2.6) and (5.7.3).
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Alternative approach to diffraction theory
> The solution of the Helmholtz equation for that scenario is

p(r.0,z2) = ZA[n.]g((lgnr/b)ei(fg*‘ﬁt’nz) ,

n=1

2k F b
A, = 2kpocolto f(at’nﬂl/ ) Bon = fi2 _ 2. k= apm/b.

g,,ﬁl’n [+] (a’fn)

where ay, is the n' root of J.
> The ratio a, /b is vanishingly small except for large n, for which®

apmrnn-1/4+€/2), n>1.
> Defining { = agpa/b = yr(n—1/4+{/2) forn > 1 sets Al = wa/b:

_ ico N\ AL Fe()Je(Sr/a) kN T=(C Jka)?
P = pocolpe
e Zl L T=(g/ka)?
» As b — oo, Eq. (18) tends to
p =pocouoei[9/ Ff(g)J[(gr/a) k1= (g/k“)zdé’
0 {1 —=(L/ka)?

8]. S. Gradshteyn and I. M. Ryzhik. New York: Academic Press, 1980, Eq. (8.547).
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Alternative approach to diffraction theory

» Using Watson'’s relation® and the 2D Fourier transforms

21 poo

Fanlf(r.0)) = gk ) = / F(r6)ehr @V grqs, (20a)
0 0

271 poo
Fil (g (ko)) = F(r.0) = /0 /0 a(ky )OO a dy . (20b)

Eqg. (19) recovers the angular spectrum method,

p(r,0,2) = pocok Fop) {Fan {u-(r, 0) "< [k} . (21)
» Noting that Fop{e*"/r} = i2me® <l /k,,10 where r = \x? + 2 + 22, Eq. (21)
reduces to
ik ikr
p =P u(x,y)**e—.J (22)
2 r

> By the definition of the convolution operation, Eq. (22) recovers Eq. (15).

9G. N. Watson. Cambridge, UK: Cambridge University Press, 1944, Sec. 2.2, Eq. (5).
10 T. Brekhovskikh, translated by R. T. Beyer. Academic Press, 1980, pp. 227-234.
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Thank you for listening!
Summary

> Solved paraxial equation for planar and focused circular vortex sources
> Calculated the ring radius for both solutions
> Derived alternative theory of diffraction from circular pistons

Further reading

> “Paraxial and ray approximations of acoustic vortex beams,”
J. Acoust. Soc. Am. 155, 2707-2723 (2024).

> “Analytical solutions for acoustic vortex beam radiation from planar and
spherically focused circular pistons,” JASA Express Lett. 4, 124001 (2024).
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Symbol Description Dimensions
a source radius m

o speed of sound ms~!

d focal length m

G focusing gain ka/2d 1

i complex unit 1

Kk wavenumber m~!

14 orbital number 1

£0 ambient mass density kg m~3

p acoustic pressure kgm~!s™
q paraxial pressure kgm~

R separation vector R=r—-r’ m

r position vector m

v particle velocity ms~!

R Rayleigh distance, ka?/2 m

w angular frequency, w = 2af s !

General Topics in Physical Acoustics: 5pPAa3

Y TEXAS
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Dimensionless form of Eq. (19)

> In terms of the dimensionless parameters
P =p/pocouy, R=rla, Z=z/zg, K =ka, (23)
where z is the Rayleigh distance ka”/2, and where

ki/k=~N1-({/K)*, {=ka, (24)

Eqg. (19) becomes

o [ F QIR g
P ite ¢ KZ\1=(Z K22 g7 o5
‘ /o N=QK? ¢ @)

> Equation (25) is equivalent to and easier to evaluate than Eq. (21).
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On-axis pressure of baffled circular piston

> Equation (25) can be evaluated analytically for R = £ = 0:

P(Z) — “ Ji (g) eiK2Z\/1—({/K)2/2d§_ (26)
1-({/K)?

> Equation (26) evaluates to'"
P(Z) = =iK L p[—ix-(D)] Kip[=ix+(2)], (27)
where I,, and K, are the modified Bessel functions of order v, and where
x=(2) = 5[+ (KZ2)* = KZ/2]. (28)
> Bessel function identities reduce Eq. (27) to
P(Z) = =2isin[y_(Z)]e*+ @ | (29)

recovering the on-axis pressure radiated by a planar circular piston.'?

|, S. Gradshteyn and I. M. Ryzhik. New York: Academic Press, 1980, ltem 6.637-1.
27, D. Pierce. Cham, Switzerland: Springer, 2019, Eq. (5.7.3).
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Equation (25) for £ = 0: semi-analytical, Fourier

z/zg = 0.1 s z/zr = 0.5 z/zr =1 z2/zr =2
£15 ' 0.8 0.4
s 1 0.6
5 ! 0.4 0.2
~ i .
0 - 0 0 - 0 - ,
- - 0 5 - -
=) 1.5
ic’ | 0.8 0.4
<3 1 0.6
QL 0.4 0.2
=05 : .
= 0.5 02
0 0 0 0
-5 0 -5 0 5 5 0 -5 0 5
o5 1.5 08 04
‘-z 1 1 0.6
QL 0.4 .
E 0.5 0.5 0.2 02
T o 0 0 0
- 0 - 0 5 - 0 - 0 5
- 1.5 08
S5 E 0.4
51
S 1 0.6
§ : 05 0.4 0.2
=05 : 0.2
0 0 0 0
-5 0 -5 0 5 5 0 -5 0 5
x/a x/a x/a x/a
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Equation (25) for £ = 1: semi-analytical, Fourier

z/zr = 0.1 z/zg = 0.5 z/zg =1 z/zr =2
1.5 0.4 02 \
= 0.6
S 1
& . 0.4 02 0.1
=05
= 0.2
0 0 0 0
- (1] S - (1] 3 - [0] S - (0] 5
g 08 0.4 0.2
S 1 0.6
g 0.4 02 0.1
=05 ‘ - :
= 02
0 0 - 0
-5 0 5 -5 0 5 -5 0 5 -5 0 5
=) 0.8
s, 04 0.2
Lz 0.6
S5 0.4 0.2 0.1
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