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ABSTRACT:
The acoustic radiation force exerted by plane progressive waves with wavenumber k on a scatterer of characteristic

size a is calculated in the Born approximation using Westervelt’s far-field integral [J. Acoust. Soc. Am. 29, 26–29
(1957), Eq. (2)]. In the subwavelength limit ka � 1 of the Born approximation, closed-form analytical expressions

for the radiation force are obtained in terms of acoustic polarizabilities, which represent the response of the scatterer

to dipole order. For subwavelength scatterers whose relative compressibility and density are even functions about

their centroid, Gor’kov’s O½ðkaÞ4� force [Sov. Phys. Dokl. 6, 773–775 (1962), Eq. (10)] is recovered, whereas the

radiation force on scatterers characterized by odd distributions is O½ðkaÞ6�. Radiation forces on homogeneous and

inhomogeneous spheres and cubes are considered as examples, for which the analytical expressions agree with solu-

tions based on spherical wave expansions and Fourier transforms for ka� 0:8. The present work complements the

volume integral obtained by Jerome and Hamilton [J. Acoust. Soc. Am. 150, 3417–3427 (2021), Eq. (16)] for the

radiation force exerted by standing waves in the subwavelength limit of the Born approximation.
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I. INTRODUCTION

Radiation force is the time-averaged force exerted by

waves on scatterers. The force arises because of momentum

conservation at quadratic order in the solution of the wave

equation.1 Both progressive and standing waves are capable

of exerting radiation forces, but the forces differ in their

dependence on both position and frequency.2 For plane

waves, the differences can be understood qualitatively by

noting that progressive waves carry time-averaged intensity,

whereas standing waves do not. Conversely, standing waves

form time-averaged gradients of energy, whereas progres-

sive waves do not.

Perhaps the first observation of radiation force in nature

was that exerted by progressive waves of sunlight on the

tails of comets. Chinese astronomers noted that comet tails

point away from the Sun in 66 AD,3 when the appearance of

Halley’s Comet was first accurately recorded.4 Tycho Brahe

wrote that the Great Comet of 1577 “had its tail turned

directly away from the Sun, as all other comets, those

observed many years ago by Regiomontanus, Apian,

Gemma Frisius, and Fracastoro, have also done,”5 indicating

that the phenomenon was known in the West as early as

Regiomontanus’s observation of the Great Comet of 1472.6

Johannes Kepler, who witnessed the Great Comet of 1577 at

the age of six,7 concluded following his observations of

Halley’s Comet in 1607 and the Great Comet of 1618 that

“a comet’s tail is formed by matter that the Sun’s rays chase

through their impulses outside the comet’s body.”8,9

According to Beyer, Euler explained the phenomenon by

analogy to acoustics, noting that “a sound vigorously excites

not only a vibratory motion in the air particles” but also

causes “a real motion in small, very light dust particles

which tumble in the air.”10 Forces due to progressive elec-

tromagnetic waves were subsequently described mathemati-

cally by Maxwell11 and Poynting,12,13 and the analogous

acoustical problem was described by Rayleigh.14

Interest in radiation forces exerted by standing waves

began with Kundt’s report of a powder in a tube accumulat-

ing near the nodes of a standing acoustic wave field.15

Rayleigh16 and Brillouin17 calculated forces exerted by

oscillations of a pendulum and standing waves on a string

before considering the more involved acoustical problem, as

reviewed by Beyer.10 A discussion of the history, calcula-

tion, and applications of forces exerted by standing acoustic

waves is provided by Bruus.18

Current interest in radiation forces exerted by both stand-

ing and progressive waves is largely motivated by acousto-

fluidics.19–21 Contributions by Mishra et al.,22 Jerome

et al.,23 Lima and Silva,24 and Abraham-Ekeroth et al.25 have
facilitated the calculation of forces exerted by standing waves

on asymmetric26 and/or inhomogeneous27 objects. Although

forces exerted by progressive waves have been considered

for the purpose of particle manipulation28–32 and transport

over long distances,33–35 closed-form expressions for such

forces on asymmetric and/or inhomogeneous objects remaina)Email: chiragokani@utexas.edu
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unavailable.36,37 The goal of the present work is to obtain

analytical expressions for the force exerted by progressive

waves analogous to those obtained by Jerome et al. for stand-
ing waves.23,27

Jerome et al. showed that the radiation force exerted by

a standing wave on a scatterer can be obtained by integrat-

ing differential radiation forces over the volume of a scat-

terer.23 Although radiation forces are proportional to the

squares of the total acoustic fields and therefore do not gen-

erally superpose,2 the superposition principle underlying the

integration is justified in the Born approximation, which

neglects the effects of multiple scattering.38 The Born

approximation itself requires that the scattered field be

much weaker than the incident field, a condition that is satis-

fied if the relative phase shift is small compared with an

incident wave that misses the scatterer. The same conditions

underlie the Rayleigh-Gans approximation in electromag-

netic scattering.39 The Born approximation is therefore sat-

isfied if contrasts between the material properties of the

scatterer and background medium are much smaller than

unity,40 and if the products of the relative contrasts and the

characteristic size a of the scatterer are much smaller than

the wavelength 2p=k.38,39,41 In practice, the forces calcu-

lated by Jerome et al. converge to exact solutions for ka� 1,

with a number of examples transcending that limit for suffi-

ciently weak material contrasts [e.g., Ref. 23, Fig. 1(a)].

The integral for the radiation force is calculated by

Jerome and Hamilton by noting that in standing waves, the

differential force is proportional to the scatterer’s differen-

tial volume dVs.
27 However, the approach does not apply to

progressive waves, for which the differential force is propor-

tional to ðdVsÞ2, prohibiting integration over a scatterer’s

finite volume.23 To calculate forces exerted by progressive

waves, the present work makes approximations on the same

order as those made by Jerome et al., but at different stages
of the calculation. The Born and subwavelength approxima-

tions are invoked not as justifications to superpose differen-

tial radiation forces but rather as a means to solve the linear

scattering problem.

The radiation force parallel to the unit vector ei indicat-
ing the direction of the incident wave is obtained by insert-

ing the directivity U of the scattered wave into Westervelt’s

integral,42,43

Fk ¼ p20
2q0c

2
0

þ
jUj2ð1� ei � erÞ dX; (1)

where p0 is the incident pressure amplitude, q0 is the density
of the background fluid, er is the spherical radial unit vector,
and dX is the differential solid angle, e.g., sin h dh d/ in

spherical coordinates, where h and / are the spherical polar

and azimuthal angles, respectively. The relationship

between ei and er is shown in Fig. 1 with respect to the inci-

dent progressive wave and scatterer. The speed of sound c0
in the background fluid equals 1=

ffiffiffiffiffiffiffiffiffiffi
b0q0

p
, where b0 is the

compressibility of the fluid.

Expressions for the directivity U appearing in Eq. (1)

are obtained by appealing to the Born and subwavelength

approximations in Secs. II and III, respectively. Equation (1)

is evaluated for homogeneous and inhomogeneous spheres

and cubes in Sec. IV, in which the resulting analytical

expressions for Fk are compared with solutions in terms of

spherical wave expansions and Fourier transforms.

Westervelt’s43 1957 derivation of Eq. (1) is reviewed in

Appendix A, where the final step of the derivation is clari-

fied by appealing to energy conservation, and a qualitative

derivation of Eq. (1) in terms of the scattering cross section

is provided by van de Hulst.39 Although Eq. (1) is applicable

to lossless scattering, the effect of absorption is discussed by

Westervelt43 and Zhang and Marston.44 An alternative per-

spective on Eq. (1) is provided in the framework of momen-

tum by Zhang and Marston in terms of phase shifts.45

II. FAR FIELD OF BORN APPROXIMATION

The propagation of time-harmonic acoustic waves in an

inhomogeneous medium is described by40

r2~p þ k2~p ¼ �k2cb~p þ $ � ðcq$~pÞ; (2)

where the pressure field is related to ~p by

pðr; tÞ ¼ Re ~pðrÞe�ixt
� �

; (3)

and r is the position vector, t is time, and x is the angular

frequency kc0, where k is the wavenumber. The functions cb
and cq in Eq. (2) are Morse and Ingard’s40 dimensionless

contrast factors

cbðrÞ ¼
bsðrÞ
b0

� 1; cqðrÞ ¼ 1� q0
qsðrÞ

; (4)

where bs and qs are the scatterer’s compressibility and den-

sity as functions of position within the scatterer, respec-

tively. Equations (4) are defined such that cb ¼ cq ¼ 0

outside the region occupied by the scatterer.

The integral form of the inhomogeneous Helmholtz

equation given by Eq. (2) is

~pðrÞ ¼ ~piðrÞ þ ~psðrÞ; (5)

where ~piðrÞ is the incident wave, and40

FIG. 1. Spherical radial unit vector er , incident wave unit vector ei, and
scattering angle w ¼ arccosðei � erÞ shown with respect to the incident plane
progressive wave and scatterer.
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~psðrÞ ¼
ð
k2cbðrsÞ~pðrsÞgðrjrsÞ
h

þ cqðrsÞ$s~pðrsÞ � $sgðrjrsÞ
i
dVs (6)

is the scattered wave, and

gðrjrsÞ ¼ eikjr�rsj

4pjr� rsj (7)

is the free-space Green’s function of the Helmholtz equa-

tion. Although the domain of integration of Eq. (6) is over

all space, the evaluation of Eq. (6) amounts to a volume

integral over the body of the scatterer because cb and cq
vanish beyond the scatterer’s boundary. Equations (2) and

(6) are given by Eqs. (8.1.12) and (8.1.13) of Ref. 40,

respectively, the derivations of which are reviewed in

Appendix B.

