@ TEXAS

Radiation force on inhomogeneous subwavelength
scatterers due to progressive waves

Chirag A. Gokani Michael R. Haberman Mark F. Hamilton

Applied Research Laboratories & Walker Department of Mechanical Engineering
University of Texas at Austin

188 ASA & 25" ICA Meeting
New Orleans, Louisiana

The University of Texas at Austin
Walker Department

of Mechanical Engineering
Cockrell School of Engineering

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 1/22


mailto:chiragokani@utexas.edu

Outline YTEXAS

Introduction
Westervelt’s far-field formulation
Linear scattering problem

Examples

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 2/22


mailto:chiragokani@utexas.edu

QOutline OTEXAS

Introduction

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 3/22


mailto:chiragokani@utexas.edu

Motivation

Particle manipulation of asymmetric objects
> Forces and torques due to standing waves have been investigated.
» Jerome et al.? used the Born approximation to calculate radiation force and
torque on subwavelength objects in primarily standing wave fields.
> Forces due to progressive waves have only recently garnered interest.’

T. S. Jerome.
PhD thesis. University
of Texas at Austin,
2022
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M. Smagin, I. Toftul, K. Y. Bliokh, and
M. Petrov. Phys. Rev. Appl. 22 (2024),
pp. 1-20

TE. B. Lima and G. T. Silva. J. Acoust. Soc. Am. 150 (2021), pp. 376-384.
27.S. Jerome and M. F. Hamilton. J. Acoust. Soc. Am. 150 (2021), pp. 3417-3427.

8T. Tang and L. Huang. J. Sound Vib. 532 (2022), pp. 1-19.
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Conservation of momentum at quadratic order

Y TEXAS

> Acoustic radiation force is a consequence of O(e?) momentum conservation:

og

—==V.-T

ot -
» The momentum density is

g=pv/c

> In free space, the instantaneous acoustic radiation stress tensor is
T=LI-pyveVv.

» The Lagrangian density is
2

L= lp()vz -
2 27
Zp()CO
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Westervelt’s far-field formulation

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 7/22


mailto:chiragokani@utexas.edu

@ TEXAS

Westervelt’s far-field formulation

> The volume integral of V - (T) enclosing an object is the radiation force®

_ -4
> ~
Ve ~N
Vi N
/ A \
, A r- [ v maw
| i \ ! v
[ \ n = —€r|
\ = ) = ¢ (T)-dA
\ / A A
\ /r s€, =€,
Ny - P. J. Westervelt
~ -

-~ -

> Invoking the far-field approximation and energy conservation yields

2
P
Fi = 520 1 (k)P(1 - cosyo)d. (5a)
2pocy
2
P —
F,=- OZflq)s(ks)Fem'erdQO’ dQO:rOZdAO' (5b)
2p0C0

where ®, = scattered directivity, cos ¥ = k; - k;/k%, and Q = solid angle.
5p. J. Westervelt. J. Acoust. Soc. Am. 29 (1957), pp. 26—29.
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Linear scattering problem

[FJor the calculation of the average force correct up to terms of the second
order in the velocity, it is sufficient to find the solution of the linear scattering
problem.®

Lev Petrovich Gor'kov
-

G. Boebinger, S. lordansky, D. Pines, and L. Pitaevskii.

6. P. Gorkov.

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 9/22


mailto:chiragokani@utexas.edu

QOutline OTEXAS

Linear scattering problem
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Acoustic polarizability S

A =2n/k ; : P
e V, pi(r, 1) V 2 ps(r,1)
. : a . Lo .

(a) incident acoustic waves, ka < 1 (b) scattered acoustic waves

> Polarizabilities describe the heterogeneity’s response to local fields:”

> ap relates p; & m
> o, relatesv; < d
> . relates v; & mand p; & d

> The scattered monopole strength m and dipole moment d are given by
m= =Loamp; — ical Oc - Vi, (62)
d = —icy acp;i + pooy - vi. (6b)

> Objective: Obtain a general approach to calculate o, 0., and a.,.

