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Acoustic radiation force due to progressive waves

• Time-average force 𝐅 due to pressure waves 𝑝𝑖 = 𝑝0𝑒𝑖(𝐤𝑖⋅𝐫−𝜔𝑡)

• Nonlinear due to quadratic terms in conservation equations

• 𝐅 is approximated by calculating scattered wave 𝑝𝑠 according to 

subwavelength limit of linear acoustic scattering theory 

• Verified by partial wave expansions and Fourier transforms 

Wave equation: □2𝑝 = 𝑓1 𝐫 𝑐0
−2 ሷ𝑝 + 𝛁 ⋅ {3𝑓2(𝐫)/[2 + 𝑓2 𝐫 ]𝛁𝑝}

• 𝑓1(𝐫) = 1 − 𝛽 𝐫 /𝛽0 and 𝑓2(𝐫) = 2[𝜌 𝐫 − 𝜌0]/ 2𝜌 𝐫 + 𝜌0 ,◊ 

where 𝛽0, 𝜌0 = ambient compressibility, density; 𝑐0
2 = 𝛽0𝜌0

−1

• Wave eq. solved implicitly by Helmholtz-Kirchhoff (H-K) integral

• Three approximations reduce H-K integral to Eqs. 1 and 2:

1.  Far field: radius (𝑟) ≫ scatterer size (𝑎)

2.  Born: scattered field (𝑝𝑠) ≪ incident field (𝑝𝑖)

3.  Long wavelength: 𝑎 ≪ 𝜆 = 2𝜋/𝑘 = wavelength

• Eqs. 1 and 2 are inserted in 𝐹∥ = 𝐼 𝑐0
−1∮ Φ𝑠

2 1 − cos 𝜓 𝑑Ω,† 

where ⟨𝐼⟩ = 𝑝0
2 2𝜌0𝑐0

−1, Ω = solid angle, and 𝐞𝑖 ⋅ 𝐞𝑟 = cos 𝜓

• 𝛂c = 𝟎 for symmetric scatterers and/or for the static limit 𝑘 → 0

Eqs. 1: Monopole, dipole, and coupling polarizabilities

Ex. 1: Spherically symmetric nucleated cell

• 𝛂c = 𝟎; denoting 𝜒′ ≡ (𝑎′/𝑎)3, 𝜒′′ ≡ (𝑎′′/𝑎)3,

• Force in direction of incident wave is

• 𝐹∥ is verified by comparison to Eq. 3;‡ 𝐹⊥ = 0 

Eq. 3: Exact radiation force on layered sphere* Eq. 4: Fourier-Born scattering**

1Supported by the Chester M. McKinney Graduate Fellowship in Acoustics at ARL:UT. 

Scatterer Scattered wave 𝑝𝑠

Eq. 2: Directivity Φ and scattered wave 𝑝𝑠

Ex. 2: Cube with antisymmetric properties

• 𝛼m = 𝛼d = 0 due to antisymmetry, while

• Force in direction of incident wave is

• 𝐹⊥ = − 𝐼  𝑐0
−1∮ Φ𝑠

2 𝐞𝑥⋅ 𝐞𝑟 𝑑Ω,† → 0, 𝑂[ 𝑘𝑎 6]

• Verified by Eq. 4, ℱ3D = 3D Fourier transform

Conclusion and references

• Calculated 𝐅 = 𝑂[ 𝑘𝑎 6] for 𝑘𝑎 ≪ 1; verified results analytically and numerically

• Future work: calculate radiation torque due to plane progressive waves

Walker Department of Mechanical Engineering and Applied Research Laboratories at University of Texas at Austin

Spherically spreading wave

𝐞𝑖 and 𝐞𝑟  are the 

incident and radial

unit vectors: 

The centroid of the 

scatterer defines 

the origin 0:

Incident wave 𝑝𝑖

∝ 𝑘𝑎 6

Properties of cube:

∝ 𝑘𝑎 4

Material properties

from Wang et al.⸿

◊ T. S. Jerome et al., JASA 145, 36-44 (2019); Δ𝐾 ≡ (𝐾 − 𝐾0)/𝐾0, Δ𝜌 ≡ (𝜌 − 𝜌0)/𝜌0, where 𝐾 = 1/𝛽, 𝐾0 = 1/𝛽0.
†  P. J. Westervelt, J. Acoust. Soc. Am. 29, 26-29 (1957), Eqs. (2) and (16).
‡  L. P. Gor’kov, Sov. Phys. Dokl. 6, 773-775 (1962), Eq. (10) recovered for homogeneous sphere (𝑎′′ = 𝑎′ = 𝑎).
⸿ Y.-Y. Wang et al., J. Appl. Phys. 122, 1-6 (2017), Table I. 
*  C. A. Gokani et al., Proc. Mtgs. Acoust. 48, 1-9 (2022), Eq. (10).
**P. M. Morse and K. U. Ingard, Theoretical Acoustics (McGraw-Hill, 1968), Eq. (8.1.20).
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