The relationship between the integration coordinate rs
and the observation coordinate r with respect to the origin

0 ¼

ð
Vs

rs dVsð
Vs

dVs

(8)

is shown in Fig. 2, where Vs denotes the region occupied by

the scatterer. The identification of the origin as the centroid

given by Eq. (8), as opposed to the center of mass, is consis-

tent with previous scattering formulations23,27,46 and is dis-

cussed further in Sec. III.

For an incident plane progressive wave ~pi ¼ p0e
iki�r,

where ki ¼ kei is the incident wave vector, the scattered

wave given by Eq. (6) reduces in the far field of the Born

approximation to

~psðrÞ ¼ p0
eikr

r
UðksÞ; (9)

where ks ¼ ker is the scattered wave vector and r ¼ jrj.
Equation (9) represents a spherically spreading scattered wave

with a directivity given by Eq. (8.1.14) of Ref. 40:

UðksÞ ¼ k2

4p
F 3D cbðrsÞeiki�rs

n oh
þ F 3D cqðrsÞeiki�rs

n o
ei � er

i
: (10)

The three-dimensional Fourier transform pair is defined

by

F 3D f ðrsÞ
� � ¼

ð
f ðrsÞe�iks�rsdVs; (11)

F�1
3D FðksÞ
� � ¼ 1

8p3

ð
FðksÞeiks�rsdWs; (12)

and dVs and dWs are differential volume elements in position

and wavenumber space, respectively, where the domains of

integration are infinite. Equations (9) and (10) follow immedi-

ately from Eq. (6) upon noting that Eq. (7) and its gradient are

given approximately by Eqs. (23) in the far field.

Evaluation of Westervelt’s integral given by Eq. (1) for

U given by Eq. (10) results in the Born approximation of the

radiation force exerted by plane progressive waves on scat-

terers of arbitrary size with respect to a wavelength.

Although Westervelt’s integral in combination with Eq. (10)

is used simply to benchmark the subwavelength limit of the

Born approximation in Sec. IV, the combination is valuable

in its own right because its evaluation is considerably sim-

pler than calculating radiation forces using partial wave

expansions or the finite element method.36,37,47 The study of

how the Born approximation beyond the subwavelength

limit compares to other methods falls beyond the scope of

the present work but may be pursued in the future.

The far-field approximation leading to the scattered

pressure given by Eq. (9) is based on the assumption that the

spherical radial field coordinate r is much larger than

the characteristic scatterer size a, allowing for the phase

kjr� rsj of the Green’s function to be approximated as

kðr � er � rs þ r2s =2rÞ, where kjrsj ¼ krs ¼ OðkaÞ. Thus for

r=a � ka, one obtains

kjr� rsj ¼ kðr � er � rsÞ: (13)

The far-field approximation is therefore always valid in the

study of scattering for ka � 1 considered in Sec. III because

the inequality r=a � ka is satisfied for r > a. The far-field

approximation is also on equal footing with Westervelt’s

integral, which requires that the scattered intensity be pro-

portional to r�2, as can be seen in Eq. (A13). The far-field

approximation as it pertains to the calculation of radiation

force does “not introduce any approximation…in the ideal-

ized case of loss-less media.”48

Conditions for the validity of the Born approximation

leading to U given by Eq. (10) are more subtle. As stated in

Sec. I, although weak material contrast (jcbj; jcqj � 1) often

satisfies the Born approximation, weak scattering may also be

achieved if the scatterer is sufficiently small (ka � 1), pro-

vided that the frequency of the incident wave is not in the prox-

imity of the resonance frequency of the scatterer.49–51 A very

small scatterer with large material contrast may therefore

FIG. 2. Geometry of scatterer of characteristic size a, volume Vs, and mate-

rial properties given by Eq. (4). The origin 0 is defined by Eq. (8) to be the

centroid of the scatterer.

3032 J. Acoust. Soc. Am. 159 (4), April 2026 Gokani et al.

https://doi.org/10.1121/10.0043002

https://doi.org/10.1121/10.0043002


satisfy the Born approximation as well as a much larger scat-

terer with sufficiently small material contrast, as discussed

in Sec. IV. The interrelated nature of the low-contrast and

low-ka conditions is summarized by Pierce, who denotes

D1 ¼ 1� q0=qðrÞ ¼ cq and D2 ¼ 1� bðrÞ=b0 ¼ �cb:
38

Although [the Born approximation] requires in general

that the scattered wave in the steady state be much

weaker than the incident wave wherever the dominant

inhomogeneities occur, no simple criteria involving

magnitudes of D1 and D2 establish the upper limits of

the approximation’s validity. It should, however, yield

a good estimate of the scattered field if jD1j � 1 and

jD2j � 1, and if the path integrals of both kjD1j and
kjD2j are small compared with unity.

The interdependence between low contrast and long

wavelength and its effect on the validity of the Born approx-

imation is evident in Fig. 1(a) of Jerome et al.,23 in which

the contrast is sufficiently weak that the radiation force pre-

dicted by the Born approximation agrees with the full

expression of the force based on spherical wave expan-

sions52 for ka ¼ Oð10Þ. A similar interdependence is

reported in Refs. 39, 41, and 53, and a more detailed discus-

sion on how the validity of the Born approximation depends

on frequency is provided in Ref. 54. For the present work, it

suffices to note that Westervelt’s integral in terms of U
given by Eq. (10) is accurate for ka > Oð1Þ only if the

sound speed within the scatterer is sufficiently close to that

of the background medium such that the cumulative error

due to propagation at a different phase speed within the scat-

terer can be neglected.

III. SUBWAVELENGTH LIMIT

The present section is devoted to obtaining the subwa-

velength limit of U given by Eq. (10), for which the Born

approximation is more broadly satisfied, and for which eval-

uation of Westervelt’s integral yields closed-form analytical

expressions. Begin by noting that jkij ¼ jksj ¼ k and

jrsj ¼ OðaÞ. The products ki � rs and ks � rs are therefore

OðkaÞ. Assuming that ka � 1 therefore warrants the expan-

sion of the complex exponentials in Eqs. (9)–(12) to linear

order as

eiki�rs ’ 1þ iki � rs; (14)

e�iks�rs ’ 1� iks � rs: (15)

Equation (10) in terms of Eqs. (11), (14), and (15) becomes

UðksÞ ¼ 1

4p

ð
k2cbðrsÞ þ ks � kicqðrsÞ
h i

� 1þ iðki � ksÞ � rs½ � dVs;

(16)

where terms proportional to ðki � rsÞðks � rsÞ ¼ O½ðkaÞ2�
have been neglected.

The retention of the linear terms in Eqs. (14) and (15)

restricts the accuracy of the scattered pressure given by

Eq. (9) combined with Eq. (16) to dipole order, as can be

shown by alternatively expressing Eq. (9) as the pressure

field scattered by a point located at the origin 0,55

~psðrÞ ¼ �k2q0c
2
0mgðrj0Þ þ ikc0d � $gðrj0Þ: (17)

The scalar m in Eq. (17) is the monopole strength, and the

vector d is the acoustic dipole moment. Equation (17) is

consistent with the dipole-order expansion of Sieck et al.
given by Eqs. (19) and (20) of Ref. 55, and a derivation of

Eq. (17) from first principles is presented in Appendix C in

the present work. Although several other conventions of

dipole-order expansions appear in the literature,38,46,56,57 the

expansion given by Eq. (17) is conducive to the present

study because it can be interpreted as the Born approxima-

tion for a point scatterer of the exact scattered field given by

Eq. (6). The relationship between Eqs. (6) and (17) is remi-

niscent of the relationship between the full radiation force

exerted by a standing wave on a compressible sphere and its

point scattering approximation, given by Eqs. (3) and (6),

respectively, of Jerome et al.23 Monopolar and dipolar fields

were discussed previously in the context of radiation force

by Fan and Zhang,58 whose analysis is based on the phase-

shift-related expressions developed by Zhang and

Marston,45 and by Sepehrirahnama et al.,59–61 whose results
are discussed at the end of the present section.

The monopole strength and dipole moment appearing in

Eq. (17) are related to the incident pressure and fluid veloc-

ity fields by acoustic polarizabilities, which represent the

combined influence of the geometry and composition of a

scatterer in the long-wavelength limit. The concept of

polarizability originated in electromagnetism,62–64 and an

accessible introduction to the use of polarizability in

subwavelength electromagnetic scattering is provided on

pp. 63–65 of Ref. 39. Polarizability was introduced in acous-

tics by Senior65 to describe scattering in the static limit, for

which the Helmholtz equation reduces to the Laplace equa-

tion. Acoustic polarizabilities have since been discussed in

Refs. 38, 55–57, and 59–61, and a recent review of the use

of acoustic polarizability in the study of subwavelength scat-

tering is provided by Lawrence.66 The present work

employs the coupled linear equations

m ¼ �b0am~pi � ic�1
0 ac � ~ui; (18)

d ¼ �ic�1
0 ac~pi þ q0ad � ~ui (19)

introduced by Sieck et al.,55 where the volumetric quanti-

ties am, ad, and ac are the monopolar, dipolar, and coupled

polarizabilities, respectively. The monopolar polarizabil-

ity am is a scalar that linearly relates a time-harmonic

incident pressure field to the monopole strength of the

scattered field, as shown in Fig. 3(a). The dipolar polariz-

ability ad is a rank-2 tensor that relates a time-harmonic

incident velocity field to the dipole moment of the
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scattered field, as shown in Fig. 3(b). The coupled polariz-

ability ac is a vector representing the asymmetry of the

scatterer that relates the incident pressure and velocity

fields to the dipole moment and monopole strength,

respectively, as shown in Figs. 3(c) and 3(d).

