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ABSTRACT: 

The question of whether acoustic radiation force is a consequence of linear or nonlinear wave fields has been 

debated for over a century. It is understood that the Rayleigh radiation pressure depends on the quadratic 

term in the equation of state, whereas the Langevin radiation pressure does not [R. T. Beyer, J. Acoust. Soc. 

Am. 63, 1025–1030 (1978)]. Nevertheless, traditional derivations of the Langevin radiation force begin with 

the nonlinear momentum equation. Here, the Langevin radiation force is derived from the linearized 

continuity, state, and momentum equations, proving that “for the calculation of the average force correct up 

to terms of the second order in the velocity, it is sufficient to find the solution of the linear scattering 

problem” [L. P. Gor’kov, Sov. Phys. Dokl. 6, 773–775 (1962)]. The linear origins of the Langevin radiation 

force are clarified by drawing parallels with radiation forces exerted by electromagnetic waves, surface 

gravity waves, and waves on a string. VC 2026 Acoustical Society of America.  
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I. INTRODUCTION

Radiation forces exerted by acoustic waves are gener

ated by stresses that are quadratic in the wave variable,1–3 

leading to the question of whether a nonlinear wave equa

tion must be used to calculate the field producing the 

force.4–7 This question has been discussed for over a cen

tury. Regarding his calculation of the radiation pressure in 

an adiabatic gas exerted by a plane progressive wave on a 

perfectly reflecting wall, Poynting wrote, “Lord Rayleigh 

kindly pulled me out of the pit into which I fell, pointing out 

that when we take into account second-order quantities the 

ordinary sound equation does not hold.”8 Rayleigh’s result9 

retains the quadratic term in the state equation in order to 

conserve mass in a constrained volume.10 Poynting’s neglect 

of this nonlinearity is not surprising given his background in 

electromagnetism,11 in which no such constraint arises, and 

for which the analogous radiation pressure on a reflecting 

surface equals twice the energy density of the incident 

wave.12,13

Current interest in radiation force is motivated by 

acoustic tweezers and acoustofluidic devices,14,15 for which 

constraints on the total mass or volume of fluid are rarely 

imposed, and for which there is contact between the sound 

field and the background medium to “ensure zero perturba

tion at infinity.”10,16 In such cases, the nonlinearity consid

ered by Rayleigh is irrelevant, and “the Rayleigh radiation 

force has no major practical importance.”17 The omission of 

these constraints is associated with Langevin’s treatment of 

acoustic radiation force, which, like Poynting’s approach,8 

was “derived from his knowledge of a similar phenomenon, 

the radiation pressure exerted by a beam of light.”18 The 

Langevin radiation force is the “usually measured” quantity 

that “can be observed down to the lowest sound intensities 

under certain conditions.”6 A review of the early literature 

as it relates to the Rayleigh and Langevin radiation pressures 

is provided by Post.19 An accessible discussion of the differ

ence between the Rayleigh and Langevin forces is provided 

by Wang and Lee,10 and intuitive distinctions between the 

phenomena are provided by Gol’dberg16 and Ostrovsky.20

Traditional derivations of acoustic radiation force 

begin with the nonlinear momentum and continuity 

equations,1,10,16,21–23 which may create the impression that 

the Langevin radiation force is a consequence of nonlinear 

wave fields.5,24,25 The goal of the present work is to eluci

date the connection between the Langevin radiation force 

and linear acoustics. The equations of linear acoustics for a 

homogeneous fluid are combined in Sec. II to derive the 

acoustic momentum conservation theorem,1,16,22,26 

$ � T ¼
@g

@t
; (1) 

where T is the radiation stress tensor and g is the momentum 

density vector. The Langevin radiation force on a scatterer is 

calculated by integrating the time average of T over any sur

face enclosing the scatterer.27–36 Equation (1) and its applica

tion to radiation force is well known and widely employed; 

the contribution of the present work is the manner in which 

Eq. (1) is obtained from linear acoustic equations. Analogous 

approaches are applied to derive momentum conservation the

orems for electromagnetic waves, surface gravity waves, and a)Email: cgokani@olemiss.edu 
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waves on a string in Secs. III, IV, and V, respectively, show

ing that similar radiation forces can be obtained from solutions 

of linear wave equations.