7C. F. Sieck, A. All, and M. R. Haberman. Phys. Rev. B. 96 (2017), pp. 1-20
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Multipole expansion to dipole order GIEXAS

https://www.reddit.com/r/pics/comment Sy
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Scattering of sound from heterogeneities
> The equation of state in heterogeneous media is®

ap’ 1 0p
=—=—-v-V . 7
ar ~2ar p(r) 7)
> The linearized mass conservation equation combined with Eq. (7) yields
ap
V.v=-— —-—. 8
v=—p- ®)
> Linearizing the momentum equation yields
ov 1
= )
ot p(r)
» Combining Egs. (8) and (9) and assuming time-harmonic solutions yields
Vo + Ko = Kfibu+ V- (25 Vha) - (10)
where the contrast factors are®
ﬁ(r) 2[p(r) - po]
file)=1- fa(r) = ————— (11)
Bo 2p(r) + po

8A. D. Pierce. 2nd edition. Woodbury, New York: Acoustical Society of America, 1989.
9L. P. Gorkov. Sov. Phys. Dokl. 6 (1962), pp. 773-775.
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Scattering of sound from heterogeneities DTEXAS
> The Helmholtz-Kirchhoff integral theorem solves Eq. (10),°

ﬁw(r) = ﬁi,w(r) +I3s,w(r) >

Poo® = [ [P - 250 (1) - Vgteley)| av..
V.Y

> The origin is defined by the centroid,

Jy, x5 dVs

0 —fvs v

(12)

fl’fZ

0P, M. Morse and K. U. Ingard. McGraw-Hill, 1968.
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Three approximations

1. If r > a, then g(r|r;) and V,g(r|r,) can be written in terms of k, = ke,:
eikr .
g(l'|l’s) = _e_lk'v.r‘v > va = _iksg . (13)
drr

2. In the long-wavelength limit ka ~ |k; - ry| < 1, so
eI ~ ] ik -y, (14)

and therefore p;(r) = poe™i™ =~ po(1 + ik; - r).
3. If fi,f> < 1, then |ps| < |pi|, and the problem becomes explicit.

k

»/ 5
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Solution of scattering problem to dipole order
> |dentifying

- / fi(rs)dvs, (15a)
a,=1 23{;2({;)) dv; = ayl, (15b)
— _k d 3f2(rx) d 1

fl (r\)rv Vs —cosyr 2+f2 (ry) rydV ( 50)

yields the scattered far field:

ikr
e 2 .
ps(r) =po—@;,  By(k,) = £ lam +iae - (e;—€,) +agcosy].  (16)

> Thus using
@, = 17 {of, + 2amaucosy + [ae - (e —e) +ajeos’y}  (17)

with Eq. (5) gives the radiation force in terms of the polarizabilities.
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Examples
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. 11 TTEXAS
Example 1: Homogeneous sphere
Ak =0.1, A, =0.1 Ak =1, A, =0.1 Ak =10, A, =0.1
Y4
S 107
i o (ka)* 10° 5
= 10°
10—10
107 10° 0> 107 10° 10> 107 10° 0’
Ag =0.1, Ap =1 A =0.1, A, =10 Ag =10, Ay =10
= 10 "
<
K 10 107 107
10” 10° 10 107 10° 10° 107 10° 10°
ka ka ka

Comparison of the polarizability formulation (42), Gor’kov’s result (43), and the exact
solution based on spherical wave expansions (44), for values of Ag = (K — Ky) /Ko and
Ay = (ps = po)/po ranging two orders of magnitude.

" The forces are normalized to Fy = p3 wa®/2pocy.
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Example 2: Homogeneous cube GTEXAS

AK:AP:O.l AK:Apzl AK:AP:IOOO
0
c;;o / 10 7 100 7
&
o107
N 5
o 10 10’5 = Fourier-Born: cube
S —— Partial wave: sphere
~ = = polarizability
ST
10 10° 10> 107 10° 10> 107 10° 10°
ka ka ka

Comparison of the radiation force given by the polarizability formulation [dashed line,

Eq. (48)] to the forces on a homogeneous cube [Eq. (52)] and sphere of equal volume [red
curves, Eq. (44)] for Ax = (K5 — Ko) /Ko and A, = (ps — po)/po ranging four orders of
magnitude. For ka < 1 in all cases, the force on the cube converges to that on the sphere.
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mailto:chiragokani@utexas.edu

Example 3: Spherically symmetric nucleated cel

1072

[ Material properties I 1
~— —~ Ds
— o~

from Wang et al.

