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Electric polarizability

From The Feynman Lectures, Volume II, Ch. 31. California Institute of Technology, 1962.

chiragokani@utexas.edu 2pSAa: Acoustic Polarizability and Low-Frequency Scattering 2/19

mailto:chiragokani@utexas.edu


Electric polarizability

From The Feynman Lectures, Volume II, Ch. 31. California Institute of Technology, 1962.

chiragokani@utexas.edu 2pSAa: Acoustic Polarizability and Low-Frequency Scattering 3/19

mailto:chiragokani@utexas.edu


Acoustic polarizability

(a) incident acoustic waves, ka ≪ 1

m

(b) scattered acoustic waves

a

𝜆 = 2𝜋/k d

pi (r, t) ps (r, t)

▶ Polarizabilities describe a scatterer’s response to incident fields.1

▶ The scattered monopole strength m and dipole moment d are given by

m = −𝛽0𝛼mpi − ic−1
0 𝛂c · vi , (1a)

d = −ic−1
0 𝛂cpi + 𝜌0𝛂d · vi . (1b)

▶ No exact formulas for 𝛼m, 𝛂d, and 𝛂c in terms of material properties
▶ Approximations must be made to obtain explicit formulas.

1C. F. Sieck, A. Alù, and M. R. Haberman. Phys. Rev. B. 96 (2017), 104303.
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Closed-form expressions for acoustic polarizability
▶ Consider scatterer with material properties 𝛾𝛽 (r) = 𝛽s (r)/𝛽0 − 1 and

𝛾𝜌 (r) = 1 − 𝜌0/𝜌s (r), where 𝛽 = compressibility and 𝜌 = density.
▶ The Born and subwavelength approximations yield the scattered wave,

p̃s (r) = p0
eikr

r
Φ , Φ(ks) =

k2

4𝜋
[𝛼m + i𝛂c · (ei − er) + 𝛼dei · er] . (2)

▶ The acoustic polarizabilities appearing in Eq. (2) are

𝛼m =

∫
Vs

𝛾𝛽 (rs) dVs , 𝛼d =

∫
Vs

𝛾𝜌 (rs)dVs , (3a)

𝛂c = k
[∫

Vs

𝛾𝛽 (rs)rs dVs + ei · er

∫
Vs

𝛾𝜌 (rs)rs dVs

]
. (3b)

Vs

rs

r

ps (r, t)𝛾𝛽 , 𝛾𝜌

r − rs

0

p0eikei ·r

er
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Motivation to study waves on a string

▶ Waves on a string can elucidate acoustic radiation force.2

▶ Scattering of waves on a string is easier than acoustic scattering.3

▶ Objective: Study scattering and radiation force for waves on a string using
polarizability.

2Lord Rayleigh. Philos. Mag. 3 (1902), 338–346.
3P. M. Morse and K. U. Ingard. Princeton, New Jersey: Princeton University Press, 1968.
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Equation of motion
▶ The kinetic and potential energy densities are

T = 1
2 𝜌0 (𝜕𝜉/𝜕t)2 , U = 1

2T (𝜕𝜉/𝜕x)2 , 𝜕𝜉/𝜕x ≪ 1 . (4)

▶ Insertion of the Lagrangian L = T − U in the Euler-Lagrange equation
𝜕L
𝜕𝜉

− 𝜕

𝜕x
𝜕L
𝜕𝜉x

− 𝜕

𝜕t
𝜕L
𝜕 ¤𝜉

= 0

yields the linear wave equation,

𝜕2𝜉

𝜕x2 − 1
c2

0

𝜕2𝜉

𝜕t2
= 0 , c0 =

√︁
T/𝜌0 . (5)

𝜉

x

T

T

ds

dx

𝜃
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Momentum conservation
▶ Multiplying the wave equation [Eq. (5)] by 𝜕𝜉/𝜕x yields4

𝜕g
𝜕t

=
𝜕S
𝜕x

, (6)

where

g ≡ I/c2
0 = momentum density (7)

I = −T (𝜕𝜉/𝜕t) (𝜕𝜉/𝜕x) = intensity (8)
S ≡ L − 𝜌0 (𝜕𝜉/𝜕t)2 = radiation stress. (9)

▶ The integral form of Eq. (6) is

S(x2) − S(x1) −
d
dt

∫ x2

x1

g dx = 0 , (10)

i.e., a wave unperturbed loses no momentum in passing from x1 to x2.

4P. M. Morse and K. U. Ingard. Princeton, New Jersey: Princeton University Press, 1968,
pp. 100–106.
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Radiation force
▶ For time-harmonic solutions, ⟨ d

dt

∫ x2
x1

g dx⟩ = 0.
▶ If an object between points x1 and x2 scatters the wave, then the difference in

stress at x1 and x2 is the radiation force:

F = ⟨S(x2) − S(x1)⟩ . (11)

Quantity Waves on a string Acoustic waves
kinetic energy T = 1

2 𝜌0 (𝜕𝜉/𝜕t)2 T = 1
2 𝜌0v2

potential energy U = 1
2T (𝜕𝜉/𝜕x)2 U = 1

2p2/𝜌0c2
0

intensity I = −T (𝜕𝜉/𝜕t) (𝜕𝜉/𝜕x) I = pv
momentum dens. g = I/c2

0 g = I/c2
0

radiation stress S = L − 𝜌0 (𝜕𝜉/𝜕t)2 S = IL − 𝜌0v ⊗ v
energy cons. 𝜕I/𝜕x + 𝜕E/𝜕t = 0 ∇ · I + 𝜕E/𝜕t = 0
momentum cons. 𝜕g/𝜕t = 𝜕S/𝜕x 𝜕g/𝜕t = ∇ · S
radiation force F = ⟨S(x2) − S(x1)⟩ F =