II. ACOUSTIC MOMENTUM CONSERVATION 

THEOREM

An early form of the acoustic momentum conservation 

theorem given by Eq. (1) was obtained by Eckart using an 

approach similar to the one described in this section.37 

However, Eckart’s result given by Eq. (11) of Ref. 37 con

tains a sign error, as noted by Westervelt,27 and the retention 

of a term proportional to the curl of the fluid velocity v pre

vents his result from being related to Brillouin’s radiation 

stress tensor.1 For an irrotational fluid ($� v ¼ 0), Eq. (11) 

of Ref. 37 should be written as 

@g

@t
þ q0ðv � $vþ v$ � vÞ þ $ðE − q0v

2Þ ¼ 0; (2) 

where q0 is the ambient density, E is the total energy den

sity, and v2 ¼ v � v. The following derivation of Eq. (1) 

from linear fields is based partially on the procedure out

lined by Eckart. For a direct reduction of Eq. (2) to Eq. (1), 

see Appendix A. Eckart’s statement that “the acoustic 

momentum is related to acoustic energy in the same manner 

as the corresponding electromagnetic quantities”37 is shown 

quantitatively in Sec. III.

Begin by considering the equations that govern linear 

acoustic fields in a homogeneous inviscid fluid:38 

@q0

@t
þ q0$ � v ¼ 0; (3) 

q0 − p=c2
0 ¼ 0; (4) 

$pþ q0

@v

@t
¼ 0: (5) 

Equations (3), (4), and (5) are the linearized continuity, 

state, and momentum equations, respectively, where q0 is 

the density perturbation, p is the acoustic pressure, and c0 is 

the speed of sound. The conservation theorem derived below 

is formed from solutions of the linear wave equation 

r2p −
1

c2
0

@2p

@t2
¼ 0; (6) 

obtained from Eqs. (3)–(5).

Multiplying Eq. (3) by v yields 

@q0

@t
vþ q0ð$ � vÞv ¼ 0: (7) 

Equation (7) is recast using the product rules39 

@q0

@t
v ¼

@ðq0vÞ

@t
− q0

@v

@t
; (8) 

ð$ � vÞv ¼ $ � ðv� vÞ − ð$vÞ � v; (9) 

resulting in 

1

c2
0

@S

@t
−

p

c2
0

@v

@t
þ q0 $ � ðv� vÞ − ð$vÞ � v½ � ¼ 0; (10) 

where Eq. (4) has been used to eliminate q0 and pv has been 

identified as the instantaneous intensity S,25 also referred to 

as the Kirchhoff-Poynting vector.40 Solving Eq. (5) for 

@v=@t and multiplying by p shows that 

p
@v

@t
¼ −

1

q0

p$p ¼ −
1

2q0

$ðp2Þ;

while the term ð$vÞ � v in Eq. (10) can be replaced with 

$ðv2Þ=2.41 Equation (10) therefore becomes 

$
1

2
q0v

2 − 1

2
b0p2

� �
− q0$ � ðv� vÞ ¼

1

c2
0

@S

@t
; (11) 

where b0 ¼ 1=q0c2
0 denotes the compressibility. Since25 

K ¼
1

2
q0v

2 ¼ kinetic energy density; (12) 

U ¼
1

2
b0p2 ¼ potential energy density; (13) 

L ¼ K − U ¼ Lagrangian density; (14) 

the gradient in Eq. (11) can be written as42 

$L ¼ I � $L ¼ $ � ðILÞ − L$ � I; (15) 

where I is the identity tensor. Equation (15) reduces to 

$L ¼ $ � ðILÞ since $ � I ¼ 0, so Eq. (11) becomes 

$ � ðIL − q0v� vÞ ¼
1

c2
0

@S

@t
: (16) 

Identifying1,25 

g ¼ S=c2
0 ¼ momentum density; (17) 

T ¼ IL − q0v� v ¼ acoustic radiation stress (18) 

allows Eq. (16) to be expressed as Eq. (1), which is the con

servation theorem of acoustic momentum in a homogeneous 

fluid. It is noted that Eq. (18) is defined with a negative sign 

relative to the standard stress tensor of continuum 

mechanics.22,43

Equation (1) was presented previously by Morse and 

Ingard,26 although no derivation was provided. Morse and 

Ingard’s statement that c0g “is the radiation pressure exerted 

by the wave”26 is true only in the Langevin case for a plane 

wave incident on a perfectly absorbing wall.10 Radiation 

stresses due to waves in solids were studied previously by 

Cantrell,44 and a similar derivation of the momentum con

servation theorem in an elastic medium was performed by 

Gurevich and Thellung.45

Equation (1) is reminiscent of the acoustic energy con

servation theorem,25 
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$ � Sþ
@E

@t
¼ 0; (19) 

where E ¼ Kþ U. Like Eq. (1), Eq. (19) can be derived by 

combining the linearized Eqs. (3)–(5), as shown in Ref. 25. 