Partial wave |}

= =Polarizability

10°

ka

12Y.Y. Wang et al. J. Appl. Phys. 122 (2017), pp. 1-6.
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Example 4: Antisymmetric inhomogeneous cube PIEKAS

Ag=A,=0.1
1 0-5 L
(=]
=
= 107"
,, ——Fourier-Born, z-incidence
4 Polarizability, z-incidence
1()'15 - , = Fourier-Born, z-incidence |1
4 Polarizability, z-incidence
10 107! 10° 10" 10°
ka
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Conclusion
Summary

> Solved linear scattering problem at O[ (ka)?] in Born approximation

> Calculated acoustic radiation force due to progressive waves on
homogeneous and inhomogeneous cubes and spheres

» Compared results to partial wave expansions and Fourier-Born scattering
Future work

» Calculate radiation torque

» Develop ray theory for calculation of high-frequency asymptote
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Symbol Description Dimensions
a characteristic size of scatterer m

co speed of sound ms~!

F force kg ms~2

i complex unit 1

k wavenumber m-!

p acoustic pressure kgm~!s=2
R separation vector, R=r —r’ m

r position vector m

v particle velocity ms~!

£0 ambient mass density kg m—3

T acoustic radiation stress tensor kg m~! s72
S instantaneous Poynting vector kg s ™3

w angular frequency, w = 2af s~!

Acoustic Radiation Force and Its Applications: 2aPAb3
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Acoustic energy densities
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> Acoustic radiation force is a consequence of the energy carried by sound.

> The exact potential and kinetic energy densities of sound are

Er=1p?,
1 |4

EU = ——— pdV,
Vo Vo

> Linearization and changes of variables'® lead to

Er = %Pov2,
2
Ey = 250c2 .
0
» The Lagrangian density is
L=E;r-Ey.

"8Noting that dV = —Vydp/poc} leads from Eq. (18b) to Eq. (19b).

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3
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Acoustic radiation stress tensor

> Neglecting viscosity, the conservation of momentum and mass require that
ov ap
—+ .V :—VP, —+V‘ =O. 21
P PV VY ey (pv) (21)

» Combining Egs. (21), rearranging, and invoking vector and tensor calculus
identities yields'#

d(pv)
ot

+V.(pv@Vv)=-VP, (22)

> Assuming that p, v, and P in Eq. (22) are time-harmonic, taking its time
average, and retaining quadratic terms yields

V-(T)=0, (T)=-KP-Py)—po({vev) (23)

> The rank-2 quantity (T) is the acoustic radiation stress tensor.

14" is the outer product: (a®b) - ¢ = (b - ¢)a.
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Mean excess pressure

> (P — Py) appearing in Eq. (23) is the “mean excess pressure.”
> Evaluating this quantity involves lots of manipulations.
> Begin by Taylor expanding in the enthalpy w:
1(0
P-Py=pw+= L) wis. .. (24)
2\ow/;,
> Manipulations and vector calculus identities reduce Eq. (24) to
)
(P—Po) = 5 = 300(7) + poC. (25)
2poc;

> CinEq. (25)is 0 in free space, defining Langevin radiation pressure.'®

15T G. Wang and C. P. Lee, “Radiation Pressure and Acoustic Levitation,” M. F. Hamilton and
D. T. Blackstock, editors. Cham, Switzerland: Springer, 2024.
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Westervelt’s far-field formulation (more detail)

> V- (T) = 0 has units of stress per unit length, i.e., force per unit volume.'®

_ -4
- ~
Ve ~N
, N
\
/ A .
! -~
I \ !
[ \ n = —€r|
\ / /
\ ;, A
\ / e, =e
Ny PRt iand P. J. Westervelt

P

> Integrating ovnghé volume within Ay but outside A gives
[ v aeman- [ v-am)av.-o. (26)
Vo Vs
Invoking Eq. (3) and the divergence theorem yields'”

F=¢ (KD -po(vav)] .. @7)
Ao

®https://acoustics.whoi.edu/oasl_colleagues.html
17p. J. Westervelt. J. Acoust. Soc. Am. 29 (1957), pp. 26-29.
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Westervelt’s far-field formulation (more detail) Flexs
> Noting that

P=DpitDs, V=Vi+Vg,
reduces Eq. (27) to

1
F=-— (psvi +pivs€, +psvser> dAy . (28)
co Ja,

» Meanwhile, the total intensity is
L= (pi +ps)(Vi + V5) = piVi + psVs + PsVi + PiVs . (29)
» Removing the scattering object, the intensity is
I=pyv;. (30)

» Equations (29) and (30) are equal by energy conservation, i.e., adding the
scattering object in free space does not add energy to the system:

PiVs +PsVi+psVs =0 = <ins + PsVi Cos Yo +psvs>dA0 =0. (31)
Ao

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 32/22
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Westervelt’s far-field formulation (more detail)
> Dotting Eqg. (28) into e; = k;/k and invoking Eq. (31) yields

1
Fi = o § (v (1 = cosg)dao. (32)
» Similar reasoning leads to the force at right angles to the incident wave:

F, = —cal (psvsre, - endAg, e€,-€=0. (33)
Ao

> Denote p = R(p) and p = p,e "
_ eikr _ 20 eikr
Ps,0 = po— Dy (k) , Vs,w = ——dy(ky), (34)
r pPoCo

where @ is the scattered directivity. Equations (32) and (33) become

2
P
Fy= ! 2 % |(Ds(ks)|2(1 — coso)dS , (35a)
2poCO
2
p _
F,=-—2 5 }{ | (k)| e - €,dQ,  dQo =ry*dAg. (35b)
2p0c0
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Why is o, = agI? RS
> Strong scattering leads to o, # aql.'®
> In the Born approximation, a.; = aql:

> The integral solution of Eq. (10) in the far field is

el
¥

kr
r

Ps,o(r) == [kz ‘/‘; f1(xs) [Pi,w (xs) +ﬁs,w(rs)]eiik“"rxdvs

. 3f2(ry) . . —ik,-
+l-/VS Tz(;_s)ks “VslPiw(rs) + Ps, o (r5)]e ks “dVs|.  (36)
> For an incident plane wave and |ps| < |p;|, Ky - Vi o (rs) < e, - €;.

> Thus the scattered dipole is oriented in the same direction as k;:

. .. 3f2(rs)
(ﬁd'et) e =€ er/“/s —2+f2(l's)

st Sl oy = ad!.

> For plane wave incidence, only when the gradient of the scattered wave is
oriented in a direction other than k; is a.; # aql.

18T, B. A. Senior. J. Acoust. Soc. Am. 53 (1973), pp. 742-747; A. D. Pierce. 2nd edition. Woodbury,
New York: Acoustical Society of America, 1989.
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Distinction from Rayleigh scattering $TEXAS
eikr 2 .
ps(r) =pOT(Ds s q)s(ks) = H[am +i10 - (e,- - e,) + @4 coS l//]

The Rayleigh limit is sometimes referred to as a quasistatic approximation.
This terminology stems from the fact that because of the small size of the
body, the phase of any long-wavelength signal will be essentially constant
over the extent of the body. This means that any complex exponential
representing a phase shift within the scattering body or on its surface may
be approximated as having unit value.'®

A. D. Pierce (left) and J. H. Ginsberg (right)
J. H. Ginsberg. Acoustics Today 11 (2015), pp. 10-16

9. H. Ginsberg. Vol. 2. Springer, 2018.
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Alternative expressions of polarizabilities

> In terms of Morse and Ingard’s contrast factors®®

nm =20 1, =1 @7)
Egs. (15) become easier to interpret:
m :/V vp(ry) dVs, (38a)
aqg = /V Yo(rs)dVs, (38b)
o. =k [/V Yo(rs)rgdV + cosw‘/V. vp(ro)rs dVS] . (38¢)

> ap =0ifyg(—1r) = —yg(r) and aq = 0 if y,(-1) = —y,(r).
> o # 0 unless both yg and y,, are even about the originr = 0.
> a. — 0forw =kcy — 0, i.e., frequency-dependent effect

20p. M. Morse and K. U. Ingard. McGraw-Hill, 1968, Eq. (8.1.11).
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Rayleigh’s comments on non-spherical scatterers VIEXAS

The results which we have obtained are based upon (14),
and are as true as the theories from which that equation was
derived. In the electromagnetic theory we have treated the
molecules as spherical continuous bodies differing from the
rest of the medium merely in the value of their dielectric
constant. If we abandon the restriction as to sphericity, the
results will be modified in a manner that cannot be precisely
defined until the shape is specified. On the whole, however, it
does not appear probable that this consideration would greatly
affect the calculation as to transparency, since the particles

must be supposed to be oriented in all directions indifferently.
But the theoretical conclusion that the light diffracted in a
direction perpendicular to the primary rays should be com-
pletely polarized may well be seriously disturbed. If the
view, suggested in the present paper, that a large part of the
light from the sky is diffracted from the molecules themselves,
be correct, the observed incomplete polarization at 90° from
the Sun may be partly due to the molecules hehaving rather
as elongated bodies with indifferent orientation than as spheres
of homogeneous material.
Lord Rayleigh.
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Comparison to prior polarizability formulations

> A procedure for finding a’s in 2D was formulated by Su and Norris,?!
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which is coordinate-dependent, FEM-based, and hard to interpret.