Because incident plane waves consist of both time-

harmonic pressure and velocity fields,67 the field scattered

by a subwavelength object generally includes contributions

from am, ad, and ac, as shown in Fig. 4. Since the incident

field equals ~pi ¼ p0e
iki�r, the incident pressure and velocity

fields at r ¼ 0 are

~pi ¼ p0; ~ui ¼ kip0=kq0c0; (20)

where the second equation is obtained by inserting ~pi into
the time-harmonic form of the linearized momentum equa-

tion ~uiðrÞ ¼ $~piðrÞ=ikq0c0. In terms of Eq. (20), the mono-

pole strength and dipole moment defined by Eqs. (18) and

(19) become

m ¼ �b0amp0 � iac � kip0=kq0c20; (21)

d ¼ �iacp0=c0 þ ad � kip0=kc0: (22)

The far-field limit of the scattered pressure given by

Eq. (17) is obtained by noting from Eq. (13) that

gðrjrsÞ ’ eikr

4pr
e�iks�rs ; $sg ’ �iksg (23)

for r � a, yielding

~psðrÞ ¼
eikr

4pr
ð�k2q0c

2
0mþ kc0d � ksÞ: (24)

Insertion of Eqs. (21) and (22) into Eq. (24) and combina-

tion with the far field of the scattered pressure given by

Eq. (9) yields

UðksÞ ¼ k2

4p
am þ iac � ðei � erÞ þ er � ad � ei
� �

: (25)

Comparing Eq. (25) with U given by Eq. (16) identifies

am ¼
ð
cbðrsÞ dVs; (26)

ad ¼ I

ð
cqðrsÞ dVs ¼ Iad; (27)

ac ¼ k

ð
cbðrsÞrs dVs þ ei � er

ð
cqðrsÞrs dVs

� �
; (28)

where I is the identity tensor. The radiation force exerted by

plane progressive waves on subwavelength scatterers satis-

fying the Born approximation is obtained by evaluating

Westervelt’s integral given by Eq. (1) for

jUj2 ¼ k4

16p2
fa2m þ 2amad coswþ a2d cos

2w

þ ac � ðei � erÞ½ �2g; (29)

where ei � er ¼ cosw, as shown in Fig. 1. In the special case

that ac ¼ 0, Westervelt’s integral reduces to

Fk ¼ p20
2q0c

2
0

k4

4p
a2m � 2

3
amad þ 1

3
a2d

	 

; (30)

a result that is compared with solutions based on spherical wave

expansions and Fourier transforms in Sec. IV. In such cases,

perpendicular components of the radiation force vanish, as can

be seen by inserting jUj2 given by Eq. (29) for ac ¼ 0 into43

F? ¼ � p20
2q0c

2
0

þ
jUj2 em � er dX; (31)

where em is a unit vector perpendicular to ei. For ac ¼ 0,
Eq. (30) therefore equals the magnitude of the total radiation

force F exerted by progressive waves.

FIG. 3. Field scattered by a homogeneous subwavelength object insonified

by a time-harmonic incident (a) pressure field and (b) velocity field, yield-

ing monopole and dipole scattered fields, respectively, proportional to the

contrast in material properties and represented by the polarizabilities am
and ad. This is shown in contrast to the field scattered by an inhomogeneous

subwavelength scatterer with an antisymmetric property distribution insoni-

fied by a time-harmonic incident (c) pressure field and (d) velocity field,

yielding dipole and monopole scattered fields, respectively, and represented

by the coupled polarizability vector ac.

FIG. 4. (a) Incident plane progressive waves consist of both time-harmonic pres-

sure and velocity fields given by ~p i ¼ p0e
iki �r and ~u iðrÞ ¼ p0kie

iki �r=kq0c0,
respectively. (b) The monopole, dipole, and coupling polarizabilities defined by

Eqs. (18) and (19) therefore contribute to the scattered fields.
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The far field of the scattered pressure given by Eq. (9)

combined with U given by Eq. (25) is to leading order pro-

portional to ðkaÞ2, a result that is consistent with Rayleigh

scattering.68,69 If Eqs. (14) and (15) were instead approxi-

mated to zeroth order as eiki�rs ’ eiks�rs ’ 1, then the quantity

iðki � ksÞ � rs would not appear in U given by Eq. (16),

which when combined with Eq. (9) would reduce to Morse

and Ingard’s Eq. (8.1.21)40 and Ginsberg’s Eq. (12.3.1):46

~psðrÞ ¼ p0k
2 e

ikr

4pr
ðam þ adei � erÞ: (32)

The electromagnetic analog of Eq. (32) was originally

obtained by Rayleigh to explain why the sky is blue.70 Since

Eq. (32) is based on the assumption that “the phase of any

long-wavelength signal will be essentially constant over the

extent of the body,”46 it does not account for the effect of a

scatterer’s material asymmetry.

The present work generalizes Rayleigh scattering by

approximating the phase over the body to linear order.

Previous generalizations of Rayleigh scattering include

leading-order corrections by Marston71 to study scattering

from and radiation forces on spheres in progressive wave

fields. Marston also developed expansions in powers of ka
to describe acoustic radiation forces exerted by standing

waves on spheres.72,73 Background concerning these expan-

sions is provided in Refs. 74 and 75. Expansions in powers

of ka were also considered by Stevenson for electromagnetic

scattering problems.76

The fact that ad given by Eq. (27) is proportional to the

identity tensor reflects the fact that “the dipole is aligned in

the direction of the incident wave”46 in the Born approxima-

tion. The same result was reported by Marston for scattering

of evanescent incident waves from an infinite fluid cylin-

der.77 Had the Born approximation not been made, the sec-

ond term of the integrand of Eq. (6) would be proportional

to ks � $s½~piðrsÞ þ ~psðrsÞ� in the far field, revealing for plane

wave incidence (~pi ¼ p0e
iki�r) that ad 6¼ adI only when the

gradient of the scattered pressure is oriented in a direction

other than ki. Because ~ps is neglected altogether in the Born

approximation, the quantity ks � $s~piðrsÞ is proportional to

er � ei, comparison of which to the last term of U given by

Eq. (25) shows that ad is proportional to the identity tensor.

References 78, 65, 79, 38 and 46 provide methods of obtain-

ing matrix representations of ad 6¼ adI when the scatterer

does not satisfy the Born approximation. Cases in which

ad 6¼ adI are also encountered in anisotropic subwavelength

structures,57,80,81 although resonance effects preclude such

structures from being studied in the Born approximation.82

The coupled polarizability given by Eq. (28) differs in

several ways from am and ad given by Eqs. (26) and (27),

respectively. For one thing, ac is proportional to the wave-

number k ¼ x=c0, suggesting that it arises because of a

dynamic effect.55,83,84 The factor of k in ac combined with

the factor of �i in Eqs. (18) and (19) forms the product

�ik ¼ �ix=c0, which is suggestive of the time derivative of

a harmonic quantity. Equations (18) and (19) therefore

suggest that the coupled polarizability relates pressure to

acceleration @u=@t, not velocity itself, an interpretation that

is consistent with the time-domain form of the macroscopic

Willis constitutive relations expressed by Sieck et al.55

When combined with the far field of the scattered pressure

given by Eqs. (9) and (25), the coupled polarizability there-

fore contributes to the scattered field at O½ðkaÞ3� rather than
at O½ðkaÞ2�, as in the case for scattering associated with am
and ad. Because the polarizabilities appear in jUj2 in qua-

dratic combinations, it is anticipated that a2m and a2d contrib-
ute to Westervelt’s integral at O½ðkaÞ4�, whereas jacj2
contributes at O½ðkaÞ6�, as will be shown in Sec. IV.

Another difference between ac and the monopole and

dipole polarizabilities is that the volume integrals in

Eq. (28) for ac are taken not over the contrast factors but

over their moments, cbðrsÞrs and cqðrsÞrs, indicating that ac
vanishes if cbðrsÞ ¼ cbð�rsÞ and cqðrsÞ ¼ cqð�rsÞ over a

symmetric domain. The form of Eq. (28) indicates that ac is

nonzero when the contrast factors are not even functions

of rs.
Finally, it is noted that although Eqs. (26)–(28) are

independent of coordinate systems, Eq. (28) does depend on

the choice of the origin. The origin 0 is defined by Eq. (8) to

be the centroid of the scatterer because it is desired that ac
be “nonzero when the inhomogeneity has some form of

asymmetry.”55 The use of the centroid as the origin is con-

sistent with previous studies of radiation force27 and Willis

coupling.55 The relationship between the choice of the ori-

gin and the uniqueness of dynamic homogenization schemes

is discussed in Refs. 85 and 86.