Although Eq. (19) can also be obtained directly from the 

exact energy equation given by Eq. (1.11.5a) of Ref. 25, Eq. 

(1) does not follow explicitly from retaining quadratic terms 

in the exact momentum equation. In particular, while the 

second term of Eq. (18) and the right-hand side of Eq. (1) 

follow directly from the exact momentum equation, the first 

term of Eq. (18) must be determined by integrating Euler’s 

equation over space indefinitely and expanding the pressure 

in terms of enthalpy. The distinction between the Rayleigh 

and Langevin radiation pressures is related to the second- 

order constant C0 that results from the spatial integration, as 

shown on pp. 177–179 of Ref. 10. This constant, which 

would modify Eq. (18) to T ¼ IðL − C0Þ − q0v� v, does not 

arise by beginning with the linearized Eqs. (3)–(5). The fact 

that C ¼ q0hC
0i ¼ 0 in the present derivation of the 

Langevin radiation pressure46 is consistent with Wang and 

Lee’s criterion that “the radiation pressure is of Rayleigh 

type for C 6¼ 0 and of Langevin type for C ¼ 0.”10

The integral form of Eq. (1) is 

þ

A

T � dA ¼
d

dt

ð

V

g dV; (20) 

where dA is the outward-oriented differential area and V is 

the volume enclosing the surface A. Equation (20) states that 

“the momentum per unit time flowing in through the 

surface” equals the rate of change of “momentum stored 

within the fields.”13 Equation (18) shows that the former 

quantity includes contributions from both “the surface 

stress…exerted by the surrounding medium…and the intrin

sic [linear] momentum passing through the surface.”47 If the 

acoustic field is time-harmonic and no object is enclosed by 

the surface A, the time average of Eq. (20) yields48 

þ

A

hTi � dA ¼ 0; (21) 

which equals Westervelt’s Eq. (5)27 and the integral form of 

Wang and Lee’s Eq. (6.5).10 Equation (21) states that there 

is no change in momentum in the volume enclosing the sur

face over an acoustic cycle if the enclosed fluid is lossless 

and homogeneous.49 However, if a scatterer lies within the 

surface, then 
Þ

A
hTi � dA equals the rate at which momentum 

is transferred from the acoustic field to the scatterer,10 which 

is identified as the Langevin radiation force for T given by 

Eq. (18): 

F ¼

þ

A

hTi � dA: (22) 

Equation (22) recovers Westervelt’s Eq. (1) of Ref. 49 and 

Gor’kov’s equation preceding Eq. (4) of Ref. 28. Further, if 

$ � T ¼ 0 in the fluid surrounding the scatterer, the surface 

A in Eq. (22) need not correspond to the surface of the scat

terer, and the surface of integration can be taken as any 

closed surface in the fluid surrounding the scatterer.32,40,49

The fact that Eqs. (3)–(5) can be combined to yield both 

Eqs. (6) and (22) shows that the Langevin radiation force is 

a consequence of linear wave fields, clarifying the state

ments of Eckart,37 Gor’kov,28 and Beyer6 quoted above. 

The derivation also clarifies Yosioka and Kawasima’s state

ment that “the radiation pressure on any moving boundary is 

thus calculated in terms of the first-order velocity 

potential.”50 Landau and Lifshitz similarly note that the 

mean excess pressure “can be expressed in terms of quanti

ties calculated from the linear sound equations, so that it is 

not necessary to solve directly the nonlinear equations of 

motion,”22 as reiterated by Gol’dberg.16 Despite these state

ments, the connection between Eqs. (3)–(6) and the qua

dratic quantities involved in the Langevin radiation force 

has not previously been made explicit.