» Meanwhile, Sepehrirahnama’s

App =

., = ipoQ,/kco

—am/c},

polarizabilities®® are

Opy =

(X.vp =

—ipoc/co

0. /kc}

@ TEXAS

(39a)

(39b)

> Eliminating a. between Egs. (39a) and (39b) recovers —a,,,/poco = ik,
which according to Quan et al. is required to satisfy reciprocity.?®

21X, Suand A. N. Norris. Phys. Rev. B 98

(2018), pp. 1-8.

223, Sepehrirahnama, S. Oberst, Y. K. Chiang, and D. A. Powell. Phys. Rev. E 104 (2021), pp. 1-11,

Egs. (7).

231, Quan, Y. Radi, D. L. Sounas, and A. Alui. Phys. Rev. Lett. 120 (2018), pp. 1-7, Eq. (5).
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Outline YTEXAS

Example 1: Homogeneous sphere

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 39/22


mailto:chiragokani@utexas.edu

Y TEXAS

Example 1: Homogeneous sphere
> Consider a sphere of radius r = a with material properties f; and f5.
> The polarizabilities are calculated by Egs. (15):%*

4 3
m =~ fy | (40a)
dna® 3f)2
= , 40b
R I ) (40b)
a.=0. (40c)
> The angle-distribution function is formed from Egs. (16) and (40):
k2
D,(0) = —|[am +aqcosb], (41)
4r

24Equation (40c) is obtained by noting that o, = k [2+f cos() —fl] Jy, rsdVs

2r
/ / / (€yry sin O5 cos ¢ + €7 sin O sin @ + e, 75 cos Hs)rg sin 05 dry dOs d ¢
0o Jo

2
o 4
_ez§rs

2
+—ey ol

a

4 sin by
A
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COS Py
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cos 26y
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Example 1: Homogeneous sphere $TEXAS
> Inserting Egs. (41) into Eq. (5a) yields the radiation force

‘ [y = 4mdl) a* (ka)* [flz fif2 ¥s l | (42)

9co 1+f /2 4(1+f3/2)?

where p(2)/2p0c0 = pocov(z)/Z =(I).
> Gorkov’s result®® is recovered by retaining the lowest order terms in Eq. (42):

Al
F.= %f(ka)“ (ff +hifo + %ff) . (43)

> Equations (42) and (43) are compared t0®® the exact solution in terms of
spherical wave expansions:

n+1
A+ A, +2ATA * +c.c.. (44
F, = p062k2 Z (21’1 " 1)(2n " 3)( n n+l n n+])anan+] c.c (44)

35 P. Gorkov. Sov. Phys. Dokl. 6 (1962), pp. 773-775.

26y A, llinskii, E. A. Zabolotskaya, B. C. Treweek, and M. F. Hamilton. J. Acoust. Soc. Am. 144
(2018), pp. 568-576.
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Example 1: Homogeneous sphere

. Ag=0.1,A,=0.1 Ak =1, Ay =0.1 Ag =10, A, =0.1
NQO ~
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oY

N 5
o 10 4

& = (k) 107 107
[\ K=}

S

~

L,:’lo’“’

107 10° 10> 107 10° 10> 107 10° 10

— Ag=0.1, A, =1 Ag =0.1, A, =10 Ag =10, A, =10
aNO ™

5 ~=] ; 1

oY

Q

~
S 0%

[ 107 107
[ K=}

S

~

2

TS 10° 100 107 10° 10° 107 10° 10°

ka ka ka

Comparison of the polarizability formulation (42), Gor’kov’s result (43), and the exact
solution based on spherical wave expansions (44), for values of Ag = (K — Ky) /Ko and

Ay = (ps = po)/po ranging two orders of magnitude.
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Example 2: Homogeneous cube
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Example 2: Homogeneous cube GTEXAS
> A cube of side length b = a(47/3)"/ is now considered:

J1(x0,y0,20) = fi rect(xo/b) rect(yo/b) rect(zo/b) , (45a)
J2(x0, Y0, 20) = farect(xo/b) rect(yo/b) rect(zo/b) , (43b)
where
1, <1/2
rectx = |x| / (46)
0, x| > 1/2.
> Inserting Egs. (45) into Egs. (15) yields the polarizabilities
am =-bfi, (47a)
3f2/2
=p 2 47
b 2 (47b)
o.=0. (47c)
> Inserting Egs. (47) into Egs. (17) and (5a) yields the same result as before:
4nll) 5. 4|2, NS 33
F,=——a"(k + + . 48
e O U 4(1+£2)2)2 (49)
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Example 2: Homogeneous cube

> Equation (48) is compared to the force calculated using Fourier transforms in
the Born approximation but not in the subwavelength limit:”

Q(ks)_—— |70 {fi (c)e™ ™} = Fip {Bh e cosy| . (a9)

> The directivity factor is

47r k2 3
o, (kv) - 5 f(kv) ( 1’:{}2"2//22 €os 9) 4 (50)

where 0 = arctan(+/x? + y2/7) is the spherical polar coordinate, and where

Sin[(ks,x - k,',x)b/Z] Sin[(ks,y - ki,y)b/z] Sin[(ks,z - ki,z)b/z]
(ks,x - ki,x)b/2 (ks,y - ki,y)b/2 (ks,z - ki,z)b/2

» Equation (5a) provides the corresponding radiation force

(51)

f(ks) =

2 b
= [T 0 0 P - coso) sindudondss. (52)
2poc; 0

27P. M. Morse and K. U. Ingard. McGraw-Hill, 1968, Eq. (8.1.20).

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 45/22


mailto:chiragokani@utexas.edu

Y TEXAS

Example 2: Homogeneous cube

Ak =Ap=0.1 Ag=hAp=1 Ak = Ap = 1000
/

/ 10° 100 /

107 |—— Fourier-Born: cube
—— Partial wave: sphere
= =polarizability
w107
1072 10° 10> 107 10° 107 107 10° 10?
ka ka ka

Comparison of the radiation force given by the polarizability formulation [dashed line,

Eq. (48)] to the forces on a homogeneous cube [Eq. (52)] and sphere of equal volume [red
curves, Eq. (44)] for Ax = (K5 — Ko) /Ko and A, = (ps — po)/po ranging four orders of
magnitude. For ka < 1 in all cases, the force on the cube converges to that on the sphere.
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Insights on forces due to progressive waves GIEXAS

> The radiation force on the cube and sphere for ka < 1 converges to the same
value, indicating that the shape does not matter for radiation force on
subwavelength objects.

> Physical explanation: The features of the cube (like its edges and corners)
cannot be resolved for ka < 1.

> The agreement between the exact solution and Born approximation holds for
all material contrasts, indicating that the Born approximation can always
be made at low frequencies, no matter how greatly the scatterer’'s material
properties differ from those of the background medium.

> Physical explanation: The Born approximation assumes that the amplitude of the
scattered wave is much less than that of the incident wave, which is guaranteed
by the smallness of the scatterer in the ka < 1 limit.

chiragokani@utexas.edu Acoustic Radiation Force and Its Applications: 2aPAb3 47/22


mailto:chiragokani@utexas.edu

Outline YTEXAS

Example 3: Spherically symmetric nucleated cell
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Example 3: Spherically symmetric nucleated cell

> Let the inner, middle, and outer radii be a”’, a’, and a, respectively.
> Let the material properties be given by?8

> ffy forr < a”

> fl.hfora’ <r<d

> fi.fhfora’ <r<a

> Volume fractions y’ = (a’/a)® < 1 and y” = (¢’ /a’)? < 1 are introduced.

/\ps

Three-layered sphere with inner radius «’’, middle radius a’, and outer radius a.