Expressions of acoustic polarizabilities that depend

explicitly on material properties are generally unavailable

without relying on approximations like those leading to

Eqs. (26)–(28). Previous polarizability formulations are

based on inverse scattering, in which the polarizabilities are

expressed in terms of scattered fields.55–57,80 Although such

formulations can account for resonant phenomena and strong

scattering, their generality comes at the expense of simplicity

and physical insight. An appreciation of the complexity of

previous studies of acoustic polarizability can be gained

by inspecting Eq. (16) of Ref. 56, which itself is based on

a formulation that is “significantly simpler than that of

[Ref. 57].”56 In contrast, the present work provides expres-

sions for the scattered field in terms of acoustic polarizabilities,

which are calculated by integrating the material properties

over the volume of the scatterer. The simplicity of the present

formulation is due to the far-field and Born approximations,

which limit the generality of the present work.

Sepehrirahnama et al.59–61 employed the inverse scat-

tering formulation of the acoustic polarizabilities derived by

Quan et al.57 to calculate the radiation force exerted by both

standing and progressive waves on subwavelength scatter-

ers. The present work provides a solution of the correspond-

ing forward problem for the radiation force exerted by

progressive waves, although the results presented here differ

from those reported by Sepehrirahnama et al. The discrep-

ancy appears to result from the claim that “the primary
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radiation force acting on a scatterer corresponds to the

incident-scattering portion of the time-averaged radiation

stresses,”59 an assumption that is often made in the calcula-

tion of radiation force exerted by standing waves.2,18 Forces

due to progressive waves, however, are given in terms of the

intensity of the scattered wave,42,43 as noted by Gor’kov:2

The magnitude of the average force in a standing wave

is larger than in a plane running wave. In the former

case, in the quadratic expression for the force there are

also important contributions from the interference terms

between the incident and scattered waves, whereas for a

running wave the magnitude of the momentum

imparted to the particle by the waves is determined only

by the momentum carried away by the scattered wave.

A comparison of the present formulation with that of

Sepehrirahnama et al. may be discussed in future work.

IV. EXAMPLES

Westervelt’s integral given by Eq. (1) is now evaluated

in terms of Eqs. (25)–(28) for homogeneous and inhomoge-

neous spheres and cubes. Although Morse and Ingard’s con-

trast factors given by Eqs. (4) are convenient for the

analysis in Secs. II and III, studies of acoustic radiation force

more frequently describe the material properties of scatter-

ers in terms of Gor’kov’s contrast factors2,27

fbðrÞ ¼ 1� bsðrÞ
b0

; fqðrÞ ¼ 2 qsðrÞ � q0½ �
2qsðrÞ þ q0

; (33)

which are related to Eq. (4) through

fb ¼ �cb; fq ¼ 2cq
3� cq

; (34)

and therefore cb ¼ �fb and cq ¼ 3fq=ð2þ fqÞ. Gor’kov’s

contrast factors are used below for ease of comparison with

previous studies.2,23,40,87

The radiation force is normalized by

F0 ¼
p20Ak
2q0c

2
0

; (35)

where Ak is the cross-sectional area of the scatterer encoun-

tered by the incident wave. The incident wave is chosen to

be oriented in the z direction, so Fk ¼ Fz, and the dot prod-

uct ei � er appearing in Eqs. (1), (25), and (28) equals

ez � er ¼ cos h, where h is the spherical polar angle.

A. Homogeneous sphere

Considered first is the radiation force on a homogeneous

compressible sphere of radius a whose material properties

are given by fb ¼ f1 and fq ¼ f2, as defined by Eq. (33).

According to Eqs. (26)–(28), the polarizabilities are

am ¼ � 4

3
pa3f1; ad ¼ 4

3
pa3

3f2=2

1þ f2=2
; (36)

and ac ¼ 0, where the coupled polarizability is calculated in

spherical coordinates ðr; h;/Þ by noting that rs in Eq. (28)

equals rsðex sin hs cos/s þ ey sin hs sin/s þ ez cos hsÞ.63
Inserting Eqs. (36) into Fk given by Eq. (30) yields the radi-

ation force in the z direction,

Fz

F0

¼ 4

9
ðkaÞ4 f 21 þ f1f2

1þ f2=2
þ 3f 22
4ð1þ f 22 =2Þ2

" #
; (37)

where it has been noted that Ak ¼ pa2.
The radiation force on a small sphere due to progressive

waves was previously obtained by Gor’kov.2 Gor’kov’s

result is recovered from Eq. (37) by noting that the Born

approximation underlying Eq. (37) is satisfied if f1 and f2 are
much less than unity,23 warranting the binomial expansion

of the denominators of the terms in square brackets of

Eq. (37):

f1f2
1þ f2=2

’ f1f2ð1� f2=2Þ;

3f 22
4ð1þ f 22 =2Þ2

’ 3

4
f 22 ð1� f 22 Þ:

The Born approximation therefore justifies retaining only

the quadratic order of the contrast factors in Eq. (37),

yielding

Fz ¼ 4phIi
9c0

a2ðkaÞ4 f 21 þ f1f2 þ 3

4
f 22

	 

; (38)

where hIi ¼ p20=2q0c0 ¼ q0c0u
2
0=2 is the time-averaged

intensity of the incident wave.67 Equation (38) recovers

Gor’kov’s Eq. (10).2

The validity of Eqs. (37) and (38) is assessed by com-

parison to the full expression for the radiation force on a

homogeneous compressible sphere in terms of spherical

wave expansions provided by Refs. 23, 52, and 88. The inci-

dent and scattered waves are expressed in terms of the

eigenfunctions of the axisymmetric Helmholtz equation in

spherical coordinates,

~pi ¼
X1
n¼0

anjnðkrÞPnðcos hÞ; (39)

~ps ¼
X1
n¼0

Ananh
ð1Þ
n ðkrÞPnðcos hÞ; (40)

where jn are the spherical Bessel functions, hð1Þn are the

spherical Hankel functions of the first kind, and Pn are the

Legendre polynomials. The coefficient an ¼ inð2nþ 1Þ cor-
responds to the incident plane wave,89 whereas An corre-

sponds to the scattered wave and is determined by satisfying

the continuity of pressure and normal fluid velocity at
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r ¼ a.90 The radiation force is given by Eq. (3) of Jerome

et al.,23 the normalized form of which is

Fz

F0

¼ Re

"
4i

ðkaÞ2
X1
n¼0

nþ 1

ð2nþ 1Þð2nþ 3Þ

� ðA�
n þ Anþ1 þ 2A�

nAnþ1Þa�nanþ1

#
: (41)

Equations (37), (38), and (41) are compared for six

combinations of contrast factors in Fig. 5. The numerical

evaluation of the summation in Eq. (41) is truncated to the

first 70 terms, which is sufficient for convergence of the

summation to ka ’ 90. To aid the characterization of the

material properties, the dimensionless quantities

DK ¼ ðKs � K0Þ=K0; Dq ¼ ðqs � q0Þ=q0 (42)

introduced by Jerome et al.23 are used, where Ks ¼ 1=bs and
K0 ¼ 1=b0 are the bulk moduli of the sphere and the back-

ground medium, respectively. Equation (42) is related to f1
and f2 by

f1 ¼ DK

1þ DK
; f2 ¼ Dq

1þ 2
3
Dq

; (43)

which show that the low-contrast condition jf1j; jf2j � 1 is

equivalent to jDKj; jDqj � 1, for which Eq. (43) becomes

f1 ’ DK and f2 ’ Dq.

The solid black lines in Fig. 5 show that neglecting

terms of cubic order and higher in the contrast factors leads

to error for cases in which the contrast in density is much

greater than the contrast in bulk modulus (Dq=DK � 1). In

such cases, Gor’kov’s result given by Eq. (38) over-predicts

the radiation force. The polarizability-based formulation

given by Eq. (37), represented by the dashed red curves,

recovers the subwavelength limit of the full solution given

by Eq. (41) for all combinations of DK and Dq considered.

The accuracy of the polarizability-based formulation

for cases in which the material contrast is large reflects the

fact that the Born approximation holds if the scatterer is suf-

ficiently smaller than a wavelength. The same observation

was made by Jerome et al. regarding the Born approxima-

tion of radiation forces exerted by standing waves,23 as men-

tioned in Secs. I and II. In the present work, the Born

approximation holds for sufficiently low values of ka
because in the absence of resonance, the smallness of the

scatterer with respect to a wavelength guarantees that the

magnitude of the scattered field is much weaker than that of

the incident field, allowing ~ps to be neglected in Eq. (6). The

Born approximation of Jerome et al.23 is satisfied for low ka
because the volume of integration converges to a point as ka
tends to zero, and the integral for the radiation force con-

verges to the value of the integrand at that point. Because

the integrand given by Eq. (7) of Jerome et al.23 is derived
from the small particle limit of the full solution given by

Eq. (41), the Born approximation of the radiation force

exerted by standing waves converges to the full expression

for ka � 1 regardless of material contrast. More insight into

scattering from small totally reflective spheres is provided on

pp. 158–161 of Ref. 39.

Although the focus of the present work is the study of

radiation force in the subwavelength regime, an explanation

is owed to why the high-frequency asymptote of the radia-

tion force on a rigid sphere is Fz ¼ F0, as suggested by the

solid blue curve in the bottom-right plot in Fig. 5. The high-

frequency asymptote of the force can be calculated by con-

sidering the limit ka � 1 of the time-averaged scattered

intensity from a rigid sphere, given by the second of Morse

and Ingard’s Eq. (8.2.3).40 From Eq. (A13), the correspond-

ing magnitude squared of the scattered directivity is

jUj2 ¼ 1

4
a2 1þ cot2ðh=2ÞJ21ðka sin hÞ
� �

; ka � 1; (44)

where J1 is the cylindrical Bessel function of order 1.