The derivation above counters the categorical state

ments that “any theory dealing with acoustic radiation pres

sure…must retain at least all second-order terms to be valid 

even at small amplitudes”5 and that “nonlinear effects cause 

a small but nonzero magnitude to be associated with a phys

ical entity, the existence of which the linear model pre

cludes”25 as they apply to the Langevin radiation force. 

Linear acoustics predicts a nonzero radiation stress on the 

same order as the energy and intensity of an acoustic wave, 

as was originally implied by Eckart.37

More discussion of the relationship between Eqs. (1) 

and (19) as it relates to radiation force is provided by 

Zhang.51 The implications of the present work also apply to 

the conservation of angular momentum and acoustic radia

tion torque.40,47,52

III. ANALOGOUS THEOREM FOR 

ELECTROMAGNETIC WAVES

Parallels between acoustic and electromagnetic radia

tion forces have been drawn since Euler noted in 1746 that 

“there is a propagation of streams of light through the ether

…in such a way that this light propagation in the ether 

resembles that of sound in air.”6 Although the Langevin 

radiation force is frequently compared with electromagnetic 

radiation force,1,4,5,17,53 the traditional derivations of the 

acoustic and electromagnetic momentum conservation theo

rems proceed differently. The electromagnetic momentum 

conservation theorem traditionally begins with the Lorentz 

force on charges and currents.13,54–60 The Lorentz force 

density is expressed in terms of the electromagnetic fields 

by writing the charge and current densities in terms of the 

Gauss and Amp�ere-Maxwell laws. In contrast, the deriva

tion of the acoustic momentum conservation theorem in 

Sec. II is carried out in free space, where any imbalance in 

Eq. (21) is identified as the momentum transferred from 

the acoustic fields to the mechanical momentum of a 

scatterer.10
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The following derivation parallels that of Sec. II by 

considering Maxwell’s equations in the absence of charges 

and currents,61 

$ � E ¼ 0; (23) 

$ �H ¼ 0; (24) 

$� Eþ l0

@H

@t
¼ 0; (25) 

$�H − �0

@E

@t
¼ 0; (26) 

where �0 and l0 are the free-space permittivity and perme

ability. The linearity of Eqs. (25) and (26) in the electric 

field E and magnetic field H parallels the linearity of Eqs. 

(3)–(5) in q0, v, and p. Combining Eqs. (23)–(26) yields 

wave equations in E and H with a wave speed 

c0 ¼ ð�0l0Þ
−1=2

, similar to how Eqs. (3)–(5) yield Eq. (6). It 

is also noted that Eqs. (3)–(5) and (23)–(26) are homoge

neous, whereas Eqs. (23) and (26) are inhomogeneous in tra

ditional derivations of the electromagnetic momentum 

conservation theorem to account for the presence of charges 

and currents.

The cross product of �0E and Eq. (25) yields 

�0E� ð$� EÞ þ
1

c2
0

@S

@t
−

1

c2
0

@E

@t
�H ¼ 0; (27) 

where S ¼ E�H is the Poynting vector, and where it has 

been noted that 

E�
@H

@t
¼
@S

@t
−
@E

@t
�H:

The cross product of l0H and Eq. (26) similarly yields 

l0H� ð$�HÞ þ
1

c2
0

@S

@t
þ

1

c2
0

@H

@t
� E ¼ 0: (28) 

Adding Eqs. (27) and (28) and noting from Eqs. (25) and 

(26) that @H=@t ¼ −$� E=l0 and @E=@t ¼ $�H=�0 

yields 

�0E� ð$� EÞ þ l0H� ð$�HÞ þ
1

c2
0

@S

@t
¼ 0: (29) 

The curls in Eq. (29) can be eliminated by invoking Eqs. 