28Y.Y. Wang et al. J. Appl. Phys. 122 (2017), pp. 1-6, Table I.
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Example 3: Spherically symmetric nucleated cell
> Insertion of the material properties in Eq. (15) yields

3 44 ’’ ’”
am = —EZE [ A0 XD) +A=x)] (53a)
_axdd [ 32 ., 352 ” 34/2
@ =751 [1+.22”/2X + T W =X+ npp(l-x )] (53b)
0. =0. (53c)
> The force is given by Egs. (53) in combination with
2 4
Py Kk ( 2 2 1 2)
= —_— — = + 3 . 54
ZPOC(% 4 Uy — 3Am@g + 3@ ( )
» Equation (54) is validated by comparison t0%°
ZZ (n+m+1)(n+m)!
Fe= poczk2 o 2n+1)(2n+3)(n—m)!
X (A, +Ap1 +2A,Ap1)a) a), | +c.c.. (55)

29C. A. Gokani, T. S. Jerome, M. R. Haberman, and M. F. Hamilton. Proc. Mtgs. Acoust. 48 (2022),
pp. 1-10.
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Example 3: Spherically symmetric nucleated cell

The forces are normalized to Fy = pira®/2pocy:

107 Material properties . st\ﬁ
from Wang et al. —~
s =
a,l >>>
o 4 /)
<10 1
~
S /1;-
pi
107 Partial wave |
= =Polarizability
107! 10"

ka
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Example 4: Antisymmetric inhomogeneous cube
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Example 4: Antisymmetric inhomogeneous cube
> An inhomogeneous cube is now considered:

Fi (k00 y0. 20) = —(2fixo/a) rect(xo/a) rectbo/a) rect(zo/a) . (56a)
fox0.30,0) = 2D () rect(yofa) rect(zofa) . (560)
- flxo/ a

> Inserting Egs. (56) into Egs. (15) for the polarizabilities yields

am =0, (57a)

ag=0, (57b)
ka*

o = 3 (fi +frcos0)e,. (57c)

> @, is given by Eq. (49), where the 3D Fourier transform is
sin[ (ks,y = ki,y)a/2] sin[ (k.- = ki.2)a/2]
(ks,y - ki,y)a/2 (ks,z — ki z)a/2

i
x m {COS[(ks,x —kiy)a/2] -

fkg) =

Sin[(ks,x - ki,x)a/z]
(ks,x - ki,)c)a/2 }
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Example 4: Antisymmetric inhomogeneous cube
» Denoting Fy = pia*/2poc}, the force in the direction of the incident wave is

f (ka)6 e . 2 .
Fo - 2 [(fi +/2 cos bp) sin 6y cos o]~ (1 — cos Op) sin b dblp depo
0 576r 0 0
(ka)®
- ‘ T |3 5 - 25| |- 59
AK = Ap ; 0.1
107

(=]

ST

R

10-15 - Fourier-Born |4
= =Polarizability
ka
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Example 4: Antisymmetric inhomogeneous cube PIEKAS

Ag=A,=0.1
1 0-5 L
(=]
=
= 107"
,, ——Fourier-Born, z-incidence
4 Polarizability, z-incidence
1()'15 - , = Fourier-Born, z-incidence |1
4 Polarizability, z-incidence
10 107! 10° 10" 10°
ka
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Example 4: Antisymmetric inhomogeneous cube
> To calculate the force in the x direction, Eq. (33) is used:*°

Fy (ka)o 27 7 - 2.2
F_() =— 57622 Jo A [(fi +/2 cos Op) sin B cos ¢ |~ sin” O cos ¢ dby dpy

-(0). (60)

> In terms of Fourier transforms, the force in the x direction is calculated by
numerically evaluating Eqg. (5b):

F 1 2 g ) )
X .
= =-= / / |D;(ky)|~ sin” 6y cos ¢o dby de - (61)
Fo as Jo Jo
Ag =0.01, A, =0.01 Agx =0.1, A, =0.01 Ag =0.01, A, =0.1
1010 " 1010
S5
=
& 1020 o« (ka)®
1020 1020
102 10° 102 10° 102 10°
ka ka ka
3¢, - (e, — e,) = —sin O cos ¢
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Example 4: Antisymmetric inhomogeneous cube YIEXAS

> Similarly, the force in the y direction is found by noting that e, - e, = sin 8 sin ¢:

F. 2
IT“V T / [(fi +f2 cosbp) sin O cos ¢0]2 sin® 6 sin ¢o dby doy
0 Vs

=0, (62)

while in terms of Fourier transforms, the force in the y direction is

F. 2
17; a2 / |®,(K,)|? sin® 6y sin b0 dBy dey . (63)
» Equation (63) numerically evaluates to zero.

> Transverse forces due to plane progressive waves are of quadrupolar and
higher order.’"

313, Sepehrirahnama, S. Oberst, Y. K. Chiang, and D. A. Powell. Phys. Rev. E 104 (2021), pp. 1-11.
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