Inserting Eq. (44) into Westervelt’s integral yields

FIG. 5. Comparison of the polarizability-

based formulation given by Eq. (37)

(dashed red lines), Gor’kov’s result for

the radiation force on a sphere given by

Eq. (38) (solid black lines), the full

expression for the radiation force on a

sphere given by Eq. (41) (solid blue

curves), and the radiation force on a cube

having the same volume and material

properties as the sphere given by Eq. (51)

(solid green curves) as a function of ka.
The contrasts DK ¼ ðKs � K0Þ=K0 and

Dq ¼ ðqs � q0Þ=q0 range two orders of

magnitude, where the top-left plot corre-

sponds to a scatterer with weak material

contrast and the bottom-right plot approx-

imates a rigid scatterer.
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Fz ¼ p20
2q0c

2
0

ð2pa2 � pa2Þ ¼ F0; ka � 1; (45)

where
Þ jUj2dX is given by the last of Morse and Ingard’s

Eqs. (8.2.3),40 and � Þ jUj2ei � er dX is calculated numeri-

cally. Equation (45) was obtained previously by

Marston,91 and form functions for ka ¼ 15 are shown in

Fig. 2 of Ref. 92. An alternative calculation of the same

result from the perspective of ray theory was obtained by

Marston et al.93,94

B. Homogeneous cube

Considered next is the radiation force on a homoge-

neous cube whose volume and material properties are equal

to those of the homogeneous sphere considered above. The

side length of the cube is therefore b ¼ að4p=3Þ1=3. The
polarizabilities given by Eqs. (26)–(28) are evaluated in

Cartesian coordinates, where the domain of integration is

jxsj 	 b=2; jysj 	 b=2; jzsj 	 b=2; (46)

yielding

am ¼ �b3f1; ad ¼ b3
3f2=2

1þ f2=2
; (47)

and ac ¼ 0. Inserting Eqs. (47) into Fk given by Eq. (30)

and writing the result in terms of a again yields Eq. (37).

Assessing whether Eq. (37) accurately predicts the radi-

ation force on a homogeneous subwavelength cube is chal-

lenging because no analytical expressions analogous to

Eq. (41) are available for cubes.95 Although approximations

for the field scattered by a homogeneous cube have been

derived using the anomalous diffraction approximation,96,97

such solutions are restricted to ka � 1. It is possible, however,

to calculate the radiation force in the far field of the Born

approximation by inserting U given by Eq. (10) (which holds

for all ka) into Westervelt’s integral. Comparing the result

with Eq. (37) allows for the validity of the subwavelength

approximation underlying Eq. (37) to be assessed, although

the comparison does not account for the error associated with

large material contrasts and resonances. Scattering from rigid

cubes is discussed in a recent publication by Ospel.98

Evaluating Eq. (10) over the domain given by Eq. (46)

yields

UðksÞ ¼ 1

3
k2a3f ðksÞ �f1 þ 3f2=2

1þ f2=2
cos h

	 

; (48)

f ðksÞ ¼
Y3
j¼1

sin ðksj � kijÞb=2
� �
ðksj � kijÞb=2 ; (49)

where j ¼ 1; 2; and 3, represent x; y; and z, respectively, and
where the three-dimensional (3D) Fourier transform in Eq. (10)

has been evaluated using the shifting property,99

F 3D f ðx;y;zÞeiðaxþbyþczÞ� �
¼Fðksx�a;ksy�b;ksz�cÞ: (50)

Westervelt’s integral therefore equals

Fz

F0

¼
ð2p
0

ðp
0

jUðh;/Þ=aj2ð1� cos hÞ sin h dh d/; (51)

where U is given by Eq. (48). Equation (51) is evaluated

numerically and is plotted as the solid green curves in Fig. 5,

where it is compared with the polarizability-based force

given by Eq. (37) and the full expression of the force on a

sphere having the same volume and material properties given

by Eq. (41).

The coincidence of the dashed red curves representing

Eq. (37) with the solid green curves representing Eq. (51)

for ka � 1 in Fig. 5 demonstrates the validity of the subwa-

velength approximation leading to the polarizabilities given

by Eqs. (25)–(28). The coincidence of the solid green curves

with the solid blue curves representing the full expression of

the force on a sphere of equal volume and material proper-

ties shows that “geometric details that are much smaller

than the wavelength are unimportant,”46 i.e., the edges and

corners of the cube that distinguish it from the sphere cannot

be resolved for ka � 1. The coincidence of the green and

blue curves in Fig. 5 also shows that the Born approximation

leading to Eq. (10) is satisfied if ka is sufficiently small

regardless of material contrast, as discussed in Sec. II.

C. Three-layered sphere

Attention is now turned to radiation forces exerted by

plane progressive waves on inhomogeneous objects. A

three-layered sphere is considered because such objects

have previously been used to model radiation forces exerted

by standing waves on eukaryotic cells.27,87,100,101 The inner,

middle, and outer radii are denoted by a00, a0, and a, respec-
tively, as shown in the inset of Fig. 6.

The contrast factors fb and fq are given by f 001 and f 002 for

r 	 a00, f 01 and f 02 for a00 < r 	 a0, and f1 and f2 for

a0 < r 	 a, respectively, where the numerical values of the

FIG. 6. Comparison of the polarizability-based formulation given by Eq. (30)

in terms of Eqs. (52) and (53) (dashed red line) and the full expression based

on spherical wave expansions (Ref. 101) (solid blue curve) for the radiation

force on a three-layered sphere as a function of ka, where the dimensions and

material properties are provided in Table I of Wang et al. (Ref. 87).
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parameters are provided in Table I of Refs. 87 and 101.

Evaluating Eqs. (26)–(28) in this case yields

am ¼ � 4

3
pa3 f 001 v

00 þ f 01ðv0 � v00Þ þ f1ð1� v0Þ� �
; (52)

ad ¼ 4

3
pa3

3f 002 =2
1þ f 002 =2

v00 þ 3f 02=2
1þ f 02=2

ðv0 � v00Þ
"

þ 3f2=2

1þ f2=2
ð1� v0Þ

#
; (53)

and ac ¼ 0, where v0 ¼ ða0=aÞ3 and v00 ¼ ða00=aÞ3 are the

volume fractions of the regions enclosed by the middle and

inner radii, respectively. Equations (52) and (53) in combi-

nation with Eq. (30) for Fk yields the Born approximation of

the radiation force, which is compared with the full expres-

sion given by Eq. (10) of Ref. 101.

Equation (30) and the full expression are normalized by

Eq. (35) for Ak ¼ pa2 and are compared in Fig. 6. The

agreement between the polarizability-based formulation and

the full expression for ka � 1 shows that the present formu-

lation accurately predicts forces exerted by progressive

waves on subwavelength scatterers with segmented inhomo-

geneities that satisfy the Born approximation.

An analysis that includes resonance effects of concen-

tric fluid spheres in standing wave fields was provided

recently by Marston.75

D. Inhomogeneous cube

Finally, an inhomogeneous cube of side length a
whose material properties are given by fb ¼ �2f1xs=a and

fq ¼ 4f2ðxs=aÞ=ð3� 2f2xs=aÞ is considered. The material

properties are chosen such that Eqs. (26)–(28) yield

am ¼ ad ¼ 0 but ac 6¼ 0, as shown below, allowing for the

effect of the coupled polarizability on the radiation force

to be studied independently of the monopole and dipole

polarizabilities. The radiation force in the direction of the

incident wave is calculated for two incident-wave orienta-

tions: ei ¼ ez and ei ¼ ex.

1. Incident wave in z direction

The incident wave oriented in the z direction is

described by setting ei ¼ ez, for which Eq. (28) in terms of

the material properties defined above yields

ac ¼ 1

6
ka4ðf1 þ f2 cos hÞex: (54)

Equation (54) is inserted into U given by Eq. (25), which is

in turn inserted into Eq. (1) for the radiation force in the

direction of the incident wave, yielding

Fz

F0

¼ ðkaÞ6
432p

f 21 þ 1

5
ðf 22 � 2f1f2Þ

� �
: (55)

As anticipated in Sec. III, jacj2 contributes to the radiation

force at O½ðkaÞ6�.
Equation (55) is compared in Fig. 7 with the force pre-

dicted in the far field of the Born approximation given by

Eq. (51), where U given by Eq. (10) yields

UðksÞ ¼ k2a3

4p
f ðksÞ f1 þ f2 cos hð Þ; (56)

f ðksÞ ¼ cos ðksx � kixÞa=2½ � � sin ðksx � kixÞa=2½ �
ðksx � kixÞa=2

� �

� i

ðksx � kixÞa=2
Y3
j¼2

sin ðksj � kijÞa=2
� �
ðksj � kijÞa=2 ;

(57)

where kiz ¼ k and kix ¼ kiy ¼ 0. The contrast factors f1 ¼ 0:5
(DK ¼ 1) and f2 ¼ 0:094 (Dq ¼ 0:1) are used for the compari-

son. The agreement for ka � 1 between the dashed light blue

lines representing Eq. (55) and the solid blue curves represent-

ing the numerical evaluation of Eq. (51) in terms of Eq. (56)

demonstrates that the present formulation accurately predicts

the radiation force due to progressive waves on a subwave-

length object with a continuous and asymmetric distribution of

material inhomogeneity.