(23) and (24), resulting in62 

E� ð$� EÞ ¼
1

2
$ðE2Þ − $ � ðE� EÞ; (30) 

H� ð$�HÞ ¼
1

2
$ðH2Þ − $ � ðH�HÞ; (31) 

respectively. Equation (29) therefore becomes42 

$� �0E�Eþl0H�H−I 1
2
�0E2þ 1

2
l0H2

� �� �
¼

1

c2
0

@S

@t
: (32) 

Identifying13,54 

g ¼ S=c2
0 ¼ momentum density; (33) 

T ¼ �0E� Eþ l0H�H − I
1

2
�0E2 þ

1

2
l0H2

� �

¼ Maxwell stress (34) 

allows Eq. (32) to be expressed as 

$ � T ¼
@g

@t
: (35) 

Equation (35) recovers the differential form of Eq. (6.121) 

of Ref. 54, Eq. (8.21) of Ref. 13, Eq. (102) of Ref. 58, and 

Eq. (13.38) of Ref. 60 in the absence of charges and cur

rents. Electromagnetic radiation force may then be calcu

lated in a manner similar to Eq. (22) above.63

IV. ANALOGOUS THEOREM FOR SHALLOW 

SURFACE GRAVITY WAVES

Wave momentum and radiation stress in surface gravity 

waves have been studied for arbitrary depths.64–67 The 

shallow-depth limit of surface gravity waves provides a 

two-dimensional analog of the theorems derived in Secs. II 

and III. The first-order equations involved in the derivation 

below are discussed by Fetter and Walecka43 and Elmore 

and Heald,68 and the one-dimensional case is presented by 

Lamb.64 Unlike the depth-integrated and time-averaged 

expressions for radiation stress developed in Refs. 65–67, 

the radiation stress derived below satisfies a local momen

tum conservation theorem of the same form as Eqs. (1) and 

(35) for acoustics and electrodynamics, respectively.

Begin by considering a homogeneous inviscid liquid in 

a uniform gravitational field. Let the height of the liquid be 

hðr; tÞ ¼ h0 þ fðr; tÞ; (36) 

where h0 is the depth as measured from the bottom z ¼ 0 to 

the equilibrium surface z ¼ h0, and f is the vertical displace

ment from equilibrium, as shown in Fig. 1. The position 

vector r lies in the x–y plane and is represented by 

r ¼ xex þ yey, where ex and ey are the Cartesian unit 

vectors.

The following analysis rests on the same footing as the 

linear wave phenomena considered in Secs. II and III by 

supposing that the wavelength k is much larger than the 

depth h0. The velocity v of the liquid may then be approxi

mated as having no dependence on depth: 

FIG. 1. Surface gravity waves of height z ¼ h as measured from the bottom, 

z ¼ 0.
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v ¼ vðx; y; tÞ ¼ vxex þ vyey: (37) 

The validity of Eq. (37) is assessed in Ref. 43 (pp. 362–363) 

by considering modal solutions of the resulting wave equa

tion in a closed rectangular tank. It is also assumed that the 

liquid is incompressible, and therefore the pressure in the 

liquid at height z is 

Pðr; z; tÞ ¼ P0 þ q0c fðr; tÞ − z½ �; (38) 

where P0 is the atmospheric pressure and c is the accelera

tion due to gravity. Equations (36)–(38) allow the liquid 

motion to be described by the linearized continuity and 

momentum equations given by43 

h0$ � vþ
@f

@t
¼ 0; (39) 

c$fþ
@v

@t
¼ 0; (40) 

respectively. Combination of Eqs. (39) and (40) yields the lin

ear wave equation r2f − c−2
0 @2f=@t2 ¼ 0, where c0 ¼

ffiffiffiffiffiffiffi
ch0

p

is the wave speed. The corresponding kinetic energy density, 

potential energy density, and intensity equal 

K ¼
1

2
q0v

2; (41) 

U ¼
1

2

q0c

h0

f2; (42) 

S ¼ q0cfv: (43) 

The momentum conservation theorem is obtained by 

multiplying Eqs. (39) and (40) by v and f, respectively. 

Adding the resulting equations and noting that v@f=@t 

þ f@v=@t ¼ @ðfvÞ=@t yields 

h0ð$ � vÞvþ cf$fþ
@ðfvÞ

@t
¼ 0: (44) 

Equation (9) for the two-dimensional velocity field given by 

Eq. (37) is combined with Eq. (44), the result of which is 

multiplied by q0=h0, yielding 

q0 $ � ðv� vÞ − ð$vÞ � v½ � þ
q0c

h0

f$fþ
q0

h0

@ðfvÞ

@t
¼ 0: (45) 