∮
⟨S⟩ · dA
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Scattering from an extended mass on a string
▶ For 𝜉 (x, t) = Re[𝜉 (x)e−i𝜔t], the inhomogeneous Helmholtz equation is5

d2𝜉

dx2 + k2𝜉 (x) = −k2𝜇(x)𝜉 (x) , (12)

where 𝜇(x) = 𝜌s (x)/𝜌0 − 1 and 𝜌s (x) = density of scatterer.
▶ The solution of Eq. (12) is implicit:

𝜉 (x) = 𝜉i (x) + 𝜉s (x) , (13a)

𝜉s (x) = 1
2 ik

∫ a/2

−a/2
eik |x−xs |𝜇(xs)𝜉 (xs) dxs . (13b)

𝜉

𝜉

a/2−a/2

𝜉i

y

x
a/2−a/2

𝜉s

5P. M. Morse and K. U. Ingard. Princeton, New Jersey: Princeton University Press, 1968,
Eq. (4.5.11) and p. 160.
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Two approximations
1. Born: If |𝜇 | ≪ 1, then |𝜉s | ≪ |𝜉i |, making Eq. (13) explicit:

𝜉s (x) =
{

1
2 ik𝜉0e−ikx

∫ a/2
−a/2 e2ikxs𝜇(xs) dxs , x ≤ −a/2 ,

1
2 ik𝜉0eikx

∫ a/2
−a/2 𝜇(xs) dxs , x ≥ a/2 .

(14)

2. Subwavelength: Since ka ∼ |ksxs | ≪ 1, the complex exponentials in the
integrand of the first line of Eq. (14) can be Taylor expanded to linear order:

𝜉s (x) = 1
2 ik𝜉0e−ikx

∫ a/2

−a/2
(1 + 2ikxs)𝜇(xs) dxs , x ≤ −a/2

= 1
2 ik𝜉0e−ikx

[∫ a/2

−a/2
𝜇(xs) dxs + 2ik

∫ a/2

−a/2
𝜇(xs)xs dxs

]
. (15)

a

𝜆 = 2𝜋/k

𝜉i
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Scattered field in terms of polarizabilities
▶ The approximations made in Eqs. (14) and (15) yield

𝜉s (x) =
{

1
2 ik𝜉0e−ikx (𝛼0 + i𝛼1) , x ≤ −a/2
1
2 ik𝜉0eikx𝛼0 , x ≥ a/2

(16)

where the polarizabilities (dimensions of length) are

𝛼0 =

∫ a/2

−a/2
𝜇(xs) dxs

𝛼1 = 2k
∫ a/2

−a/2
𝜇(xs)xs dxs

(17a)

(17b)

▶ In quasistatic limit and/or in the absence of asymmetry, 𝛼1 → 0.
▶ Evaluating ⟨S⟩ in Eq. (11) yields the radiation force:

F = ⟨S(a/2) − S(−a/2)⟩ = 1
8T k4𝜉2

0𝛼
2
1 . (18)
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Uniform scatterer with 𝜇 = 𝜌1/𝜌0 − 1
▶ From Eqs. (17), the polarizabilities are 𝛼1 = 0 and

𝛼0 =

∫ a/2

−a/2
𝜇(xs) dxs = a𝜌1/𝜌0 .

▶ The forces normalized to to T (𝜉0/a)2 are

F = 0 (Born subwavelength)
F

T (𝜉0/a)2 = − 1
8 (ka)2 (𝜌1/𝜌0)

[
(ka)2 − sin2 ka

]
(Born)

≃ − 1
24 (𝜌1/𝜌0)

[
(ka)6 − 1

12 (ka)8] .
where 𝜌1/𝜌0 ≲ 0.4.6 To leading order, the force is negative.

𝜉

x
a/2−a/2

𝜉i

𝜉

x
a/2−a/2

𝜉s

6P. M. Morse and K. U. Ingard. Princeton, New Jersey: Princeton University Press, 1968, p. 161.
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Inhomogeneous scatterer with 𝜇(x) = (2x/a)𝜌1/𝜌0
▶ In this case, Eqs. (17) yield the polarizabilities 𝛼0 = 0 and

𝛼1 = 4(k/a) (𝜌1/𝜌0)
∫ a/2

−a/2
x2

s dxs =
1
3ka2𝜌1/𝜌0.

▶ The normalized forces are
F

T (𝜉0/a)2 = 1
72 (𝜌1/𝜌0)2 (ka)6 (Born subwavelength)

F
T (𝜉0/a)2 = 1

8 (𝜌1/𝜌0)2 (sin ka − ka cos ka)2 . (Born)

𝜉

x
a/2−a/2

𝜉i

𝜉

x
a/2−a/2

𝜉s

10-2 100 102
10-20

10-10

100

1010

F
T
(𝜉

0/
a)

2

ka

𝜌1/𝜌0 = 0.4

∝ (ka)6
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Conclusion
Summary
▶ Derived the momentum conservation equation at O(𝜉2)
▶ Solved the linear scattering problem for extended scatterers
▶ Obtained the radiation force in terms of polarizabilities
▶ Compared the results to Born scattering for two examples

Future work
▶ Radiation force due to standing waves on a string
▶ Radiation force due to progressive waves in 2D (water waves)
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