The fact that ac given by Eq. (54) breaks axisymmetry

raises the question of whether the incident wave oriented in

the z direction exerts a radiation force on the inhomoge-

neous cube in either of the transverse directions. The force

in the x direction to dipole order vanishes, as can be seen by

inserting the directivity U given by Eq. (25) in terms of

Eq. (54) into Westervelt’s integral for F? given by Eq. (31)

for em ¼ ex, where it is noted that ex � er ¼ sin h cos/.
Meanwhile, in the far field of the Born approximation, U
given by Eq. (56) is inserted into Eq. (31), yielding a force

FIG. 7. Radiation force in the direction of the incident wave as a function

of ka on an inhomogeneous cube. The blue and red curves denote the force

exerted by an incident wave traveling along the z and x directions, respec-

tively. For z incidence, the force given by Eq. (55) (dashed light blue line)

is compared with Eq. (51) in terms of Eq. (56) (solid dark blue line). For x
incidence, the force given by Eq. (59) (dashed light red line) is compared

with Eq. (60) in terms of Eq. (61) (solid dark red line).
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that is proportional to ðkaÞ6 but is five orders of magnitude

weaker than Eq. (55) for ka � 1. Evidently, at the order of

the present approximation, radiation forces in transverse

directions are due to effects higher than dipole order, which

are accounted for in U given by Eq. (56) but not in Eq. (25).

The force in the y direction, which is calculated by setting

ey � er ¼ sin h sin/, vanishes both in the far field of the Born

approximation and in its subwavelength limit.

The prediction by the present formulation of zero trans-

verse radiation forces on asymmetric objects is not surpris-

ing given the similar limitation on the Born approximation

made by Jerome et al. that the transverse components “are

simply not predicted by the model for the prescribed stand-

ing wave field.”23 The fact that the force in the x direction

calculated by Eq. (31) in terms of Eq. (56) is five orders of

magnitude weaker than Fz given by Eq. (55) is reminiscent

of the finding for standing waves that “when the conditions

for the validity of the Born approximation are satisfied, the

magnitudes of the transverse forces may be presumed small

in relation to that of Fz.”
23 The use of “large objects (> 20

wavelengths)” by Zhang and Ma to experimentally generate

transverse radiation forces exerted by progressive waves32

suggests that such forces become sizable for ka � 1.

2. Incident wave in x direction

The incident wave is now chosen to be oriented in the

direction of ex, whereas the orientation of the cube is left

unchanged. The coupled polarizability given by Eq. (28)

therefore becomes

ac ¼ 1

6
ka4 f1 þ f2 sin h cos/ð Þex; (58)

and Westervelt’s integral yields the force in the direction of

the incident wave as

Fx

F0

¼ ðkaÞ6
72p

f 21 � 6

5
f1f2 þ 7

15
f 22

	 

: (59)

In Fig. 7, Eq. (59) is plotted as the dashed light red line and

compared with the solid red curve, which represents the

force predicted in the far field of the Born approximation

given by

Fx

F0

¼
ð2p
0

ðp
0

jUðh;/Þ=aj2ð1� sin h cos/Þ sin h dh d/; (60)

where from Eq. (10),

UðksÞ ¼ k2a3

4p
f ðksÞ f1 þ f2 sin h cos/ð Þ; (61)

and where f ðksÞ is given by Eq. (57) with kix ¼ k and

kiy ¼ kiz ¼ 0.

Comparison of Eqs. (55) and (59) in Fig. 7 reveals that

the force aligned with the gradient of the material properties

is greater than that perpendicular to the gradient of the

material properties by an amount given by the ratio of

Eq. (59) to Eq. (55), which in turn depends not on f1 and f2
but on D ¼ f1=f2:

Fx

Fz
¼ 2

D2 � 6D=5þ 7=15

D2=3þ ð1� 2DÞ=15 : (62)

For the material properties considered in Fig. 7, D ¼ 5:3 and

Eq. (62) equals Fx=Fz ¼ 5:1. If the cube differs from the

background medium only by its density, D ¼ 0 and

Fx=Fz ¼ 14; if the cube differs from the background

medium only by its compressibility, then D ¼ 1 and

Fx=Fz ¼ 6.

Equation (62) raises the question of how the ratio depends

on the material distribution. For example, consider an inhomo-

geneous cube of side length a consisting of two halves

with material properties fb ¼ f1 and fq ¼ �2f2=ð3þ f2Þ for

�a=2 	 x < 0, and fb ¼ �f1 and fq ¼ 2f2=ð3� f2Þ for

0 	 x 	 a=2. Following the analysis above shows that Fz=F0

and Fx=F0 in this case are 9=4 times Eqs. (55) and (59),

respectively. The values of Fz=F0 and Fx=F0 are in agreement

with the numerical evaluation of Eqs. (51) and (60) for U
given by Eqs. (56) and (61), respectively, where

f ðksÞ ¼ 1� cos ðksx � kixÞa=2½ �� �

� i

ðksx � kixÞa=2
Y3
j¼2

sin ðksj � kijÞa=2
� �
ðksj � kijÞa=2 : (63)

Thus Fx=Fz again results in Eq. (62) in the subwavelength

limit, showing that such ratios are generally not unique to a

given material distribution of a scatterer. A more complete

exploration of how Fx=Fz depends on different material dis-

tributions may be pursued in the future.

V. CONCLUSION AND APPLICATIONS

Radiation forces exerted by plane progressive acoustic

waves on subwavelength scatterers were calculated in terms

of acoustic polarizabilities. The Born approximation

allowed the monopole and dipole polarizabilities to be

expressed as volume integrals over the material contrast fac-

tors. For homogeneous objects, the force is on the order of

ðkaÞ4, as predicted by Gor’kov for a homogeneous sphere. It

was found by comparison with the full expression of radia-

tion force in terms of spherical wave expansions that

Gor’kov’s result is inaccurate for cases in which the contrast

in density is much larger than the contrast in compressibil-

ity, whereas the present formulation is accurate for all mate-

rial contrasts considered. For ka � 1, an identical radiation

force is exerted on a homogeneous cube with the same

material properties and volume as a homogeneous sphere.

Inhomogeneous scatterers with compressibility and density

contrast factors that are even functions of position also expe-

rience a radiation force on the order of ðkaÞ4.
Material asymmetry was taken into account by extend-

ing Rayleigh scattering to O½ðkaÞ3�, leading to a volume
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integral for the coupled polarizability over the moment of

the contrast factors. The coupled polarizability, which

depends on both the frequency and direction of the incident

wave, vanishes in the static limit and/or in the absence of

material asymmetry, in which case the present formulation

recovers Rayleigh scattering. Scatterers with odd compress-

ibility and density contrast factors experience a radiation

force on the order of ðkaÞ6. By considering an inhomoge-

neous cube with an asymmetric distribution of material

properties, it was shown that material asymmetry leads to

anisotropic radiation forces, i.e., forces that depend on the

direction of the incident wave. The preferential direction in

which the inhomogeneous cube is forced may find applica-

tion in particle manipulation for advanced manufacturing.102

The error associated with the far-field, Born, and sub-

wavelength approximations leading to the integral expres-

sions for the acoustic polarizabilities was also discussed.

Although the far-field approximation is consistent with

Westervelt’s integral and introduces no error in the calcula-

tion of radiation force, the Born and subwavelength approxi-

mations introduce error when material contrasts are large

and when the scatterer is larger than ka 
 0:8. It was dem-

onstrated by comparison with full expression of forces that

the Born approximation can be satisfied for ka � 1 even

when material contrasts are large. The interdependence of

the Born and subwavelength approximations was discussed

in the context of previous works.

The expressions derived may model the radiation force

exerted by paraxial beams to reasonable accuracy because

the incident waves of high-frequency beams are quasiplanar.

For example, the force on a subwavelength dielectric sphere

suspended in an optical beam103 has a functional form simi-

lar to the polarizability-based force given by Eq. (37), sug-

gesting that the force in the direction of the primary

direction of incident wave motion can be approximated

locally by the results of the present work. Transverse forces

exerted by beams act as standing wave fields conducive to

the Born approximation developed by Jerome et al.,23 as

discussed by Fan and Zhang.104

Acoustofluidic devices like those described by Jo and

Guldiken105 similarly involve a combination of standing and

progressive wave fields. The force exerted by the standing

wave component on biological media is conducive to the

Born approximation developed by Jerome et al., as shown in

Ref. 101, whereas the present work provides a means to cal-

culate the radiation force exerted by the progressive wave

component.

A subwavelength Born scatterer characterized by non-

zero values of am, ad, and ac experiences radiation forces

of orders ðkaÞ4 [associated with the first three terms of

Eq. (29)] and ðkaÞ6 [associated with the last term of

Eq. (29)]. Such scatterers were not considered as examples

in the present work, but their application to the design of

particles that experience desired forces58 may be explored in

the future.