Taking the curl of Eq. (40) shows that $� v ¼ 0;69 thus 

ð$vÞ � v ¼ $ðv2Þ=2,41 allowing the second term of Eq. (45) 

to be expressed as42 

−q0ð$vÞ � v ¼ −1

2
q0$ � ðIv

2Þ ¼ −$ � ðIKÞ; (46) 

where the second equality follows from Eq. (41). In view of 

Eq. (42), the third term of Eq. (45) can be written as42 

q0c

h0

f$f ¼
1

2

q0c

h0

$f2 ¼ $U ¼ $ � ðIUÞ: (47) 

Finally, invoking Eq. (43) and the fact that c2
0 ¼ ch0 allows 

the last term of Eq. (45) to be written as @g=@t, where 

g ¼ S=c2
0 (48) 

is the momentum density. In view of Eqs. (46)–(48), Eq. 

(45) becomes 

q0$ � ðv� vÞ − $ � ðILÞ þ
@g

@t
¼ 0; (49) 

where L ¼ K − U. Rearranging terms in Eq. (49) yields the 

momentum conservation theorem, 

$ � T ¼
@g

@t
; (50) 

where 

T ¼ IL − q0v� v (51) 

is the radiation stress, which can be represented in a chosen 

coordinate system by a 2� 2 matrix. Although Eq. (50) 

applies to two-dimensional wave fields, it has the same sym

bolic form as Eqs. (1) and (35) for acoustic and electromag

netic waves, respectively. The radiation force exerted on a 

scatterer within any surface A enclosed by the path l is 

F ¼

ð

A

h$ � Ti dA ¼

þ

l

hTi � en dl: (52) 

The second equality in Eq. (52) holds by Green’s theorem, 

where en denotes the outward normal to the boundary of A 

and dl is a differential line element along the boundary. In 

contrast with Eq. (22), which involves integrating the radia

tion stress over a closed surface, Eq. (52) involves integrat

ing the stress over a closed path. This distinction is simply 

due to the reduction of the wave field from three dimensions 

in Secs. II and III to two dimensions in the present section.

V. ANALOGOUS THEOREM FOR WAVES ON A 

STRING

Waves on a string provide a one-dimensional analog of 

the theorems derived in Secs. II–IV. The primary advantage 

of the following discussion is pedagogical: tensor- and 

vector-valued quantities are reduced to scalars, facilitating 

straightforward calculations of radiation force. The instruc

tional value of waves on a string is evident in the early liter

ature: Rayleigh70 and Brillouin4 considered waves on a 

string before addressing the more involved acoustical prob

lem, as reviewed by Beyer6 and Rowland.71 The momentum 

conservation theorem derived below for waves on a 

string was obtained previously by Elmore and Heald,68 

although their discussion of radiation force is restricted to a 

perfectly absorbing scatterer. Examples of partially reflecting 
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scatterers are presented in Appendix B. Fetter and Walecka43 

show that the energy conservation theorem for waves on a 

string analogous to Eq. (19) for acoustic waves can be 

derived using the least-action principle.

Let nðx; tÞ denote the transverse displacement of a string 

of density q0 under tension s. For j@n=@xj � 1, the equation 

of motion is the linear wave equation,26,38 

@2n

@x2
−

1

c2
0

@2n

@t2
¼ 0; (53) 

where c0 ¼
ffiffiffiffiffiffiffiffiffiffi
s=q0

p
is the transverse wave speed. 

Longitudinal waves are not considered in either the present 

work or in standard references on strings;13,26,38,68,72–74 a 

discussion of how longitudinal waves affect momentum 

conservation is provided by Rowland and Pask.75

To obtain the momentum conservation theorem, Eq. 

(53) is multiplied by @n=@x, yielding 

1

c2
0

@

@t
s
@n

@x

@n

@t

� �

¼ s
@2n

@x2

@n

@x
þ q0

@2n

@t@x

@n

@t
; (54) 

where the product rule has been used to write 

@n

@x

@2n

@t2
¼
@

@t

@n

@x

@n

@t

� �

−
@2n

@t@x

@n

@t
:

Also, noting from the product rule that 

@2n

@x2

@n

@x
¼

1

2

@

@x

@n

@x

� �2

and
@2n

@t@x

@n

@t
¼

1

2

@

@x

@n

@t

� �2 

allows Eq. (54) to be written as 

@T

@x
¼
@g

@t
; (55) 

where26,38 

S ¼ −s
@n

@x

@n

@t
¼ instantaneous intensity; (56) 

g ¼ S=c2
0 ¼ momentum density; (57) 

K ¼
1

2
q0ð@n=@tÞ

2
¼ kinetic energy density; (58) 

U ¼
1

2
sð@n=@xÞ

2
¼ potential energy density; (59) 

L ¼ K − U ¼ Lagrangian density; (60) 

T ¼ L − q0ð@n=@tÞ
2
¼ radiation stress: (61) 

Equation (55) recovers Elmore and Heald’s Eq. (1.11.15) of 

Ref. 68 and Morse and Ingard’s in-line equation developed 

qualitatively in Ref. 26 (p. 106). Equation (56) can be under

stood by noting that the instantaneous force exerted by an 

element of the string on an element to its right is −s@n=@x; 

since power equals force times velocity @n=@t, the quantity 

in parentheses on the left-hand side of Eq. (54) is identified 

as minus the energy flux.

Integrating Eq. (55) over x from point x1 to x2, assum

ing that n is time-harmonic and that no object lies between 

the points, and taking the time average yields48 

hTðx2Þ − Tðx1Þi ¼ 0: (62) 

Equation (62), which is analogous to Eq. (21) of the present 

work and Eq. (7) of Ref. 49, states that waves passing 

through the control length x2 − x1 experience no change in 

momentum. If a mass lies between points x1 and x2, how

ever, waves will generally reflect from and transmit through 

the mass. In such cases, the difference in hTi at points x2 

and x1 equals the rate at which momentum is transferred 

from the waves to the mass, which by Newton’s second law 

equals the radiation force 

F ¼ hTðx2Þ − Tðx1Þi: (63) 

Equation (63) states that the radiation force equals the dif

ference between the stresses at either end of the mass. The 

radiation stress, in turn, contains squares of partial deriva

tives of n, which is a solution of Eq. (53). Calculation of Eq. 

(63) therefore amounts to solving the linear scattering prob

lem, as in the case for calculating the radiation forces in 

Secs. II–IV. Whereas radiation force is calculated by evalu

ating a surface integral of a tensor in Secs. II and III and a 

line integral in Sec. IV, radiation force exerted by waves on 

a string is calculated by simply taking the difference 

between scalars.

The pedagogical value of waves on a string is demon

strated in Appendix B, in which Eq. (63) is used to calcu

late the radiation force on a point mass on a string. Beyond 

classroom instruction, one-dimensional analyses of radia

tion pressure serve as a starting point toward understanding 

more complicated wave phenomena. For example, 

Sharfarets considered waves on a string to clarify three- 

dimensional scattering based on partial scattering ampli

tudes,76 and Zhang generalized the one-dimensional result 

for the Langevin radiation pressure [similar to Eq. (B8) for 

waves on a string] to calculate three-dimensional acoustic 

radiation forces.51

VI. CONCLUSION

The acoustic momentum conservation theorem was 

derived from the equations of linear acoustics, paralleling 

Pierce’s derivation of the acoustic energy corollary25 and 

proving the frequently stated fact that the Langevin radiation 

force may be calculated using solutions of the linear acous

tic wave equation. The derivation of the acoustic momentum 

conservation theorem paralleled the momentum conserva

tion theorems of electromagnetism, shallow surface gravity 

waves, and waves on a string, which serve as three-, two-, 

and one-dimensional analogs of linear acoustic fields, 

respectively.
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APPENDIX A: SIMPLIFICATION OF ECKART’S 

RESULT

Equation (1) can be obtained directly from the irrota

tional form of Eq. (11) of Ref. 37, where the sign error has 

been corrected in footnote ‡ of Ref. 27 and in Eq. (2) of the 

present work. Begin by noting that the last term of Eq. (2) 

equals E − q0v
2 ¼ −L. Thus42 

@g

@t
¼ −q0ðv � $vþ v$ � vÞ þ $ � ðILÞ: (A1) 

The first term on the right-hand side of Eq. (A1) can be sim

plified by noting that41 

v � $vþ v$ � v ¼ ð$vÞ
T
� vþ ð$ � vÞv; (A2) 

which follows from the definition of the transpose operation 

and the fact that $ � v is a scalar. Since ð$vÞ
T
¼ $v,77 

Eq. (A2) equals ð$vÞ � vþ ð$ � vÞv ¼ $ � ðv� vÞ,27,39 and 

Eq. (A1) therefore reduces to 

@g

@t
¼ $ � ðIL − q0v� vÞ; (A3) 

which equals Eq. (1) in view of Eq. (18). Similar manipula

tions were made by Westervelt to the time-averaged version 

of Eq. (A1) to obtain Eq. (5) of Ref. 27, which equals Eq. 