Another avenue of future work is the consideration of

acoustic radiation torque, which can be calculated using the

far-field directivity in the Born approximation given by

Eq. (10) or its subwavelength limit given by Eq. (25) in

combination with Maidanik’s formulation for the torque

exerted by plane progressive waves.106 The inhomogeneous

cube considered in Sec. IV experiences zero radiation torque

at dipole order for both configurations of the incident wave,

but the inclusion of higher-order terms in the multipole

expansion may lead to interesting dynamics related to the

angular stability of the scatterer.

Although the present work provides the low-ka asymp-

tote of radiation force exerted by plane progressive waves in

the Born approximation, the high-ka asymptote of radiation

force exerted on inhomogeneous and/or asymmetric objects

may be pursued in the future. Figures 5–7 show that as ka
becomes large, the radiation force converges to a constant as

the effects of diffraction are suppressed. High-ka asymptotes

of radiation force107 on canonical objects like spheres93 [see

Eq. (45)] and cylinders94 may be used to benchmark ray-

based approximations developed in the future.
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APPENDIX A: WESTERVELT’S FAR-FIELD INTEGRAL

The present work utilizes Westervelt’s integral for radi-

ation force in the direction of an incident progressive

wave,42 a result that Westervelt himself felt the need to clar-

ify.43 The steps leading to Eq. (2) of Ref. 43 are briefly

reviewed, and the final step of Westervelt’s derivation is

elucidated by invoking energy conservation.

Momentum conservation at quadratic order requires

that a scatterer of characteristic size a insonified by an arbi-

trary time-harmonic acoustic wave in an unbounded

medium of mass density q0 experiences a force equal to
43

F ¼
þ
A

hIL� q0u� ui � dA; (A1)

where h� � �i denotes the time average over the period and I is
the identity tensor. The differential area dA equals er dA,
where er is the unit outward normal vector of a spherical sur-

face A whose radius is much larger than ka2=2. The quantity L
equals the Lagrangian density T � U, where T ¼ q0u

2=2 and

U ¼ p2=2q0c
2
0 are the kinetic and potential energy densities,
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respectively. The acoustic pressure p and fluid velocity u corre-

spond to the sum of incident and scattered waves

p ¼ pi þ ps; u ¼ ui þ us; (A2)

where u2 ¼ u � u. Westervelt’s limiting procedure leading to

Eq. (A1) is “not straightforward,”108 and “it is very diffi-

cult…to gain a correct understanding of his theory as it

is.”109 An accessible derivation of the indicial form of

Eq. (A1) is provided by Wang and Lee.110 Although dissipa-

tion is neglected in the present work, a more general version

of Eq. (A1) that accounts for dissipative effects is provided

by Doinikov.111

In Refs. 42 and 43, Westervelt simplifies Eq. (A1) for inci-

dent plane progressive waves, in which case pi and ui in

Eq. (A2) are related through the plane wave impedance relation

piei ¼ uiq0c0, where ei ¼ ki=k is the unit vector pointing in

the direction of the incident wave vector ki. Because the kinetic
and potential energy densities of plane progressive waves are

equal,38 and because us ¼ pser=q0c0 may be used in the far

field of the scattered wave,67 Eq. (A1) simplifies to

F ¼ � 1

c0

þ
A

hpiusei þ psuier þ psusi dA: (A3)

The component of the force in the direction of the incident

wave is obtained by taking the inner product of both sides of

Eq. (A3) with ei, moving ei inside the surface integral, and

denoting er � ei ¼ cosw (see Fig. 1):

Fk ¼ � 1

c0

þ
A

hpius þ ðpsui þ psusÞ coswidA: (A4)

Although unit vectors cannot in general be moved inside

integrals,63 the operation leading to Eq. (A4) is justified

because the incident wave is assumed to be planar. Thus ei
can always be represented by a linear combination of

Cartesian unit vectors, which, unlike curvilinear unit vec-

tors, do not depend on position r.
Equation (A4) recovers Eq. (13) of Ref. 43, from which

Westervelt obtains Eq. (2) of Ref. 43 by resorting to

Lamb’s argument that the surface integral in the far field over

hpius þ psuii equals “the total rate at which energy is with-

drawn from the [incident] waves, in consequence of the pres-

ence of the obstacle.”112 The connection between Lamb’s

statement and Eq. (14) of Ref. 43 is not immediately clear,

motivating the following discussion in which Eq. (2) of Ref. 43

is obtained from Eq. (A4) by appealing to energy conservation.

In the absence of acoustic sources and sinks, energy

conservation requires that38

$ � Iþ @E

@t
¼ 0; (A5)

where I ¼ pu is the instantaneous intensity and E ¼ T þ U is

the total instantaneous acoustic energy density. Integrating

Eq. (A5) over the volume enclosed by A, invoking the diver-

gence theorem, and taking the time average yields

þ
A

hIi � dA ¼ 0; (A6)

which has exploited the fact that the time average of the

time derivative of a product of two time-harmonic functions

vanishes.110 Equation (A6) states that the energy flux

through surface A is zero in the absence of sources and sinks

in the volume enclosed by A. Two scenarios of Eq. (A6) are

now considered. The first scenario, shown in Fig. 8(a), fea-

tures an incident plane progressive wave that originates

from outside the surface A propagating in the absence of the

scatterer. In such a case, no scattered waves are generated,

and Eq. (A6) combined with Eq. (A2) yieldsþ
A

hpiuii � dA ¼ 0: (A7)

In the second scenario, a scatterer is introduced, as shown in

Fig. 8(b), resulting in scattered waves. In this case, Eq. (A6)

combined with Eqs. (A2) yieldsþ
A

hpiui þ psus þ psui þ piusi � dA ¼ 0: (A8)

Equations (A7) and (A8) are equal because the scatterer is

passive; introduction of the scatterer therefore does not con-

tribute to the energy flux through A. Combining Eqs. (A7)

and (A8) and recalling that dA ¼ er dA, us ¼ user, and

ui ¼ uiei yieldsþ
A

hpius þ psui coswþ psusi dA ¼ 0: (A9)

Subtracting
Þ
Ahpsusið1� coswÞdA from both sides of Eq. (A9)

and dividing by�c0 yields

1

c0

þ
A

hpsusið1� coswÞ dA

¼ � 1

c0

þ
A

hpius þ ðpsui þ psusÞ coswi dA: (A10)

Comparing Eqs. (A4) and (A10) yields

Fk ¼ 1

c0

þ
A

hpsusið1� coswÞ dA; (A11)

FIG. 8. (a) In the absence of a scatterer, the incident plane progressive

wave pi, which originates from outside the region enclosed by surface A,
propagates unperturbed through A. The energy flux through A is given by

Eq. (A7). (b) In the presence of a scatterer, some of the incident wave is

perturbed, generating the scattered wave ps. The energy flux through A is

given by Eq. (A9).

3042 J. Acoust. Soc. Am. 159 (4), April 2026 Gokani et al.

https://doi.org/10.1121/10.0043002

https://doi.org/10.1121/10.0043002


which recovers Eq. (2) of Ref. 43 for a lossless scatterer.

Equation (A11) also recovers Gor’kov’s Eq. (80)2 upon not-

ing that psus=c0 ¼ q0u
2
s in the far field.

In terms of the complex-valued functions used to repre-

sent time-harmonic wave fields in Sec. II, the pressure and

fluid velocity of the scattered wave can be represented in the

far field by Eq. (9) and

~us ¼ p0
q0c0

eikr

r
UðksÞ; (A12)

respectively, where the physical pressure and fluid velocity

fields are given by Eq. (3) and uðr; tÞ ¼ Re½~uðrÞe�ixt�,
respectively. The time average of the scattered intensity

appearing in Eq. (A11) therefore equals67

hpsusi ¼ p20
2q0c0

jUðksÞj2
r2

; (A13)

insertion of which into Eq. (A11) yields Eq. (1), where

dX ¼ r�2 dA is the differential solid angle.

Marston provides additional perspectives on Westervelt’s

integral in Ref. 91, in which the axisymmetric form of Eq. (1)

is obtained. A generalized form of Westervelt’s result appropri-

ate for Bessel beams is provided by Zhang and Marston.44,113

For discussions of Westervelt’s integral in the context of the

optical theorem, see Refs. 91, 108, 113, and 114. More insight

into the physical meaning of the cross-terms hpius þ psuii is

provided by Marston and Zhang.115

APPENDIX B: SCATTERING FROM
HETEROGENEITIES

The following derivation of Eqs. (2) and (6) combines

the approaches taken by Morse and Ingard40 and Pierce.38

Although Morse and Ingard allow the spatial heterogeneities

to be arbitrary functions of time, Pierce does not; the latter

assumption is made here.

Begin by letting qsðrÞ denote the spatially dependent

ambient density and q0ðr; tÞ denote the linear acoustic perturba-
tion density. Pierce provides the appropriate equation of state:38

If the ambient state is inhomogeneous, p ¼ pðq; s0Þ can-
not be used and one falls back on p ¼ pðq; sÞ, Ds=Dt ¼ 0

as a starting point. If p0ðxÞ and q0ðxÞ are independent of
t, these lead to

@p0

@t
þ v0 � $p0 ¼ c2

@q0

@t
þ v0 � $q0

	 


as the linear equation that replaces [p0 ¼ c2q0,
c2 ¼ ð@p=@qÞ0].

Using the notation of the present work, noting that p0 is a con-
stant and therefore $p0 ¼ 0, and solving for @q0=@t yields

@q0

@t
¼ 1

c2
@p

@t
� u � $qsðrÞ: (B1)

Equation (B1) will be used to eliminate the perturbation

density from the systems of partial differential equations

that follow.

The exact mass conservation equation in an inhomoge-

neous medium is

@

@t
qsðrÞ þ q0ðr; tÞ� �þ $ � qsðrÞ þ q0ðr; tÞ� �

u
� � ¼ 0:

Neglecting the nonlinear term q0ðr; tÞu and expanding the

divergence of the product qsðrÞu yields

@q0ðr; tÞ
@t

þ qsðrÞ$ � uþ u � $qsðrÞ ¼ 0:

Inserting the linearized state equation given by Eq. (B1) and

noting that the u � $qsðrÞ terms cancel results in

$ � u ¼ �bsðrÞ
@p

@t
: (B2)

Meanwhile, conservation of momentum requires that

$pþ @

@t
qsðrÞ þ q0ðr; tÞ� �

u
� � ¼ 0:

Neglecting the nonlinear term q0u, noting that qs is not a

function of time, and solving for @u=@t yields

@u

@t
¼ � 1

qsðrÞ
$p: (B3)

The wave equation for an inhomogeneous medium is derived

by taking the time derivative of Eq. (B2) and the divergence of

Eq. (B3). Subtracting the resulting equations yields

$ � $p
qsðrÞ

� �
¼ bsðrÞ

@2p

@t2
: (B4)

Equation (B4) can be written in terms of the ambient density

q0 and compressibility b0 as

$ � 1

qsðrÞ
� 1

q0

	 

$pþ$p

q0

� �
¼ bsðrÞ�b0½ �@

2p

@t2
þb0

@2p

@t2
;

rearrangement of which yields

r2p� b0q0
@2p

@t2
¼ �b0q0 1� bsðrÞ

b0

� �
@2p

@t2

� $ � q0
qsðrÞ

� 1

� �
$p

� �
: (B5)

In terms of the sound speed c0 and Eq. (4), Eq. (B5)

becomes

r2p� 1

c20

@2p

@t2
¼ cbðrÞ

c20

@2p

@t2
þ $ � cqðrÞ$p

� �
: (B6)
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Equation (B6) recovers Morse and Ingard’s Eq. (8.1.11) for

material contrast factors that are not functions of time.40

Assuming a time-harmonic solution pðr; tÞ ¼ Re½~pðrÞe�ixt�
reduces Eq. (B6) to Eq. (2), which can be expressed as

r2~p þ k2~p ¼ �hðrÞ; (B7)

where

hðrÞ ¼ k2cb~p � $ � ðcq$~pÞ: (B8)

The particular solution of the inhomogeneous

Helmholtz equation is the Helmholtz–Kirchhoff integral

given by Morse and Ingard’s Eq. (7.1.17),40

~pðrÞ ¼
ð
hðrsÞGðrjrsÞdVs

þ
þ

GðrjrsÞ @~pðrsÞ
@ns

� ~pðrsÞ @GðrjrsÞ
@ns

� �
dAs; (B9)

where GðrjrsÞ is the appropriate Green’s function, rs is

the spatial integration coordinate, and ns denotes the nor-

mal component of the gradient operator $s. The volume

integral in Eq. (B9) is taken “over the whole volume

occupied by the medium,” and the surface integral is eval-

uated “on the surface bounding the medium.”40 Assuming

that the volume occupied by the medium is unbounded

reduces GðrjrsÞ to the free-space Green’s function given

by Eq. (7), and the solution of Eq. (B7) in terms of

Eq. (B8) is

~pðrÞ ¼ ~pðr ! 1Þ þ
ð
hðrsÞgðrjrsÞdVs; (B10)

where

~pðr ! 1Þ ¼
þ

gðrjrsÞ @~pðrsÞ
@ns

� ~pðrsÞ @gðrjrsÞ
@ns

� �
dAs:

The pressure field infinitely far away from the scatterer is

simply the field because of the incident wave ~piðrÞ, so
~pðr ! 1Þ ¼ ~piðrÞ. The total field given by Eq. (B10) is

thus represented by Eq. (5), where the second term of

Eq. (B10) is interpreted as the scattered wave:

~psðrÞ ¼
ð

k2cbðrsÞpðrsÞ
n

� $s � cqðrsÞ$spðrsÞ
� �o

gðrjrsÞ dVs: (B11)

Noting from the product rule of divergences that

$s � cqðrsÞ$s~pðrsÞ
� �

gðrsjrsÞ
¼ $s � cqðrsÞ $s~pðrsÞ½ �gðrjrsÞ

� �
� cqðrsÞ$s~pðrsÞ � $sgðrjrsÞ (B12)

allows Eq. (B11) to be written as

~psðrÞ ¼
ð
k2cbðrsÞ~pðrsÞgðrjrsÞ dVs

�
ð
$s � cqðrsÞ $s~pðrsÞ½ �gðrjrsÞ

� �
dVs

þ
ð
cqðrsÞ$s~pðrsÞ � $sgðrjrsÞ dVs: (B13)

Invoking the divergence theorem allows the second term of

Eq. (B13) to be written as

�
ð
$s � cqðrsÞ $s~pðrsÞ½ �gðrjrsÞ

� �
dVs

¼ �
þ
cq rsð Þ @~p

@ns
g rjrsð Þ dSs;

which vanishes on the surface at 1 because cq ¼ 0 at 1.

The first and third terms of Eq. (B13) therefore yield

Eq. (6).

APPENDIX C: DIPOLE-ORDER EXPANSION

The dipole-order expansion of the scattered pressure

given by Eq. (17) is derived from first principles by obtain-

ing expressions for volume and force sources, replacing the

integrand in Eq. (6) with those expressions, and representing

an extended scatterer as a point scatterer.

Consider a sphere centered at the origin whose bound-

ary of radius a pulsates radially with time-harmonic velocity

amplitude u0. The general form of the radiated pressure

field is67

~pðrÞ ¼ B
eikr

r
; (C1)

where the constant B is determined by substituting Eq. (C1)

into the linearized momentum equation @~p=@r ¼ �ixq0u0
evaluated at r ¼ a:

B ¼ � ika2q0c0u0
1� ika

e�ika: (C2)

Combining Eqs. (C1) and (C2) and assuming ka � 1 yields

~pðrÞ ¼ �ikq0c0Q
eikr

4pr
; (C3)

where Q ¼ 4pa2u0 is the volume velocity. If the center of the

sphere is translated from the origin 0 to another location rs,
then r in Eq. (C3) is replaced with R ¼ jr� rsj. In view of the

free-space Green’s function given by Eq. (7), the pressure field

due to a monopole at r ¼ rs can be expressed as

~pðrjrsÞ ¼ �ikq0c0QgðrjrsÞ; (C4)

recovering the second of Pierce’s Eqs. (4-3.1), where

it is noted that Pierce’s “monopole amplitude” Ŝ equals

�ikq0c0Q̂s=4p.
38
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The field radiated by a dipole is described by two out-

of-phase monopoles separated along the z axis by a distance

h as

~pðrÞ ¼ �ikq0c0Q gðrjzs ¼ h=2Þ � gðrjzs ¼ �h=2Þ½ �: (C5)

In the limit h ! 0, Eq. (C5) becomes

~pðrÞ ¼ q0 _Qh @g=@zs½ �rs¼0; (C6)

where _Q ¼ �ikc0Q is the time derivative of the volume veloc-

ity. Following Blackstock’s discussion on p. 369 of Ref. 67,

the quantity q0 _Qh is identified as a time harmonic force F
exerted in the z direction. If the separation between the monop-

oles in Eq. (C5) is not restricted to the z axis and is instead

denoted by a separation vector h extending from the negative

monopole to the positive monopole defining the dipole, then

the partial derivative of the Green’s function with respect to z
in Eq. (C6) generalizes to the gradient of the Green’s function

with respect to rs. Equation (C6) then becomes

~pðrjrsÞ ¼ F � $sgðrjrsÞ; (C7)

where F ¼ q0 _Qh. Equation (C7) recovers Pierce’s Eq. (4-

4.1),38 where the identification of the force vector recovers

Pierce’s discussion on p. 167 of Ref. 38, in which

F ¼ �ikq0c04pa
2u0h ¼ q0 _Qh. In Pierce’s notation, the

identification is expressed as F ¼ 4pd̂ ¼ 4pŜd, where Ŝ is

the “monopole amplitude” defined on p. 160 for a point

source as �ixqa2v̂s.
The integrand of Eq. (6) can be interpreted as the contri-

bution of volume and force sources given by Eqs. (C4) and

(C7), respectively. Setting k2cbpDV ¼ �ikq0c0Q and

cq$pDV ¼ F yields the identifications

qðrÞ ¼ Q

DV
¼ ik

q0c0
cbðrÞ~pðrÞ; (C8)

fðrÞ ¼ F

DV
¼ cqðrÞ$~pðrÞ: (C9)

In terms of Eqs. (C8) and (C9), Eq. (6) can be expressed as

~psðrÞ ¼ �ikq0c0

ð
qðrsÞgðrjrsÞdVs

þ
ð
fðrsÞ � $sgðrjrsÞdVs: (C10)

Equation (C10) recovers the second of Eqs. (A2) of Sieck

et al.55 upon replacing kc0 with x and noting that the gradi-

ent in Eq. (C10) is evaluated over the scatterer’s coordinates

rs. The evaluation by Sieck et al. of the gradient over the
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