(21) of the present work.

APPENDIX B: RADIATION FORCE ON A POINT 

SCATTERER ON A STRING

To illustrate the pedagogical value of Sec. V, Prob. 

9.6(a) of Ref. 13 is extended to consider the radiation force 

exerted on a point scatterer of mass m located at the origin 

x ¼ 0 of an infinitely long string. The density of the string is 

q1 for x < 0 and q2 for x > 0, as shown in Fig. 2.

The wave motion is considered to be time-harmonic, 

nðx; tÞ ¼
1

2
~nðxÞe−ixt þ c:c:; (B1) 

where “c.c.” denotes the complex conjugate of the preceding 

term, and x is the angular frequency. Combining Eqs. (B1) 

and (53) shows that the string obeys 

d2~n=dx2 þ k2
1
~n ¼ 0 ; x < 0 ;

d2~n=dx2 þ k2
2
~n ¼ 0 ; x > 0;

(

(B2) 

where k1 ¼ x
ffiffiffiffiffiffiffiffiffiffi
q1=s

p
and k2 ¼ x

ffiffiffiffiffiffiffiffiffiffi
q2=s

p
are the wavenum

bers to the left and right of the mass, respectively. The solu

tion of Eqs. (B2) may be expressed as 

~nðxÞ ¼
n0eik1x þ Rn0e−ik1x ; x < 0 ;

Tn0eik2x ; x > 0;

(

(B3) 

where R and T are the reflection and transmission coeffi

cients.78 Since both sides of the string are attached to the 

mass at x ¼ 0, Eq. (B3) satisfies 

1þ R ¼ T: (B4) 

The mass obeys Newton’s second law at x ¼ 0, requiring 

that 

−mx2T ¼ is k2T − k1ð1 − RÞ½ �: (B5) 

Solving Eqs. (B4) and (B5) for R and T yields 

R ¼
1 − k2=k1 þ imk1=q1

1þ k2=k1 − imk1=q1

; (B6) 

T ¼
2

1þ k2=k1 − imk1=q1

: (B7) 

Evaluating Eq. (63) in terms of Eqs. (58)–(61) and Eq. (B3) 

yields the radiation force 

F ¼ hEii 1þ jRj
2 − jTj2k2

2=k2
1

� �

; (B8) 

! 2hEii ; m!1 or k2 � k1Þ;ð (B9) 

! 2hEii ; m! 0 and k1 � k2; (B10) 

! 0 ; m! 0 and k1 ¼ k2; (B11) 

where hEii ¼ n2
0sk2

1=2 is the time-averaged energy density 

of the incident wave. The fact that Eqs. (B9) and (B10) are 

equal suggests that “the phase between the incident and 

FIG. 2. Point scatterer of mass m at x ¼ 0 on a string with density q1 

for x < 0 and q2 for x > 0. The string is driven harmonically in time from 

x ¼ −1 with amplitude n0.
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reflected waves does not play a role on the radiation pres

sure.”51 The acoustical analog of Eqs. (B9) and (B10) is the 

well-known Langevin radiation pressure on a perfect reflec

tor6,8,10 that was mentioned in Sec. I. The analogs of Eqs. 

(B9) and (B10) in electrodynamics are discussed on p. 382 

of Ref. 13. The trivial limit taken in Eq. (B11) is consistent 

with the fact that “the unperturbed incident wave loses no 

momentum in passing through the control [length],”49 as 

expressed by Eq. (62).

The acoustical analogs of Eqs. (B8)–(B11) are widely 

understood; for a more general version of the result that 

applies to Bessel beams, see Wang and Lee’s discussion 

on pp. 185–188 of Ref. 10. Nevertheless, the simplicity 

afforded by waves on a string, particularly in the derivation 

of Eqs. (55) and (63), makes Sec. V a useful pedagogical 

tool for understanding radiation forces exerted by waves of 

other varieties.
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